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COMPARISON OF ψ-DENSITY
TOPOLOGIES

Abstract

The paper includes a necessary and sufficient condition under which
two ψ-density topologies generated by two functions ψ1 and ψ2 are equal.
The condition is formulated in terms of the behavior of two sequences
of sets: A+

k = {x ∈ R+ : ψ1(2x) < 1
k
ψ2(2x)} and B+

k = {x ∈ R+ :
ψ2(2x) < 1

k
ψ1(2x)}.

The Lebesgue Density Theorem (LDT) plays a central role in real analysis.
It constitutes a basis for the construction of the density topology. The proof
of the expression Int A = A ∩ Φ(B), where B is any measurable kernel of A
and Φ(B) is the set of all density points of B, depends essentially on LDT.

The interesting phenomenon that the density topology is included in a
σ-algebra of Lebesgue measurable sets is also due to LDT together with the
countable chain condition for the Lebesgue measure. The interest concerning
the density topology has grown up after the appearance of the papers of C.
Goffman, C. Neugebauer and T. Nishiura [GNN] and C. Goffman and D. Wa-
terman [GW] explaining the strict connection between approximate continuity
and the density topology. The class of approximate continuous functions was
introduced by Denjoy in his work on derivatives [D] and was studied, among
others, by I. Maximoff [M1], [M2] and Z. Zahorski [Z].

S. J. Taylor in [T] considered the possibility of the improvement of the
Lebesgue Density Theorem. His idea was applied by M. Terepeta and E. Wag-
ner-Bojakowska, which introduced in [TW-B] the notions of ψ-density point
and ψ-density topology Tψ, analogously to the classical density topology (see
[O]). In the second section in [TW-B] there were studied relationships between
topologies generated by different functions. The purpose of this paper is to find
some necessary and sufficient condition under which two ψ-density topologies
generated by two functions ψ1 and ψ2 are equal.
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Recall the basic notions and denotations from [T] and [TW-B]. Throughout
the paper N will denote the set of positive integers, R (R+) — the set of real
(positive real) numbers, S — the σ-algebra of Lebesgue measurable sets and
m — the Lebesgue measure on the real line. Let A′ stand for R \A, A — the
closure of A in the Euclidean topology and −A = {−a : a ∈ A}.

Denote by C the family of all continuous non-decreasing functions ψ : R+ →
R+ such that limx→0+ ψ(x) = 0.

Let ψ ∈ C.

Definition 1. [see [TW-B]]. We say that x ∈ R is a ψ-dispersion point of a
set A ∈ S if and only if

lim
h→0+

m(A ∩ [x− h, x+ h])
2hψ(2h)

= 0.

We say that x ∈ R is a ψ-density point of a measurable set A if and only
if it is a ψ-dispersion point of a set A′.

Let Φψ(A) = {x ∈ R : x is a ψ-density point of A} for A ∈ S. The family

Tψ = {A ∈ S : A ⊂ Φψ(A)}

is a topology on the real line, essentially stronger than the Euclidean topology
and essentially weaker than the density topology ([TW-B], Th. 1.4).

Let ψ1, ψ2 ∈ C.
It is easy to see that if for arbitrary set A ∈ S from the fact that x is a

ψ1-dispersion point of A it follows that x is a ψ2-dispersion point of A, then
Tψ1 ⊂ Tψ2 . So the last inclusion holds, for example, if ψ1(x) ≤ ψ2(x) or, more
generally, if ψ1(x) ≤ kψ2(x) for some k ∈ R+ and for each x ∈ R+.

Clearly, if ψ1, ψ2 ∈ C and lim supx→0+
ψ1(x)
ψ2(x)

< ∞, then Tψ1 ⊂ Tψ2 ([TW-

B], Th. 2.2). There also is a proof that if ψ1, ψ2 ∈ C, lim infx→0+
ψ1(x)
ψ2(x)

> 0

and lim supx→0+
ψ1(x)
ψ2(x)

< ∞, then Tψ1 = Tψ2 ([TW-B], Th. 2.4). It appears
that these two inequalities form a sufficient, but not necessary, condition for
the equality Tψ1 = Tψ2 . There exist two functions ψ1, ψ2 ∈ C such that
lim infx→0+

ψ1(x)
ψ2(x)

= 0 and 0 < lim supx→0+
ψ1(x)
ψ2(x)

< ∞, for which Tψ1 = Tψ2

([TW-B], Th. 2.5). But if limx→0+
ψ1(x)
ψ2(x)

= 0, then there exists a measurable
set A ⊂ R+ such that 0 is a ψ2-dispersion point of A, but it is not a ψ1-
dispersion point of A ([TW-B], Th. 2.6). It is easy to see that the complement
A′ of the set A constructed in the proof of Th. 2.6 is open in the topology
Tψ2 , but it is not Tψ1-open, so Tψ1 ( Tψ2 .
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Let ψ1, ψ2 ∈ C. In the whole paper we shall use the following notation:

A+
k = {x ∈ R+ : ψ1(2x) <

1
k
ψ2(2x)},

B+
k = {x ∈ R+ : ψ2(2x) <

1
k
ψ1(2x)},

Ak = A+
k ∪ (−A+

k ), Bk = B+
k ∪ (−B+

k ) for k ∈ N.

Lemma 1. Let E ∈ S and k ∈ N. If limx→0+
m(E∩[−x, x])

2xψ2(2x)
= 0, then

lim sup
x→0+

m(E ∩ [−x, x])
2xψ1(2x)

= lim sup
x→0+

m(E ∩Ak ∩ [−x, x])
2xψ1(2x)

.

Proof. It suffices to prove that

lim sup
x→0+

m(E ∩ [−x, x])
2xψ1(2x)

≤ lim sup
x→0+

m(E ∩Ak ∩ [−x, x])
2xψ1(2x)

.

We have E = (E ∩Ak) ∪ (E \Ak), so

lim sup
x→0+

m(E ∩ [−x, x])
2xψ1(2x)

≤ lim sup
x→0+

m(E ∩Ak ∩ [−x, x])
2xψ1(2x)

+ lim sup
x→0+

m((E \Ak) ∩ [−x, x])
2xψ1(2x)

.

We shall prove that the second term is equal to zero. Let x > 0. Consider two
cases:

10 x ∈ Ak.
Put t(x) = max([0, x] ∩A′k). Obviously, t(x) /∈ Ak, limx→0+ t(x) = 0 and

(E \Ak) ∩ [−x, x] = (E \Ak) ∩ [−t(x), t(x)],

so

m((E \Ak) ∩ [−x, x])
2xψ1(2x)

≤m((E \Ak) ∩ [−t(x), t(x)])
2t(x)ψ1(2t(x))

≤km((E \Ak) ∩ [−t(x), t(x)])
2t(x)ψ2(2t(x))

≤km(E ∩ [−t(x), t(x)])
2t(x)ψ2(2t(x))
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because t(x) /∈ Ak, and consequently, ψ1(2t(x)) ≥ ψ2(2t(x)) / k.
20 x /∈ Ak. Then

m((E \Ak) ∩ [−x, x])
2xψ1(2x)

≤ km((E \Ak) ∩ [−x, x])
2xψ2(2x)

≤ km(E ∩ [−x, x])
2xψ2(2x)

.

Consequently, from our assumption we have

lim
x→0+

m((E \Ak) ∩ [−x, x])
2xψ1(2x)

= 0.

Corollary 2. Under the assumptions of Lemma 1 we have

lim sup
x→0+

m(E ∩ [−x, x])
2xψ1(2x)

≤ lim sup
x→0+

m(Ak ∩ [−x, x])
2xψ1(2x)

.

Theorem 3. Let ψ1, ψ2 ∈ C and εk = lim supx→0+
m(Ak∩[−x, x])

2xψ1(2x)
for k ∈ N.

If limk→∞ εk = 0 and 0 is a ψ2-dispersion point of a set E ∈ S, then 0 is a
ψ1-dispersion point of E.

Proof. By Corollary 2 for each k ∈ N we have

0 ≤ lim sup
x→0+

m(E ∩ [−x, x])
2xψ1(2x)

≤ εk.

Consequently, 0 is a ψ1-dispersion point of E.

Corollary 4. Under the assumptions of Theorem 3 Tψ2 ⊂ Tψ1 .

Corollary 5. Let ψ1, ψ2 ∈ C,

εk = lim sup
x→0+

m(Ak ∩ [−x, x])
2xψ1(2x)

and ηk = lim sup
x→0+

m(Bk ∩ [−x, x])
2xψ2(2x)

.

If limk→∞ εk = limk→∞ ηk = 0, then Tψ1 = Tψ2 .

The proof follows immediately from Corollary 4.

Obviously, A+
k+1 ⊂ A+

k and Ak+1 ⊂ Ak, so εk+1 ≤ εk for k ∈ N. Conse-
quently, the sequence {εk}k∈N decreasingly tends to zero or to some positive
number.

Theorem 6. Let ψ1, ψ2 ∈ C and εk = lim supx→0+
m(Ak∩[−x, x])

2xψ1(2x)
for k ∈ N.

If limk→∞ εk > 0, then there exists a measurable set E ⊂ R such that 0 is a
ψ2-dispersion point of E, but it is not a ψ1-dispersion point of E.
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Proof. If limx→0+ ψ1(x) /ψ2(x) = 0, then the existence of a measurable set
E ⊂ R fulfilling our theorem follows from Theorem 2.6 in [TW-B]. So, we can
assume now that lim supx→0+

ψ1(x)
ψ2(x)

> 0. Hence there exists k0 ∈ N such that

for each δ > 0 there exists a point x ∈ (0, δ) such that ψ1(2x)
ψ2(2x)

≥ 1
k0
. Clearly,

x ∈ (0, δ) \Ak0 . The sequence {Ak}k∈N is decreasing, so there exists k0 ∈ N
such that for each k ≥ k0 and each δ > 0 there exists a point x such that

x ∈ (0, δ) \Ak. (1)

Put a = limi→∞ εi / 2. Then a > 0 and εi ≥ 2a for i ∈ N; i.e.

lim sup
x→0+

m(Ai ∩ [−x, x])
2xψ1(2x)

≥ 2a

for i ∈ N. Hence for each i ∈ N there exists a sequence of points {x(i)
n }n∈N

such that x(i)
n ↘n→∞ 0 and

m(Ak0+i ∩ [−x(i)
n , x

(i)
n ])

2x(i)
n ψ1(2x(i)

n )
> a (2)

for i ∈ N.
Consider the interval [0, x(1)

1 ]. From (1) it follows that Ak0+1 does not
contain any right-hand neighborhood of 0. Let y1 ∈ (0, x(1)

1 ) be the left

end-point of some component interval of Ak0+1 such that m(Ak0+1∩[y1, x
(1)
1 ])

x
(1)
1 ψ1(2x

(1)
1 )

>

a. Put f(t) = m(Ak0+1∩[y1, t])

tψ1(2t)
for t ∈ [y1, x

(1)
1 ]. Clearly, f is continuous on

[y1, x
(1)
1 ], f(y1) = 0 and f(x(1)

1 ) > a. Let t1 = inf([y1, x
(1)
1 ] ∩ f−1({a})).

Obviously, f(t) < a for t ∈ [y1, t1) and f(t1) = a.
Put E1 = Ak0+1 ∩ [y1, t1]. Suppose now that the sets E1, E2, . . . , Ei−1 are

defined. Let zi−1 ∈ R+ be a number such that

zi−1 < min(yi−1, a yi−1ψ1(2yi−1)). (3)

Consider the sequence {x(i)
n }n∈N. There exists ni ∈ N such that x(i)

ni < zi−1.

Obviously, by (2) we have
m(Ak0+i∩[−x(i)

ni
, x(i)

ni
])

2x
(i)
ni
ψ1(2x

(i)
ni

)
> a. From (1) it follows that

Ak0+i does not contain any right-hand neighborhood of 0. Let yi ∈ (0, x(i)
ni )

be the left end-point of some component interval of Ak0+i such that

m(Ak0+i ∩ [yi, x
(i)
ni ])

x
(i)
ni ψ1(2x(i)

ni )
> a.



666 Elżbieta Wagner-Bojakowska and W ladys law Wilczyński

Analogously as earlier there exists a point ti ∈ (yi, x
(i)
ni ) such that

m(Ak0+i ∩ [yi, t])
tψ1(2t)

< a

for t ∈ [yi, ti) and
m(Ak0+i ∩ [yi, ti])

tiψ1(2ti)
= a. (4)

Put Ei = Ak0+i ∩ [yi, ti]. In such a way we have defined the sequence of
measurable sets {Ei}i∈N. Now let E =

⋃∞
i=1(Ei ∪ (−Ei)). Observe that 0 is

not a ψ1-dispersion point of E since from (4) we obtain

m(E ∩ [−ti, ti])
2tiψ1(2ti)

≥ 2m(Ak0+i ∩ [yi, ti])
2tiψ1(2ti)

= a

for i ∈ N.
Now we shall prove that 0 is a ψ2-dispersion point of E. For this purpose

we shall show that
m(E ∩ [−x, x])

2xψ1(2x)
< 2a (5)

for x ∈ (0, y1).
Let x ∈ (0, y1). Then there exists i ∈ N such that x ∈ [yi, yi−1). Obviously,

ti+1 < x
(i+1)
ni+1 < zi, so by virtue of (3) and (4) we obtain

m(E ∩ [−x, x])
2xψ1(2x)

=
m
(⋃∞

p=i+1(Ep ∪ (−Ep)) ∪ (Ei ∪ (−Ei)) ∩ [−x, x]
)

2xψ1(2x)

≤ 2m(0, ti+1])
2xψ1(2x)

+
2m(Ei ∩ [−x, x])

2xψ1(2x)

≤ 2zi
2yiψ1(2yi)

+
2m(Ak0+i ∩ [yi, ti] ∩ [yi, x])

2xψ1(2x)
< 2a.

Let x ∈ [yi, yi−1). Consider two cases:
10 x ∈ Ak0+i.

Then ψ1(2x)
ψ2(2x)

≤ 1
k0+i

, so by virtue of (5) we obtain

m(E ∩ [−x, x])
2xψ2(2x)

=
m(E ∩ [−x, x])

2xψ1(2x)
· ψ1(2x)
ψ2(2x)

<
2a

k0 + i
.

20 x /∈ Ak0+i.
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Put t(x) = sup(Ak0+i ∩ [yi, x]). Then t(x) ∈ Ak0+i, so by 10 we have

m(E ∩ [−x, x])
2xψ2(2x)

≤ m(E ∩ [−t(x), t(x)])
2t(x)ψ2(2t(x))

<
2a

k0 + i
.

If x→ 0+, then i→∞. Consequently, limx→0+
m(E∩[−x, x])

2xψ2(2x)
= 0.

Corollary 7. Under the assumptions of the last theorem Tψ2 \ Tψ1 6= ∅.

Proof. It is clear that if we put Fi = Ak0+i ∩ [yi, ti] for i ∈ N (where Ak0+i
and [yi, ti] are the same as in the proof of Theorem 6), then the sets Fi, i ∈ N,
are closed in the Euclidean topology and m(Ei ∩ I) = m(Fi ∩ I) for each
interval I. Consequently R \

(⋃∞
i=1(Fi ∪ (−Fi)

)
∈ Tψ2 \ Tψ1 .

Theorem 8. Let ψ1, ψ2 ∈ C,

εk = lim sup
x→0+

m(Ak ∩ [−x, x])
2xψ1(2x)

and ηk = lim sup
x→0+

m(Bk ∩ [−x, x])
2xψ2(2x)

.

The topologies Tψ1 and Tψ2 are equal if and only if limk→∞ εk = limk→∞ ηk =
0.

The proof follows immediately from Corollary 5 and Corollary 7.

It is easy to see that we can consider the arbitrary increasing sequence
{ak}k∈N of positive numbers tending to infinity instead of the sequence of
positive integers in the definitions of A+

k , B+
k , Ak and Bk.

In the family A = {Tψ : ψ ∈ C} of all ψ-density topologies generated by
functions from C we can introduce the partial order using the inclusion rela-
tion. From the proof of Theorem 2.12 in [TW-B] it follows that for arbitrary
sequence {ψn}n∈N of functions from C there exists a function ψ ∈ C such that
limx→0+

ψn(x)
ψ(x) = 0 for n ∈ N. Consequently, Tψn ( Tψ for n ∈ N by Theorem

2.6 in [TW-B]. So for each countable subset of A there exists the upper bound
of this set in A.

We shall prove that this partial order in A is dense.

Theorem 9. For arbitrary ψ1, ψ2 ∈ C such that ψ1(x) ≤ ψ2(x) for x ∈ R+

and Tψ1 ( Tψ2 there exits a function ψ3 ∈ C such that Tψ1 ( Tψ3 ( Tψ2 .

Proof. Let ψ1, ψ2 ∈ C, ψ1(x) ≤ ψ2(x) for x ∈ R+ and

εk = lim sup
x→0+

m(Ak ∩ [−x, x])
2xψ1(2x)
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for k ∈ N. From Corollary 4 it follows that limk→∞ εk > 0, because Tψ2 6⊂ Tψ1 .
Let ε ∈ (0, limk→∞ εk). Then for arbitrary η > 0 and each k ∈ N there exists
a point x ∈ (0, η) such that

m(Ak ∩ [−x, x])
2xψ1(2x)

> ε. (6)

If limx→0+ ψ1(x) /ψ2(x) = 0, then put ψ3(x) =
√
ψ1(x)ψ2(x) for x ∈ R+.

Clearly, ψ1(x) ≤ ψ3(x) ≤ ψ2(x) and limx→0+
ψ1(x)
ψ3(x)

= limx→0+
ψ3(x)
ψ2(x)

= 0, so
from Theorem 2.6 in [TW-B] we have Tψ1 $ Tψ3 $ Tψ2 . Suppose now that
lim supx→0+

ψ1(x)
ψ2(x)

> 0. Then there exists k0 ∈ N such that lim supx→0+
ψ1(x)
ψ2(x)

>
1
k0
. Consequently, if k ≥ k0, then the open set Ak does not contain any right-

hand neighborhood of 0.
Now put t0 = η = 1 and k = k0. By (6) there exists a point a1 ∈ (0, η)

such that m(Ak0∩[−a1, a1])

2a1ψ1(2a1)
> ε. It is easy to see (analogously as in Theorem 6)

that there exists a point a2 ∈ (0, a1) such that

m(Ak0 ∩ ([−a1, −a2] ∪ [a2, a1]))
2a1ψ1(2a1)

> ε. (7)

Since limx→0+ ψ2(x) = 0 and ψ1(2a2) ≤ ψ2(2a2), so there exists a point
z1 ∈ (0, a2) such that ψ2(2z1) = ψ1(2a2). Now let η = z1 and k = k0.
From (6) there exists a point b1 ∈ (0, z1) such that m(Ak0∩[−b1, b1])

2b1ψ1(2b1)
> ε and

b2 ∈ (0, b1) such that

m(Ak0 ∩ ([−b1, −b2] ∪ [b2, b1]))
2b1ψ1(2b1)

> ε. (8)

Since ψ1(x) ≤ ψ2(x) for x ∈ R+, let t1 be an arbitrary point from the inter-
val (0, b2). Obviously, ψ1(2t1) ≤ ψ2(2b2). Now we are proceeding by induction.
Suppose that the points t0, a1, a2, z1, b1, b2, t1, . . . , a2i−1, a2i, zi, b2i−1, b2i, ti are
defined in such a way that

m(Ak0+j ∩ ([−a2j+1, −a2j+2] ∪ [a2j+2, a2j+1]))
2a2j+1ψ1(2a2j+1)

> ε, (9)

m(Ak0+j ∩ ([−b2j+1, −b2j+2] ∪ [b2j+2, b2j+1]))
2b2j+1ψ1(2b2j+1)

> ε (10)

and ψ2(2zj+1) = ψ1(2a2j+2) for j = 0, 1, . . . , i − 1. Then we also have
ψ1(2tj+1) ≤ ψ2(2b2j+2) for j = 0, 1, . . . , i− 1.
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Now put η = ti and k = k0 + i. Using (6), analogously as earlier, we find
the points a2i+1, a2i+2, zi+1, b2i+1, b2i+2, ti+1 such that

0 < ti+1 < b2i+2 < b2i+1 < zi+1 < a2i+2 < a2i+1 < ti,

m(Ak0+i ∩ ([−a2i+1, −a2i+2] ∪ [a2i+2, a2i+1]))
2a2i+1ψ1(2a2i+1)

> ε, (11)

m(Ak0+i ∩ ([−b2i+1, −b2i+2] ∪ [b2i+2, b2i+1]))
2b2i+1ψ1(2b2i+1)

> ε, (12)

ψ2(2zi+1) = ψ1(2a2i+2) and ψ1(2ti+1) ≤ ψ2(2b2i+2).

Now we define a function ψ3 as follows:

ψ3(2x) =



ψ1(2x) if 2x ≥ 2t0 = 2
ψ1(2x) if 2x ∈ [2a2i+2, 2ti], for i = 0, 1, 2, . . .
ψ2(2x) if 2x ∈ [2b2i+2, 2zi+1], for i = 0, 1, 2, . . .
linear on the intervals [2zi+1, 2a2i+2]

and on [2ti+1, 2b2i+2], for i = 0, 1, 2, . . . .

Obviously, ψ3 ∈ C.
Put

C+
k0+i

= {x ∈ R+ : ψ3(2x) <
1

k0 + i
ψ2(2x)},

D+
k0+i

= {x ∈ R+ : ψ1(2x) <
1

k0 + i
ψ3(2x)},

Ck0+i = C+
k0+i
∪ (−C+

k0+i
), Dk0+i = D+

k0+i
∪ (−D+

k0+i
), i = 0, 1, 2, . . . .

Clearly,

C+
k0+i

⊃
∞⋃

j=k0+1

(Aj ∩ [2a2i+2, 2a2i+1])

D+
k0+i

⊃
∞⋃

j=k0+1

(Aj ∩ [2b2i+2, 2b2i+1])

for i = 0, 1, 2, . . . .
So, from (11) for k ≥ k0 we have

lim sup
x→0+

m(Ck ∩ [−x, x])
2xψ3(2x)

≥ lim sup
i→∞

m(Ak ∩ [−a2i+1, a2i+1])
2a2i+1ψ1(2a2i+1)

≥ ε,
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since ψ3(2a2i+1) = ψ1(2a2i+1).
Analogously, from (12) for k ≥ k0

lim sup
x→0+

m(Dk ∩ [−x, x])
2xψ1(2x)

≥ lim sup
i→∞

m(Ak ∩ [−b2i+1, b2i+1])
2b2i+1ψ1(2b2i+1)

≥ ε.

Put ξk = lim supx→0+
m(Ck∩[−x,x])

2xψ3(2x)
for k ∈ N. Since limk→∞ ξk ≥ ε, so from

Corollary 7 Tψ2 \ Tψ3 6= ∅. Analogously, Tψ3 \ Tψ1 6= ∅. Simultaneously, ψ1(x) ≤
ψ3(x) ≤ ψ2(x) for x ∈ R+, so Tψ1 ( Tψ3 ( Tψ2 .

Corollary 10. If Tψ1 ( Tψ2 , then there exits a function ψ3 ∈ C such that

Tψ1 ( Tψ3 ( Tψ2 .

Proof. Put ψ0 = min(ψ1, ψ2). Obviously, ψ0 ∈ C. We shall prove that
Tψ0 = Tψ1 Clearly, ψ0(x) ≤ ψ1(x) for x ∈ R+, so Tψ0 ⊂ Tψ1 . Now, let

C+
k =

{
x ∈ R+ : ψ0(2x) <

1
k
ψ1(2x)

}
, Ck = C+

k ∪ (−C+
k )

and

ξk = lim sup
x→0+

m(Ck ∩ [−x, x])
2xψ0(2x)

for k ∈ N, where the sets Bk were defined before Lemma 1. For our purpose
it is sufficient to prove that limk→∞ ξk = 0 (by virtue of Corollary 4).

Obviously, C+
k = B+

k and Ck = Bk for k ∈ N.
Let x > 0. Consider two cases:
10 x ∈ C+

k . Then ψ0(2x) = ψ2(2x) and

m(Ck ∩ [−x, x])
2xψ0(2x)

=
m(Bk ∩ [−x, x])

2xψ2(2x)
.

20 x /∈ C+

k . Put t(x) = max([0, x]∩C+
k ). Clearly, t(x) ∈ C̄+

k and t(x) < x,
so

m(Ck ∩ [−x, x])
2xψ0(2x)

≤ m(Bk ∩ [−t(x), t(x)])
2t(x)ψ2(2t(x))

.

Therefore

ξk = lim sup
x→0+

m(Ck ∩ [−x, x])
2xψ0(2x)

≤ lim sup
x→0+

m(Bk ∩ [−x, x])
2xψ2(2x)

= ηk

for k ∈ N. Since Tψ1 ⊂ Tψ2 , so limk→∞ ηk = 0 by Corollary 7. Consequently,
limk→∞ ξk = 0 and by Corollary 4 Tψ1 ⊂ Tψ0 .

Simultaneously, ψ0(x) ≤ ψ2(x) for x ∈ R+ and Tψ0 = Tψ1 ( Tψ2 ; so
from Theorem 9 it follows that there exists a function ψ3 ∈ C such that
Tψ0 = Tψ1 ( Tψ3 ( Tψ2 .
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Theorem 11. There exists subfamily C0 ⊂ C such that card(C0) = c and for
each ψ1, ψ2 ∈ C0, ψ1 6= ψ2, the topologies Tψ1 and Tψ2 are not comparable by
inclusion.

Proof. First we construct two auxiliary sequences of intervals {(ak, bk)}∞k=2

and {(ck, dk)}∞k=2. Put b2 = 1. For k ≥ 2 let

dk =
1
k
bk, ck =

1
2
dk =

1
2k
bk, ak =

1
2k + 1

bk and bk+1 =
1

2k + 2
bk.

Obviously, (ck, dk) ⊂ (ak, bk) and bk+1 < ak for k ∈ N. Now for k ∈ N let

φk(2x) =


bk if x ∈ [ck, bk],
x if x ∈ (0, ak] ∪ [bk,∞),
linear on the interval [ak, ck].

Let {Nt}t∈T be the family of subsets of N such that

1. card(T ) = c;

2. card(Nt) = χ0 for t ∈ T ;

3. card(Nt1 ∩Nt2) < χ0 if t1, t2 ∈ T , t1 6= t2.

Such a family does exist (see for example [L], prop. 5.26, p. 193). Usually it
is called a family of almost disjoint sets.

For each t ∈ T we define a function ψt as follows:

ψt(x) =

{
ϕk(x) if k ∈ Nt and x ∈ [ak, bk],
x if x ∈ R+ \

⋃
k∈Nt

[ak, bk].

Obviously, ψt is continuous, nondecreasing and limx→0+ ψt(x) = 0, so ψt ∈
C for t ∈ T . Let t1, t2 ∈ T , t1 6= t2. We shall prove that the topologies
Tψt1

and Tψt2
are not comparable by inclusion. From the third property of

{Nt}t∈T we have card(Nt1 ∩ Nt2) < χ0 . Simultaneously, card(Nt1 \Nt2) =
card(Nt2 \Nt1) = χ0 .

Let k ∈ Nt1 \Nt2 . Then ψt1(x) = ϕk(x) = bk for x ∈ [ck, dk] and ψt2(x) =
x < dk = 1

k bk for x ∈ (ck, dk). Put Pk = {n ≥ k : n ∈ Nt1 \Nt2}. Then{
x ∈ R+ : ψt2(2x) <

1
k
ψt1(2x)

}
⊃
⋃
n∈Pk

(cn
2
,
dn
2

)
.

Let
Ck =

{
x ∈ R+ : ψt2(2x) <

1
k
ψt1(2x)

}
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and

ξk = lim sup
x→0+

m(Ck ∩ [−x, x])
2xψt2(2x)

for k ∈ N. Let {np}p∈N be the increasing sequence of all numbers of Pk. Then

ξk ≥ lim sup
l→∞

m
((⋃∞

p=l

( cnp

2 ,
dnp

2

))
∩
[
− dnl

2 ,
dnl

2

])
dnl

ψt2(dnl
)

≥ lim sup
l→∞

dnl
− cnl

2dnl
ψt2(dnl

)
= lim sup

l→∞

1
2dnl

2dnl
ψt2(dnl

)
=∞,

since dnl
−→
l→∞ 0 and limx→0+ ψt2(x) = 0. From Corollary 7 Tψt1

6⊂ Tψt2
.

Analogously, we can prove that Tψt2
6⊂ Tψt1

.
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