Real Analysis Exchange
Vol. (), , pp- 593-602

Mariusz Strzesniewski, Instytut Matematyki, Uniwersytet Gdanski, Wita
Stwosza, 57, 87-952 Gdansk, Poland.

ON Z-ASYMMETRY

Abstract

Sets of approximative asymmetry in the sense of category are intro-
duced. The following theorem is proved.

If f: R — R is a function, then the set of Z-asymmetry points of f
is of the type Fys50 and is o-well-porous.

This illustrates the difference between measure and category. We
give an example of a function with the set of Z-asymmetry points of the
cardinality of the continuum.

In this paper we shall consider basic properties of the category analogue
of one-sided density points. This notion is based upon the notion of Z-density
point which was introduced in [14].

The well-know Young’s “Rome Theorem” is the most important theorem
giving a relationship between two one-sided cluster (in some sense) sets. Be-
lowska, Kulbacka, Matysiak, Goffman, Jaskula, Kempisty, Lipinski, Swiatko-
ski and Zajicek have collected some relations about “Essential asymmetry”.
In this paper we shall consider category analogues of these relations.

Throughout this paper B denotes the family of all subsets of R, the real
line, having the Baire property, Z denotes the o-ideal of all meager sets in R.
ForacRand ACRweputaA={ar:z € Ayand A—a={x—a:z € A}.

We say that a sequence of functions f,, converges with respect to Z to the
function f if for every increasing sequence {n,, } men of positive integers there
exists a subsequence {nm,}pen and A € T such that f,, (z) converges to
f(z) for all z € R\ A.

According to [14], 0 is a Z-density point from the right of a set A € B if
and only if the sequence of characteristic functions X, snjo,1] converges with
respect to T to X[g,1). We write then Z-d, (0, A) = 1. A point 29 € R is a
right Z-density point of a set A € B (written Z-dy (29, A) = 1) if and only
if Z-d4 (0, A — x9) = 1. If Z-dy (z9,R\ A) = 1, then say that z( is a right
Z-dispersion point of a set A and we write Z-dy (zo, A) = 0. It is easy to see
that Z-d, (0, A) = 0 if and only if the sequence {X,, 4n0,1] }nen converges with
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respect to Z to zero. The notion of left Z-density point and of left Z-dispersion
point are defined in an analogous manner.
We shall need the following lemmas.

Lemma 1. ([14]) Let A € B. Then Z-dy (0,A) = 0 ( Z-d+ (0,A) = 1) if
and only if for every sequence {r,}nen of real numbers converging to +oo the
sequence { Xy, anjo,1] fnen converges with respect to I to zero (resp. to X 11).

Lemma 2. ([11]) Let G be an open (resp. closed) set. Then T-d;(0,G) =0
(resp. T-d4(0,G) = 1) if and only if for every positive integer n there exist a
positive integer k and a positive number § such that for every h € (0,9) and
every i € {1,...,n} there exists a integer j € {1,...,k} such that

i—1 -1y [i—1 B
(( n + nk )7 ( n +nk>h)mG_@

i—1 -1 i—1
. - -
(resp {( — )h, ( - +nk) h] CG)

Lemmas 1 and 2 have the left version.

Definition 1. Let f : R — R be a Baire function (for every open set G C R
the set f~1(G) has the Baire property) and let 7o € R. We define the right
(resp. left) Z-cluster set Z-W, (f, zo) (resp. Z-W_(f, o)) of f at xg as the set
of all point y € RU {—o00,+00} such that z( is not the right (resp. left) Z
-dispersion point of f~1(U) for any neighborhood U of y.

Definition 2. Let f: R — R be a Baire function. Then the set Z-A(f) of all
points & € R for which Z-W_(f,z) # Z-W,(f,x) we call the set of points of
Z-asymmetry of f.

Definition 3. Let f : R — R be a Baire function. Then the set Z-Ay(f) of all
points z € R for which Z-W_(f,z) N Z-W_,(f,z) = 0 we call the set of points
of strong asymmetry f.

This notion is due to the approximate asymmetry introduced in [19]. We
shall use the following theorems concerning the boundary behavior of asym-
metry, these theorems we formulate in terms of Z-density.

Theorem Z1. ([19] Th.1 p. 200.) If f : R — R is a Baire function, then
I-A(f) =U,—, Z-A(M,) N Z-A(Ly,), where M,, L, € B for alln € N and if
M € B, then T-A(M) denotes the set of of all x € R for which ZT-d4(z, M) =0
and Z-d_(x, M) #0 or Z-dy(x, M) #0 and Z-d_(x, M) = 0.



ON Z-ASYMMETRY 595

Theorem Z2. ([19] Th. 8 p. 209). If f : R — R is a Baire function, then
T-Ap(f) € U,2, Z-Ap(M,,), where M, € B for alln € N and if M € B,
then T-Ag(M) denotes the set of all z € R for which T-d4(xz,M) = 0 and
T-d_(zx, M) = 1.

The assumption of Th. 8 of [19] is that the set of values of f is compact
space. We extend the range of f to RU {—o0,+0c0}. Th. 8 of [19] has a
stronger conclusion. In our paper we need only inclusion.

Theorem 1. There exists a Baire function f : R — R such that T-A(f) has
the cardinality of the continuum.

PROOF. Let {€,}nen be a sequence of real numbers from the interval (0,1/4)
such that lim,,_.., £, = 0. We define the following contiguous intervals P and
noncontiguous intervals 7.

To=1[0,e1], Th =[1 —e1,1], P_1 = (e1,1 — 1)
To,0 = [0,e1€2], TOJ = [e1 — e169,€1], Po = (e169,61 — €162)
T1 o0=[1—e1,1—¢e1+eea], Tiy=[1—e1,62,1]
=(1—¢e1 +e182,1 —€162) and so on.

.....

open contiguous intervals P, ..
and Py, . ., as follows. If Ty, . . = [a,b], then

Tal,...,an,o = [CL, a—+ 5n+1(b - a)] y Tal,...,ana 1= [b - 5n+1(b - a)7 b} )

and
P(Xlw";an = Tal7-~~704n \ (Tocl,.,,,an,()a UTal,,,.,an,la)~

The intervals of the form Ty, .., (Pas,....a,_,) We call T-intervals (P-intervals)
of order n, for n € N.

Let C' = [0,1] \ (P,1 ulU,—, Um,,:{.-,owi ,,,,, an). Now we construct an
a;€{0,1
open set G such that

C\{1} CA(G)={z:Z-d_(x,G) =0 and Z-d (z,G) # 0}.
If Py, . .a, . = (a,b) is a P-interval of order n, then let
Gal,...7a,,L = (CL, a+ |Ta1,...,an,1,0|) P
where [Ty, ..., _, 0] denotes the length of the T-interval of the order n, and

let G =J,-; Um,{ o Gay....on_,- Let @ € C\ {1}. If z is a left endpoint
Le 7
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of some P-interval, then Z-d4(z,G) # 0. If = is not a left endpoint of some
P-interval, then let {P,},en be a sequence of P-intervals which “converges
from the right” to z and P, NG = 0 for all n € N, and in (z, inf P,) there are
no P-intervals with length greater than or equal to |P,|. Let G, = US>, Gy,
where G,, = GNP, for all n € N. Let 4,, = sup(G,,) — x.

The sequence of characteristic functions {X;-1 (Gz — ) N [0, 1]}nen con-
verges to 1 on (1/2,1) and has no subsequence which converges to zero on
[0,1] \ A, where A € Z. Thus by Lemma 1 we have that Z-d (z,G,) # 0.
Now we show that Z-d_(z,G,) # 0. The case when x = 0 or z is right
endpoint of some P-interval is obvious. In the other cases let {P,},en be a
sequence of P-interval which “converges from the left” to z and every n € N
in (sup P,,z) there are not P-interval with length greater than or equal to
|Py|.Let C' =C -2, Gt =G —=x, P} =P, — 2= (an,by,) for all n € N. Let
{kn} n € N be an increasing sequence of positive integers. For every n € N let

jn denote an index such that aj, < — 1/k,< aj 41

The set k, G*N[—1,0] is contained in the sum of three intervals V{*, V3*, V",
where V" = k,(G' N P}"), Vyr = [knbjn,sup(kn(G1 NP} )] and V5" =
[k:nbjn + 1,0]. Since {e, }nen converges to zero, lengths [Vi* N [—1,0], [V3'],

and |V3"| converge to zero. We have —1 € (inf Vit knaj o 1} for all n € N.

There exists a sequence of positive integers {m,, }nen such that the sequence
{V3" }nen “converges” to some point p € [—1,0] (i.e., the sequence of left
endpoints and right endpoints of these intervals converge to p). Thus, if = &
{—1,p}, then hmn_wo kanclﬂ[—LO] ($) = 0.

This completes the proof that Z-d_(z,G) = 0. Taking f as the character-
istic function of G we obtain that Z-A(f) 2 C\ {1} and this completes the
proof of the theorem. O

We remark that in our proof we obtain the convergence except in at most
two points. Therefore almost everywhere in the sense of category and of
measure.

Before the next theorem we introduce the following definition.

Definition 4. For xt € R and A D R let

p(z, A) = 613& sup —————  p, (x,A) = 61351+ inf s
. v_(x,A,d
p_ (o A) = tim int A0 gy s (p (2, 4).p, (0, )

where y(z, A,9), (resp. v4+(z, A, d), and v_(z, 4, 6)) denotes the longest open
interval included in (z — 6,z + ) \ A (resp. (z,z+ )\ 4, (z—4d,2)\ A)
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We say that a set A C R is porous (well porous) if p(z,A) > 0 (resp
p(z,A) > 0) at every x € A. If A is a countable union of porous (resp. well
porous) sets, then we say that A is o-porous (resp. o-well porous).

Theorem 2. If f : R — R is a Baire function, then the set T-A(f) is o-well
porous and of the type Fys5.

PROOF. By Theorem Z1 it is sufficient to prove that Z-A(M) is well porous
and of the type Fjs, for every set M € B. Let M € B. Then there exist an
open set G and a meager set F' such that M = GAF. By definition we have
that Z-A(M) = Z-A(G). Let

A1(G) ={z:Z-dy(x,G) =0 and Z-d_(z,G) # 0}
A2(G) ={z : Z-dy(x,G) # 0 and Z-d_(x,G) = 0}

and let z € A;(G). By Lemma 2 there exist a natural number &, and a real
number §, > 0 such that for every h € (0, d,) there exists i" € {1,...,k,} such
that (z+ ((i% —1) /ks) h, 4 (i2/ks) h) N G = 0. Because I-d_(z,G) # 0

_ — 1
we have that = € G. Consequently p (2, I-A(G)) > P, (z,G) > > 0.

Similarly if € A3(G), then p (a:, )) > 0. Since Z-A(G) = A;1(G) U

As(G), we must show that Z-A(QG) is well porous. To prove that Z-A(G) is of
the type F,s5, we shown first that Fy = {x : I-dy(x, F) = 1} is of the type
F,s for every closed set F. By the Lemma 2, z € F} if and only if

for every n € N there exist a positive integer k, and real number §, > 0

such that for every h € (0,0,) and every i € {1,...,n} there exists (1)
. i—1 j—1 i —1 ]
j €Lk} such that | (— +Jnkm h (= +nikm)h} CF-a

Let n,k € N, w € QN (0, 00), where Q denotes the set of rational numbers,
and let i € {1,...,n}, j€{1,...,k}, ¢ € QN (0,w). Let

i—1 -1 i—1
B bonaig = { ). )| cF-
v,k w, g, {l’ |:< n + nk )q( n +nk/’)q:| l’}

=AUU N N U B

neN keN weQ ¢eQn(0,w) i€{l,...,n} je{1,....,k}

and

We show that F} = B. Let x € F;. We can assume that the real number ¢,
from (1) is rational number and therefore x € B. Now let x € B and n € N.
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By the definition of B there exist k and w such that

S m ﬂ U En,k,w,q,i,j~

qeQN(0,w) i€{1,...,n} je{1,....k}

Let h € (0,w) and {gm}men be a sequence of rational numbers such that
limy,— 00 g = h and ¢, € (0,w) for all m € N. For every m € N we denote
by j a positive integer from the set {1,...,k} such that

; — 1 i, — 1 ; — 1 j
I g, (I g | CF -
n nk n nk

the sequence {j, }men is a bounded sequence of positive integers. Hence there
exists a subsequence {j, }ren which is constant. We assume that {g¢m fmen
is such one that j,, = j is constant for all m € N. Let

€ [a,b] = Ki;lJrjn_kl)h, (Z;1+njk>h}

y = a+ t(b— a), where t € [0,1]. Let y, = am, + t(by, — am), where a,, =

(Z_l—&—]_l)qn%bm:am—&—(l) for all m € N. Since y,,, € F — x
n nk nk .

and F — z is closed, we have that y € F'— x. Because y € [a,b] and h € (0, w)

were arbitrary, we conclude, from Lemma 2 that € F;. Because F' is closed,

we have that Ey,  w,q,4,; is closed. By definition of B we conclude that F is a

set of type F,s. Because

{:Z-d_(2,G) =0} ={x: Z-d_(z,R\ G) = 1}

and
{:Z-dy(z,G) =0} = {z: Z-dy (2,R\ G) = 1},

we have that for an open set G

X1 ={x:Z-dy(x,G) = 0} is of the type Fys
Xo={x:Z- d+(x, G) # 0} is of the type Gso
Y1 ={x:Z-d_(z,G) # 0} is of the type G5,
Yy ={z:Z-d_(z,G) = 0} is of the type Fys.

By the equality Z-A(G) = (X; NY1) U (X2 NY3) we infer that the set Z-A(G)
is of the type Fys.- O

Theorem 3. Let B C R. There exists a Baire function f : R — R such that
T-A¢(f) = B if and only if the set B is countable.
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PROOF. It is easy to see, that if B is a countable set of all points of disconti-
nuity, then f is a Baire function and B = Z-Agy(f). For proof of Theorem 3, by
the Theorem Z2, it is sufficient to prove that Z-Ay(G) is countable for every
open set G. Let G be an open set and let B = Z-A44(G) = {z : Z-d4(z,G) =
0 and Z-d_(z,G) = 1}. If x € B, then by the Lemma 2

there exist a positive integer k, and a real number §, > 0
such that for every h € (0,6,) there exists a positive integer

it —1)h (i) h

( (2)
i;‘e{l,...,kz}suchthat< Ik ) ]‘Z )ﬂ(G—m)z@.

For k, j are positive integers let E} ; be the set of all points x € B for which
k, = k and %) < 0, where k,,d, are numbers from (2). Evidently B =

Up,j Er,j- We show that every set Ej, ; is countable. For this it suffices to prove
that if {x,, } nen is an increasing sequence in Ej, ;, then lim,,_, o ,, & Ej ;. Let
{Zn}nen be a sequence such that =, 7 = and =, € Ei; for all n € N. We

can assume that x — z, < (%) for all n € N. Let i};n be a positive integer

of {1,...,k} with respect to (2) for the point z,,, the set G and h = = — z,.
Then there exists a subsequence {zy, }nen such that zgk = ¢ is constant for
all n € N. We examine a sequence of characteristic functions

K@=z~ (G =) N [=1,0]}nen- (3)

k—(Gi—1 k—1
If a point y € NN (— (G—1) — Z) , then the sequence (3) is convergent

k ’ k
at this point to zero. We conclude that the sequence (3) converges on an open
interval. Hence there exists no subsequence of (3) which converges Z- a.e. to
X(—1,0- Therefore x ¢ B and = ¢ E, ;. O

We remark that in Theorem 2 we can assume that f is a function from R
into a topological space X, where X is locally compact and has countable basis
of open sets. Moreover, if f : R — X is Baire function and X is compact with
a countable basis of open sets, then Z-Ag(f is countable. This is a consequence
of results by Zajicek [19].

Supplement. In this part we formulate Theorems 2 and 3 for an arbitrary
function using some definition of L. Zajicek [20] of Z-density, which is equiva-
lent to our definition if we consider Baire functions.

Definition 5. [property 5, Th., page 59, [20]]. Let A C R. We say that
Z-d+(0,A) = 1 if and only if for any 0 < ¢ < 1 there exist ¢ > 0 and
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6 > 0 such that for any 0 < x < § there exists open interval J such that
J C* An(x —cx,x) and |J| > ex, where B C* D denotes B\ D is meager.
Analogously Z-d_(0,A) =1 if Z-d; (0, (-1)A4) = 1.

The order notions of Z-density is identical as in begin of our paper.

Lemma 3. Let0<c<1l,e>0,6 >0andE..s ={y €R: forany0 <z <
0 there exist open interval J such that J C* AN (y+x—cx,y+x),|J| > ex}.
Then E. . s is closed.

PROOF. Let y, € Ecc5, yn — yand 0 <z < 6. For n € Nlet I,, = (an,by)
be such that I, C* AN (yp + 2 — cx,yn + @), |In] > ex. We can assume
that a,, b, converge. Let J = (limy, 0 @y, lim, o by). Clearly |J| > ex and
JC ((y+xz—cx),y+z). If z € J\ A, then there is n € N such that z € I, \ A.
Hence J\ A C U, In \ A, where I, \ A is meager for all n € N. It means that
J C* A and ends the proof. O

Lemma 4. Let A CR, lete > 0,06 >0, let B={zx € R:Z-dy(z,A) =
1 andZ-d_(x,A) =0} and E.5 = {x € B: forany0 < h < ¢ there exists

h
open interval I such that I" C* AN <x + 50T + h> , |I£’ > eh}. Then E. ;
s countable.

PrOOF. We show that if z;, € E. s and x; T =, then x € E. 5. Let z, € E, 5,
zp T x and © — xp < § for all k. Let I;}k be an open interval with respect to
definition of E, s for = xp, h = = — xy, and let If;k = (ak, bx). We have

by, — by, — by, —
that 1> 2% o 2 Z 0k 5 o 50, Tet 0 < ¢ < liminf = —% Then we
x — ay h/2 T — ag
have that for this ¢ the property of definition that Z-d_(z, R\ A) = 1 is not
satisfied. O

These lemmas are essentially important and sufficient to prove our asym-
metry theorems for an arbitrary functions.
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