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Abstract

We examine quasi self-similarity for Cantor measures on Cantor sets.
A characterization is obtained in terms of the ratios of dissection of
the Cantor set. The multifractal theory of Cantor measures is studied,
extending the analysis for quasi self-similar measures.

1 Introduction

The main problem in multifractal theory is to estimate the size, typically the
Hausdorff or packing dimension, of

_ i Jogp (B(z,7r))
X(a) = {z € suppp : lim log = aj,
where p is a probability measure. The sets X («) can be viewed as a decompo-
sition of supp p into a family of subfractals, the dimensions of these subfractals
X (a) being known as the multifractal spectrum of p. The heuristic arguments
developed by physicists and mathematicians (for an extensive bibliographic list
see [4] and [6]) suggest that these dimensions should be equal to the Legendre
transform of a suitable function. Olsen in [6] developed mathematical theo-
ries to put these arguments on a firm foundation and detailed analysis of the
multifractal spectrum has been carried out for particular examples, such as
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self-affine measures (see [5], [7]), self-similar measures ([2], [3]), and measures
on cookie cutters ([9]).

Recently, the multifractal spectrum was determined for quasi self-similar
measures in metric spaces by O’Neil [8]. These are measures for which there
exists a map from small parts of the space to itself and vice versa, which
distorts distances and the measure in a bi-Lipschitz fashion.

In this paper the quasi self-similarity properties of Cantor sets and Cantor
measures are investigated. We introduce a variation of quasi self-similarity for
Cantor sets and characterize this property in terms of the ratios of dissection of
the Cantor set. Sets which have this quasi self-similarity property are seen to
have positive Hausdorff dimension. We also show that this variation coincides
with the more general definition for most Cantor sets.

The fine multifractal structure of Cantor measures is then analyzed. We
extend the work of [8] by showing that the multifractal spectrum of many
Cantor measures is the Legendre transform of a function of the ratios of dis-
section of the Cantor set. The class of measures to which our work applies is
larger than the class of quasi self-similar Cantor measures.

2 Notation and Definitions

2.1 Cantor Sets

By a Cantor set we mean a compact, totally disconnected, perfect subset of
[0,1] which can be constructed in a similar fashion to the classical middle
third Cantor set. We remove from [0, 1] a non-empty, centered, open interval,
leaving two closed intervals of equal, positive length called the Cantor intervals
of step one. The ratio between the length of the Cantor intervals of step one
and [0, 1] is called the ratio of dissection of step one. A similar operation is
performed on each Cantor interval of step one, producing the (four) closed
equal-length Cantor intervals of step 2 and the ratio of dissection at step two.
Repeating this construction yields a decreasing sequence of closed sets whose
intersection is a Cantor set.

It is convenient to label the elements of the construction of the Cantor set
by W, the set of binary words of finite length,

W ={w=wiwy-w, :w; €{0,1}, nEN}U{e},

where e is the empty word. We let I, = [0, 1]. More generally, if the length of
the word w € W (written |w|) is k, then we denote by I, and I,1 the left and
right Cantor intervals of step k + 1 obtained after removing the open interval
(or gap) G, of step k, from I,,, a Cantor interval of step k. We let T denote
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the truncation operator, Iy, = I, for i = 0,1. The ratio of dissection at
step k will be denoted 7y and is equal to |I;| / |I| for any word w of length
lw| = k—1, and i = 0,1. The Cantor set Cy,, is the set [, oy U|w\:k I, and
is uniquely determined by the ratios of dissection {ry}. The classical middle
third Cantor set is the case when the ratios of dissection are all equal to 1/3.

We will also write I, and Gy for Cantor intervals or gaps of step & when
only the step is relevant. Lastly, we note that sometimes it is convenient
to write I, for the Cantor interval I, intersected with the Cantor set; the
meaning should be clear from the context.

2.2 Quasi Self-Similar Measures

The measure which arises as the invariant measure from an iterated function
system of similarity transforms is referred to as a self-similar measure; the
attractor is a self-similar set. These sets and measures have been extensively
studied (c.f. [4] and the references cited therein). Generalizing this idea,
O’Neil in [8] defined the notion of a quasi self-similar measure on a compact
metric space X.

Throughout the paper we let B(x,d) denote the closed ball in X with
center x € X and radius d.

Definition 1. ([8]) Let u be a Borel probability measure supported on X. We
say that p is m-quasi self-similar by balls from below on the space X
if for all z € X and balls B(z, d) there exist mappings ® : B(z,d) — X (called
the quasi self-similarity maps) such that whenever B(y,s) C B(x,d) we
have

B (@(y),mflg) C ®(B(y,s)) C B (@(y),mg) ,

and whenever A C B(z,d) is a Borel set, then

mt A w(®(A)) <m i4)

n(B(z,d)) w(B(z,d)

We say that p is m-quasi self-similar by balls from above on X if for
all x € X and balls B(z, d) there exist mappings ® : X — B(x,d) such that if
p < diameter X, then for all z € X one can find ¢ € B(z,d) such that

B(¢.m ™ pd) € ® (B(z.p)) C B(, mpd),

and if A C X is Borel, then

mp(A4) < m < mpu(A).
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The measure p is quasi self-similar by balls if it is both quasi self-similar
from above and below on X.

For Cantor sets it is natural to to study a variant of quasi self-similarity
where balls (contained in the Cantor set) are replaced in the definition of quasi
self-similarity by Cantor intervals.

Definition 2. We say that a Borel probability measure p on a Cantor set
C = Cy;, is m-quasi self-similar by Cantor intervals from below on
C if for all Cantor intervals I, there exist mappings ® : I, — C such that for
all I, C I, there exists x € I, such that

B (@@ ) <ot e B (swmiy).

and for all Borel sets A C I,

m—1 p(A) <u
(L)
We say that a measure g on a Cantor set C' is m-quasi self-similar by
Cantor intervals from above on C' if for all Cantor intervals I,, there exist
mappings ® : C' — [, such that for all z € C there exists ( € I, such that if
z € I, then

B(¢,m ™ L|[Lw]) € @(1,) € B(¢,m|L||Lu)),
and for all Borel sets A C C,
1(2(A))
————% < mpu(A).
p(lw)
A measure on a Cantor set will be said to be quasi self-similar by Cantor

intervals if it is both quasi self-similar by Cantor intervals from below and
above.

m~! u(A) <

There are a natural class of Borel probability measures on Cantor sets to
study.

Definition 3. Let C = Cy,,; be a Cantor set and 0 < p < 1. A Borel
probability measure p = p,,, supported on C, is called a p-Cantor measure
on C if for all finite words w we have u(I,0) = pu(ly) and () = (1 —
P)i(w)-

If the finite word w has j zeros and k ones, then pu(I,) = p’ (1 — p)*.

One easy observation, which we will use extensively, is that any ball B(z, d),
with center 2 € C' and d < min{|Gy| : k < n}, cannot intersect two Cantor
intervals of step n + 1 as these are separated by more than d. Hence B(x,d)
must be a subset of the step n + 1 Cantor interval containing x.
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3 Quasi Self-Similarity by Cantor Intervals

The main result of this section will be a characterization of quasi self-similarity
by Cantor intervals in terms of the ratios of dissection of the Cantor set. Before
stating this we prove a preliminary result which is of independent interest.

Proposition 1. If the p-Cantor measure p on Cy,,y is quasi self-similar by
Cantor intervals, then infy rp > 0.

PROOF. Assume p is m quasi self-similar by Cantor intervals and infy r; = 0.
Pick n such that mmax(p,1 — p)™ < min(p, 1 — p), and choose € > 0 so that
the gaps of any step j < n — 1 are greater than me in length. Then for each
z € C the ball B(z,me) is contained in some Cantor interval I,, (depending
on z) of step n.

Choose k such that ry < ¢ and let I, be any Cantor interval of step k.
Since p is quasi self-similar from below by Cantor intervals there exists a map
® : I,y — C such that for some z € I,

®(I,)C B (q»(z), m|L| ) C B(®(z),me) C I,
T(w)]
and
mt ) @ (1,)) < (1),

M(IT(w)) -

This is a contradiction since u(l,) < max(p,1 —p)" and pu(ly)/p(Ir@w)) >
min(p, 1 — p). O

Theorem 2. Let C = Cy,,y be a Cantor set. There is a p-Cantor measure
on C which is quasi self-similar by Cantor intervals if and only if there exists
n such that for all integers i, j,

nle T o (3.1)

Titj Tty
Moreover, in this case every p-Cantor measure on C' is quasi self-similar by
Cantor intervals.

PRroOF. First, assume (3.1) fails to be satisfied for any n but that C' supports
a p-Cantor measure which is m-quasi self-similar by Cantor intervals. By the
previous proposition we may assume inf rx = a > 0. Choose k,[ € N such that
2% > m and 2!~ > a=*¥. The choice of k ensures that |I;| < m~!, therefore
if 2 € C( I, then Iy C B(x,m™1) .
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Case 1. The ratio is unbounded from above: Obtain 4, j such that
_T S ol
Titj  Titj

and consider any word w of length j. There is a quasi self-similarity mapping
® : [, — C such that for all words v of length ¢, there is some z, € C with

Lo |
B xmm_l‘ w”') C ®(1, B (x [ Lo ) 3.2
( 7,1 ) & 2w € B{remp] (32

Loy Ty 1,
Butm| |:m|Iv\M L] . Thus

|Iw| rT1...75 2
U e(w) € B(;z: |I”>
wv = Uy 2l .
|v|=i lv|=i

I,
For each v € W chose the word s(v) of minimal length such that B (mv, 21') )
| Lo
9!

Iy As s(v) is minimal in length, B (xv, will intersect at most four in-

tervals of step [s(v)]. We will write I'* s(v) for the union of these (at most) four

intervals. The fact that B (zv, |21;|> D I(y) means that

riceri L) sl e s

2! 2l = 9 2

and this implies 2711 > r; g .. STls(u)] 2 al*@I=i Ag 21=1 > =4 this can
only be true if |s(v)| > 4k + 1.

Taking v to be the empty word e and I,, the step k interval containing x.,
it follows from the choice of k and (3.2) that I,, € B(z.,m~!) C ®(I,). Since
I, = Ulvlzi I, this gives the inclusions

I,c |J @) C UB(v, 21) U -

|v|=1 lv|=1 |v]=i

But the set on the right is a union of at most 2¢72 intervals of step |s(v)],

while I, is the union of 2/*(")I=% such intervals. Since s(v) > 4k + i this is a
contradiction.
Case 2. The ratio is unbounded from below: The argument is similar to

e 1
the first case. Select 4, j such that ! < —-
T14jTity m2
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Let w be a word of length j and let ® : C — I, be an m-quasi self-similarity
map. For all words v of length i we have

o
@(Iv)gB(:cU,m|LJ||Iw)§B<xU, o).

The fact that 2 > m also ensures that for some u € W of length k£ > 1,
the Cantor interval I, is contained in B(z.,m™!|I,|). Thus the quasi
self-similarity property of ® also implies that B(z.,m™!|[,|) € ®(I.) C

U|U|:i ®(1,), and therefore I, C U|U|:i B (xv, |I“’”|) .

21
|va ‘
2l

Choose s(v) of minimal length such that B (:z:v,

[ o | ool
2l—-1 9l
four step s(v) intervals. Similar arguments to those used in the first case show
that |s(v)| > i+ j + 4k, which leads to the contradiction Ly S Uy, =; L3(,)-
This proves inequality (3.1) holds when C supports a p-Cantor measure quasi
self-similar by Cantor intervals.

Now we will show that if (3.1) holds, then every p-Cantor measure is quasi
self-similar by Cantor intervals from below. The proof for quasi self-similar
from above is similar. Given a Cantor interval I, we define a map ® : I, — C
by the rule ®(I,,,) = I, and extend this to elements of I,, in the natural way.
First, we will show that there exists m such that for all v € W there is some
z € I, with

> D) Is(v); then

> |Is(v)| and B <xv, ) - I:(U) where I;‘(v) is a union of at most

B (cb(z),ml |I£’u”||) C ®(I,,) CB <q>(x),m|?;”||) .

If one takes x such that ®(z) is an endpoint of G,, then these inclusions will

I
be satisfied if there exists some m (independent of v) with |I,| < m |va|| and
w
I
|| >m™1! |va|| Upon simplifying, these inequalities reduce to
w

rl...rlv‘ <m

—1
(rjojam)” € —————— <
Titfw] " Tlo]+|w]

Thus if there exists m > n such that (r|v‘+1m)_1 < n~! for all v € W, then
we are done. However, if one takes ¢ = 1, and j = |v| in (3.1), the inequality
n/rjp+1 < n?/ry is derived. Thus if m > n?/r1, we have the desired inclusions.
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If 1 is any p-Cantor measure, then since (1 )/p(Iy) = p(I,), the inequal-

“lu(A A

m(?()) < u(®(A4)) < méLI( )) hold for all Cantor intervals A C I, and
ML H{Lw

any m > 1. As these sets generate the Borel sets in C' the same relationship

holds for all Borel sets A. This completes the proof that p is quasi self-similar
from below. O

ities

Corollary 3. If C supports a p-Cantor measure which is quasi self-similar by
Cantor intervals, then every p-Cantor measure is quasi self-similar by Cantor
intervals.

The Hausdorff dimension of the Cantor set Cf,, 3 is known ([1]) to equal

log 2

lim inf ———o -
k—oo E \logrl cee T'k|

hence it is of interest to know how condition (3.1) compares to convergence

properties of the geometric means of the ratios of dissection. We have the
following relationships.

Proposition 4. (i) If condition (3.1) is satisfied, i.e. there exists n such that
ri..oeTy

Lt <o, then (ry - - rk)l/k converges (to a

T‘1+J DR Tl+j

non-zero limit). The converse is not true.

(i1) Condition (3.1) will be satisfied for some n if there exist 0 < a,b, A < oo

such that a < n )\k "k <b for all k.

for all integers i,j n~' <

PRrROOF. (i) Let H, =ry-- 1, and Sy, = log(Hy). Condition (3.1) implies that

for all 4,5 we have n=! < =i < n. Thus if we let § = logn and rearrange
it

terms we obtain

—5+S¢+Sj SSZ'_;,_]'SJ—FSi—FSj. (3.3)

It suffices to prove that {S;/j} forms a Cauchy sequence. First note that an
induction argument (on %) using (3.3) shows that —id +1S; < S;; < id +4S5;.
Manipulating this inequality gives —(i + j)0 +iS; < jS; < (i + j)0 + 4S5;,
and thus |2t — % < (% + %) 0. Clearly this implies that {S,/;} is a Cauchy
sequence.

To see that the converse is not true note that (r1---7,)'/* can converge,
and yet infr, = 0. From Proposition 1 we know that condition (3.1) cannot
be satisfied in this case.

(ii) One can easily check that (3.1) is satisfied with n = max(b?/a,b/a?).

O

1/k
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Corollary 5. (i) If C supports a p-Cantor measure which is quasi self-similar
by Cantor intervals, then C has positive Hausdorff dimension.

(i) There are Cantor sets of positive Hausdorff dimension which do not
support any quasi self-similar p-Cantor measures.

Corollary 6. Every p-Cantor measure on Cy,,y is quasi self-similar by Cantor

intervals if there exist 0 < a,b, A < oo such that a < 7"1/\7k7”k <b for all k.

4 Equivalence of Quasi Self-Similarity by Balls and Can-
tor Intervals

In this section we will show that for p-Cantor measures supported on Cantor
sets with ratios of dissection bounded away from 1/2, quasi self-similarity by
balls or Cantor intervals coincide, but that they need not coincide in general.
The assumption on the ratios of dissection is important because it ensures
that balls and appropriate Cantor intervals are comparable. (It effectively
replaces the strong separation condition.) One formulation of this is given in
the lemma below.

Lemma 7. Suppose C = Cy,, ) is a Cantor set with sup ry < 1/2. There
exists an integer N such that if x € I, then I, C B(x,|ly]) € Ip~(w)-
Similarly, if x € C and d > 0, then there is some w € W such that x € I, C
B(ﬂl‘,d) - ITN(w).

PROOF. The assumption that sup rp < 1/2 is equivalent to the statement that
there exists 6 > 0 (namely, 6 = sup(l — 2ry)) such that |G,| > §|I,]| for all
v € W. Choose N such that 27V < . As |Ipn ()| = 2V |I,], this ensures
that |I,,| < |G| for any v such that |v| < |w| — N. Thus B(z,|l,|) must be
contained in I ().

To prove the second statement, choose k such that vy ---rp, < d <ry---rp_1,
let I, be the Cantor interval of step k containing x, and argue as in the first
paragraph. O

Theorem 8. Suppose C' = Cy,,} is a Cantor set with supry < 1/2. Any
p-Cantor measure on C' is quasi self-similar by balls if and only if it is quasi
self-similar by Cantor intervals.

Proor. Throughout the proof we fix § with 0 < & < sup(l — 2ry). First,
assume p is m-quasi self-similar by balls on C. We will begin by establishing
that p is quasi self-similar by Cantor intervals from below, so let I, be a
Cantor interval and denote by x an endpoint of I,,. Let ® : B(x,|[,|) — C
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be a quasi self-similarity map from below, suppose I, C I, and assume z is
the endpoint of I, closest to . Because ¢ |I,| is less than the size of any gap
of step j < |v|, B(z,6|I,|) C I,. The choice of z ensures that

I, C B(Z, |I’UD C B(JJ, |I’w|);
so the definition of an m-quasi self-similar map yields the inclusions

B (96, ™) o (B L) € #(r)

C ®(B(z|L]) C B (@(z), ”|ll|1||) .

Moreover, for all Borel sets A C B(x, |I,,|) we have

m” ' p(A) myi(A)
(B, | L)) p (B, [ L))
By the lemma there is a constant N (independent of z and w) such that

I, € B(w, |Iy]) € I~ (). Thus p(B(w,|I,])) is comparable to u([,). These
observations show that for a suitable constant m; and all Borel sets A C I,

< pu(@(4)) <

we have
B (‘I)(z), mluw”) C ®(I,)C B (@(z)’ ”1|1If||> ’
and
my ' u(A) myp(A)
(1) < u(B(A) < p(ly)

Thus @ restricted to I, is a suitable map and therefore p is quasi self-similar
by Cantor intervals from below.

To see that u is quasi self-similar by Cantor intervals from above we again
start with a Cantor interval I,. Choose x in the Cantor set belonging to I,
and let ® : C — B(x,0 |I,|) C I, be a m-quasi self-similarity map from above.
If z € C( I, then choosing ¢ as in the definition of quasi self-similarity by
balls we obtain the inclusions

B(¢,m™1O|L,| 6 |1,]) € ®(B(2,0 L)) € (1)
C (B(z, [1u])) € B(¢,m L] 6 [Lw])-

If N is chosen such that 2= < §, then B(x, § |I,|) will contain the step |w|+N
Cantor subinterval of I}, which contains 2. This ensures that u(B(z,0 |lu]))
is comparable to p(1,,), and similar arguments to those used in the earlier part
of the proof imply that p is quasi self-similar by Cantor intervals from above.
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Now assume p is quasi self-similar by Cantor intervals on C'. We will show
quasi self-similarity by balls from below; the proof for quasi self-similarity
from above is similar. Consider a ball B(z,d) with center € C and, as in
the lemma, choose the Cantor interval I,, and integer N independent of x
and d such that |I,| < d < |IT(w)| and z € I, C B(x,d) C Ipn,. Let
® @ Ipan(,) — C be a quasi self-similarity map from below and suppose
B(y,s) € B(x,d). Choose v such that I, C B(y,s) C Ip~(,). Since I, C
I7rn (), we have Ipn () C I72n(y), thus the quasi self-similarity properties of
® imply that

B (@(a;) Wl”) C ®(1,) € @ (B(y,s))

e w)|
m |Ipx )|
C ©(Ipn(y)) € B | ©(2), m .
w

The assumption of quasi self-similarity by Cantor intervals ensures that the
ratios of dissection of C' are bounded away from zero, hence ‘IT2N(w)‘ is com-
parable to d, and the lengths of I, and Ip~(,) are comparable to s. Also,
p(Ir2n () and p(B(x,d)) are comparable, hence there is a constant m; such

that
mfls

B (20, "5 < @ (509 € B (00,47,
and for all Borel sets A C B(z,d),

mitp(A) _ mT u(A) mp(A) my pu(A)
W(Bed)) = wllgeny) = "I S ) S AlBG D)

Thus @ restricted to the ball B(z, d) is a suitable quasi self-similarity function.
O

Corollary 9. Suppose sup,, i < 1/2. Then a p-Cantor measure on Cy,, ) is
quasi self-similar by balls if and only if there exists n such that (3.1) holds
Jor all i,j. If Cyyy supports a p-Cantor measure which is quasi self-similar
by Cantor intervals (or, equivalently, balls), then every p-Cantor measure is
quasi self-similar by Cantor intervals and balls.

However, the two quasi self-similarity properties are not the same. To show
this we will prove one additional property of quasi self-similarity by balls.

Proposition 10. Suppose C' is a Cantor set whose gaps decrease in length
as the step increases. If there is a p-Cantor measure on C which is quasi
self-similar by balls, then supy ry < 1/2.
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PROOF. Suppose i is m-quasi self-similar and choose n such that
mmax(p,1 — p)" < min(p,1 — p).

Assume to the contrary that sup, rp = 1/2. Then we can choose k > n such
m |Gk_1| m(l - QTk)
= < |Gn|. Set s = |Gr_1|, d = |Ix| and let
LG Lo (Gl d = 1
x € Ij, be an endpoint of Gj_;. Clearly, Iy C B(z,d) C I_;. Since p is quasi
self-similar by balls, there exists a quasi self-similarity map ® : B(z,d+s) — C
which has the property that for any z € B(x,d),

that

®(B(z,5)) C B (fb(z) e ) .

"r4s

The assumption of decreasing gap lengths ensures that any gap of the Can-
tor set, contained in B(z,d), has length at most s. This means we can
choose elements of the Cantor set, z1,..., 2, in B(z,d), such that the balls
B(z;, s) cover B(z,d) and for each i, B(z;, s)[)B(zi+1,5) is non-empty. But
because ms/(d + s) is less than the length of any gap of step at most n,
ms
B @(z),m
quently, ® (B(z;,s)) C I, for some v; € W of length n + 1. Since ®(B(z;, s))
and ®(B(z;+1,s)) intersect non-trivially, the intervals I,,, intersect, and there-
fore coincide. Thus ® (B(z,d)) C I, for some |v] = n + 1. The quasi self-
similarity property also implies that

must be contained in a Cantor interval of step n+ 1. Conse-

m”u(B(x,d))

(Bt =P OB@d) < pl)

Finally, we note that B(xz,d + s) C Ix_1, thus

m o u(Bled) Tl

p(B(x,d+s) = p(lg-1)

> m~ " min(p,1 — p).

But n was chosen so that u(I,) < m~!min(p, 1 — p) which is a contradiction.
O

An immediate corollary of this Proposition and Theorem 8 is the following.

Corollary 11. If C is a Cantor set with decreasing gaps, then any p-Cantor
measure which is quasi self-similar by balls is quasi self-similar by Cantor
intervals.
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Corollary 12. A Cantor set with ratios of dissection increasing to 1/2 does
not support any p-Cantor measure quasi self-similar by balls.

PROOF. Since the ratios are increasing, the gaps must be decreasing in size,
and hence the proposition directly applies. O

We can now give an example of a p-Cantor measure which is quasi self-
similar by Cantor intervals but not balls. We do not know if there are p-Cantor
measures which are quasi self-similar by balls but not by intervals.

Corollary 13. Ifry = 2*1*1/]“2, then every p-Cantor measure on the Cantor
set Cyp,y is quasi self-similar by Cantor intervals but not by balls.

PROOF. One can easily check that {ry} satisfies (3.1). However, the ratios
increase to 1/2 and thus the no p-Cantor measure is quasi self-similar by
balls. O

5 Multifractal Analysis of p-Cantor Measures

In [8] O’Neil showed that the multifractal formalism developed by Olsen [6]
could be applied to quasi self-similar measures. In this section we obtain
similar results for a broad class of p-Cantor measures, including those which
are not necessarily quasi self-similar, but are supported on Cantor sets where
the geometric means of the ratios of dissection converge.

Throughout the section we will assume that supr, < 1/2, and p will
denote a p-Cantor measure where, without loss of generality, we will assume
p =max(p,1—p).

We begin our study of the multifractal structure of Cantor sets by recalling
the definition of the pointwise local upper and lower dimensions of u at x € C"

log (B, d))

b

dimyoep(z) = li
() lglj(l)l P logd
1 B(z,d
dimyopu(w) = lim inf W'

log u(B(z,d)) .
The pointwise local dimension of p is dimy,. p(z) = limg_q W if
og
this limit exists.
To analyze these local dimensions we will make significant use of the fact
that balls centered in C' and appropriate Cantor intervals have comparable
measure. For instance, if k is chosen such that ri---rp, < d < 7r1---rp_1

and I, is the step k Cantor interval containing x € C, then we know from
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Lemma 7 that I, € B(x,d) C Ipn (), and hence py, - pu, < p(B(z,d)) <
Dwy ** Pw,_ - Thus

10g puy - Py _ logp(B(z,d)) _ 10gpu, - - Puy
logry - -1 log d = logry-TRo1

Since N can be chosen independently of z and d, the limiting behavior (as

10gpw1 - Pwp_n and 1ngw1 © Py,

k — o0) of are the same, and coincide

logry ...7g logry - Tgp—1
1 I 1 e
with the limits of —2 #llw) — 28Puwi - Pun rppig means that in the definition
log | I, | logry...rg
of pointwise local dimension we may replace balls by Cantor intervals, in other
log p(1w)

words, dimye. () = limger,, ;1,0 log [T,|

Motivated by the fact that box dimensions are often easier to calculate
than Hausdorff dimension, Olsen ([6] Sec 2.7) introduced the multifractal box
dimensions. To define these we need the following terminology. A countable
family of closed balls (B(z;,d)); is called a centered packing of C if z; € C
and the balls are pairwise disjoint. For ¢ € R, and d > 0 set

St = sup{z w(B(zi,d))? : (B(z;,d)); is a centred packing of C'}.

The upper and lower multifractal g-box dimensions, C'? and Cy, are given by

log S¢ log S¢
07 = limsup —2—4 and C, = liminf ~2>—4_
i—o  |logd| d—0 " |logd|
The comparison between measures of balls and Cantor intervals enables us to
easily calculate these as we demonstrate below.

Proposition 14. There are constants a = a(q), b = b(q) such that if ry -+ -1 <
d <111, then a(p? + (1 — p)9)k < ST < b(p? + (1 — p)9)*.

PrOOF. Let (B(x;,d)); be a centered packing of C. Let I,,(x;) be the Cantor
interval of step k containing x;, so I,(z;) C B(xi,d) C I~ () (2:). The balls
B(z;,d) are disjoint by definition, thus the intervals I,,(z;) are distinct. Since
each step k — N interval contains 2V step k subintervals, a step k — N interval
can be the interval Irn () (z;) for at most 2 choices of ;. Hence

DB d)? <2V 3T (puy )

|lw|=k—N
=2V + (1= p))* N =b(p? + (1 - p))*.
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To obtain the reverse inequality choose N such that |GTj(w)| > ‘IT(w)‘
for all 5 > N and for all w € W. Let x1,...,z9x—-~ denote the left hand
endpoints of the step £k — N Cantor intervals. Since these step k£ — N intervals
are separated by gaps of at least d, the balls B(x;,d), i = 1,...,28N must
be disjoint and hence form a centered packing of C. Because d > 71 --- 1y,
B(x;,d) contains the step k interval having x; as its left endpoint. Thus

> uBaid)' = Y pN (puy P )

lw|=k—N
=pNi(pt+ (1= p))* N =a@? + (1 -p)).
O

Corollary 15. The upper and lower multifractal g-box dimensions have the
values

1 74 (1 —p)9 1 a4 (1 —np)d
C, = liming 2BP TP gy g 108" A2 D))
k—o0 ‘EIOgTI"'rk’ k—o00 |Elogr1...rk‘

PROOF. This is a routine consequence of the proposition and the definition of

the multifractal dimensions. O
For a € R set
X ={z € C: dimjpcpu(z) = a},
Xa :{1' € C : di7lnloc:u(x) = O[},

X(a) ={z € C : dimy. p(z) = a} = XaﬂXO‘.

These sets can be viewed as giving a multifractal decomposition of the Cantor
set C relative to the measure y, and the aim of the fine approach to multifractal
analysis is to determine their dimensions. We will follow the method of [4],
Sec. 11.2 by showing the existence of probability measures concentrated on
these sets.

For this, define 8; = B;(q) by (p?+(1 —p)q)rfi = 1 and define a set function
v = v, on the Cantor intervals by the rule v(ly) = (Pw, - Pwy )1 -+ rf’“ if
|w| = k. Notice that v(Iy,0)+v(Iw1) = v(Iy) and consequently v extends to a
probability measure supported on C'. Since log Hle T;B = —klog(p?+(1—p)9),
the reader can readily use the definition of 3; to verify that when |w| = k,

logv(l,) _ logu(ly) | log(p? + (1 —p)?)

=4q
log | Iy | log | Ly | ‘%logrl...rd




302 KATHRYN E. HARE AND SAROOSH YAZDANI

As with u, the local behavior of v is the same whether one considers balls or
Cantor intervals, thus we obtain

1 L,
dim; . v(z) = liminf log v(lw)
. TE Ly w]|—0 10g|Iw|

q — )4
it (qlogu(fw) | log(p? + (1 - p) >>

log | I,,| ‘%logfrl...rk|
S log pu( 1)
>1 fqg—————= .
> liminf g log | 1| +
1 I
Notice the inequality is an equality if lim,ey, 7, |—0 m exists, and in
1 I,
this case we have dim;,.v(z) = qlim,er,.j1,|—0 (l)fgﬁ(f) + Cy. Similarly,
S log 11(I,, log 11(I,,
dimocv(z) < limsup q%() + CY, again with equality if lim%()
log | I,] log | I,]
exists. Set
o oy —(p?logp+ (1 —p)?log(l —p))
o =a*(q) = - T
(p? + (1 — p)?) lim sup,, |E logry --- rk.|
and
—(pllogp+ (1 —p)?log(l —p
o = o) - (@ ToED + (1= ) log(1 — p)

(p? + (1 — p)) liminfy, | £ logry -« 7|

We are now ready to state the technical result from which we can determine
bounds on the Hausdorff and packing dimensions of X« [ X**.

Theorem 16. There exists a probability measure v concentrated on X« [ X **
which has the property that for v a.e. x in X[ X**:

(i) If ¢ > 0, then dim,, v(z) > ga* + Cy and dimy,cv(z) < g + C9;
(i) If ¢ < 0, then dim;,.v(z) > g + Cy and dimy,.v(z) < ga* + C9.

The proof of the theorem can be obtained in a similar fashion to [4], Prop.
11.4 once we have established the following lemma.

Lemma 17. Lete >0, s € R and let § > 0 be small. Let

(p?logp + (1 — p)?log(1 — p))
(p?+(1—p)9)s

s = as(g) = — .
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and for k € N set &4 (as) = logH L (P70 + (1 = p)e®9) ?HF(E:FO‘S)&. Then

k
Dy (ay) <k <:Fass(5 +0(6%) —edlog2 + %52 [log rz|> .

i=1

Ift =limsup £ Zle [logr;|, then there is a constant ¢ such that P4 (ay) <
—kdce for all but finitely many k, and ®_(«y) < —kdce for infinitely many k.

Ift =liminf § Zle [log r;|, then there is a constant ¢ such that ®(ay) <
—koce for infinitely many k, and ®_(ay) < —kdce for all but finitely many k.

ProoOF. This is essentially a calculus exercise. Using the first order Taylor

expansion of (p® + (1 — p)®) at = ¢ and the fact that —log (p? + (1 — p)?) =
Bilog r;, we readily obtain

k
Z log qié (1-— p)qié) —log(pq+(1—p)q))

+5(5:Fa8)210gri
i=1
q _ q _
Lk (p logp + (1 —p)?log(1 p)) +EO@?)
p?+(1—-p)

k
—62(5:Fozs)|logri|.

i=1

Upon recalling the definition of oy and noting that + Zle [log r;| > log 2, the
first claim is proved.

If ¢ = limsup % Zle [logr;|, then given any 1 > 0, for all but finitely
many k we have + Zle log ;| < t+¢1, and for infinitely many k, 1 Zle [log 4]
>t —¢e1. Because t > 0 we have oy > 0, and thus for suitably small £; and 4§,

Dy (o) <k (Fautd + O(6%) —edlog2 £ ayd(t £ 1)) < —kdes

for all but finitely many k in the case of & and for infinitely many & for ®_.

The argument is similar if ¢ = liminf Zle [log 4. O

PROOF OF THEOREM 16. Let @ € R, fix ¢ > 0 and let § > 0 be small.
Temporarily fix k& and let I,(z) denote the interval of step k containing x.
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Then
v{z : p(Ly(x)) > [Ly(z)|* 7} < / (L () L ()7 dv(z)

= 3" L) 11,7 (1)
lw|=k
k

(b5 + (1L =)0 T = exp @y (),

i=1

Similarly, v{z : u(Ly(z)) < [I,(2)|*T} < exp ®_(a).

First, let ¢ = limsup ¢ Zle [logr;|. Then oy = o* and hence from the
lemma v{x : p(ly,(x)) > |Iw(a?)|a*76} < exp(—kdce) for all but finitely many
k, say for k > k;. This means that

37 vfa s u(Lu(@) > [Lu(2)]* 7} < D exp(—kdce) < oo,

k>ky k>ky

and therefore the probability that u(I,(z)) > |I,(z)|* ¢ infinitely often is
zero. In other words, for v a.e. z, u(ly(z)) < [I,(x)|" ~“eventually. Since
log (L ()

log [ L, ()|
Similarly, for infinitely many k, say k € {k,}, the lemma shows that

€ > 0 was arbitrary lim inf > o for v a.e. x.

v{z : pl(Ly(2)) < [Lo(2)|* ) < exp(—kdce) .
Thus

S vfa s pllu(z) < [1o(@)]* ) <3 exp(—kndes) < oo,

kn kn
and so for infinitely many k and v a.e. 2 we have u(l,(z)) > |In(z)|* *<.
Consequently,

log pu(1(x))
log |1y (2)]

As X = {x : dim,;, pu(x) = o*} it follows that v(X4-) = 1.
Using ¢ = liminf ¢ Zle [log ;| and oy = «., we similarly obtain that

log p(1(x))

dim;, . pu(x) = lim inf =a* for v a.e. z.

= o, for v a.e. x.
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Thus we also have v(X“~) =1 and hence v(X,~ (X %) = 1.
Recall that

. o log p(lw ()
dim,;, v(x) > lim 1nfqm +Cy
. log (I ()
- . og Ul Ly T
dimy,.v(z) < limsup g————+2> + C4.
loct () PO L ()]
Thus if ¢ > 0,, then dim;, v(z) > ga™ + C; and dim,cv(z) < ga™ + C? for v
a.e. & € Xo+ [ X . If ¢ <0 the roles of o* and a, are interchanged. O

Corollary 18. If ¢ > 0, then
dimp (Xa* ﬂxa*) > qo* + C,
dimp (Xa* ﬂX"*) < qa, + C1.
If ¢ <0, then
dim g (Xa* ﬂX"‘*) > qo + Cy
dimp (Xa* ﬂX"‘) < ga* + O

PRrOOF. This is immediate from Theorem 16 upon applying the mass distri-
bution principle (see [4], 2.3). O

If, in addition, limy |% logry - - 'rk| = 7, then 7 = log 2/ dimpy C,
C?=Cy=log(p?+ (1 -p)) /7

and
o = o, — —(PMlogp + (1 —p)Tlog(l —p)) _ a(q)
’ (P + 1 =p)0)7 o
Consequently, for all z € X (a(q)) = {dimec p(x) = a(q)},
L Jog (P + (L —p))

dimy,. v(z) = qa
This gives the formulas
Corollary 19. If limy ‘%log ISREE rk’ exists, then

log (p? + (1 — p)?) dimgy C
log 2 '

dimg X (a(q)) = dimp X (a(q)) = qo +
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Finally, consider the Legendre transform of the function C, (under the
assumption that limy ‘%log ry--e rk’ exists):

f(e) = inf(qa + ) = inf (qa A G p)“)) .

T

A simple calculus argument shows that the infimum is attained when ¢ is such
that @ = a(q). Thus dimg X (a(q)) = f(a(g)). Furthermore, observe that
every value in the interval [—logp/7, —log(1 — p)/7] is of the form «(q) for
some g € R. Thus the multifractal spectrum of p (i.e., the dimension of X («))
is given by the Legendre transform of the multifractal ¢-box dimensions.

Corollary 20. Let C be a Cantor set and suppose i is the p-Cantor measure.
Assume T = limy, |%log ISREE ka exists. Then for every

—logp —log(1l—p)
T ’ T

(S

)

we have
dimy X (o) = dimp X(a) = f(«a)

where f is the Legendre transform of the function which gives the multifractal
q-box dimensions: g — log (p?+ (1 —p)?) /7 .

Remark 1. This improves upon results in [8] since we have seen in Prop. 4

that such Cantor measures need not be quasi self-similar.
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