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ON THE BESICOVITCH PROPERTY FOR
PARABOLIC BALLS

Abstract

Let p > 1 and ay,...,a, be positive given numbers. We prove that, the
P
family of all solids of R™ of the type > .| (‘m) < 1, r > 0 satisfies

r%i

> maxa;

the Besicovitch covering lemma if and only if p > 52

1 Introduction

Let U = {U, : @ € R*} be an increasing family of bounded and open neigh-
borhoods of the origin in R™. Given a Borel measure p on R"™, a centered
maximal Hardy-Littlewood operator associated to pu and U can be defined by

1
M}L,Uf(x) = Ssup

P @+ U /HUQ [f()ldu(y), (1)

for every Borel measurable function f. The boundedness of this operator on
Lebesgue spaces with measure p is a basic result for any further real analysis
associated to the setting defined by U/ and pu. It is well known that these
boundedness properties are intimately related to the covering properties of the
family U: they are usually proved using Wiener or Besicovitch type covering
lemmas. Wiener type covering lemmas hold true with very mild conditions on
U, but for general non-doubling measures Besicovitch type covering lemmas
are the basic useful tool.
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Let us introduce the Besicovitch property for a general family U. We
shall say that the family U satisfies the Besicovitch property (BP) if there
exists a constant C, depending only on / and n, such that for each family
{z; + Uy, : @ € I} of translated members of U, such that {z; : i € I} is a
bounded set, there is a subset J of I such that

(CP) {z;:i €I} CUje; (¥ +Ua,) (Covering Property);
and
(oP) ZjeJX{Ij+uaj}(x) < C (Overlapping Property).

In this note we shall deal with the special case of balls associated to dis-
tances or quasi—distances given by non isotropic dilations on R™. Let A be
a diagonal real matrix with positive eigenvalues a1 < as < --- < a,. Let
m(z) = etloery = A%z, -+ A%z,),A > 0. Let p > 1. For z # 0, the

continuous function )
()17
o0 =13 (12]) @)

i=1
is strictly decreasing with lim,_o+ ¢(p) = +oc and lim, o #(p) = 0. Then,
given € R™ — {0}, the equation ||71(z)||, = ¢ (p) = 1 has only one solution
which we call p,(z). One can check that the function p, defines a quasi-distance
(which means p,(z,y) < Kp(pp(x, 2)+pp(2,y)) (See [4])) on R™ with constant
K. The p,-balls are the solids of R" given by

b i ens (B o () )

These parabolic balls associated to a non-doubling Gaussian measure ap-
pear for example in the real analysis setting associated with the generalized
Ornstein-Uhlenbeck operators coming from the equation Au — 2A4x.Vu = 0,
where A is a matrix in R™ x R™ (see [2]).

The main result in this note is that the BP for the family of p,-balls
depends on the condition number of the matrix A given by the ratio a,/a;.

Theorem 1.1. Let p > 1. Let U be the family of all B, v > 0 given by (3).
Then, U satisfies BP if and only if ‘Z—l <p< 4.

2 The only if part of the Theorem.

Given ay,...ay, and p > 1 we will say that € is an (a4, ..., a,; p)-ellipsoid of
radius 7 > 0 if, for some coordinate system, its equation becomes
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— (i \"
> =1

ri
i=1
Certainly, £ is the boundary of a pp-ball.
Proposition 2.1. Let 0 < a; < as < -+ < a,. Let Q = (y1,...,yn) be a
point in R™. Let 6 € (0,1) be given. Let P = (y1 +9,...,Yn-1 + 0,Yn + ¥)
with y > 0 and 6P Z;:ll y~Pa/an < 1. Then, there exits v > 0 such that the
(a1,...an;p)-ellipsoid of radius r with azes parallel to the coordinate system

and with one vertex at P passes through @Q, r(§) — +0oo as 6 — 0 and if P’ is
the opposite vertex to P, d(P,Q) < d(P',Q).

The proof of Proposition 2.1 is an easy consequence of the following lemma

Lemma 2.1. Lety > 0 and p € [1, ‘;—’IL), and 0 < ay < as < --- < ap. Then,
for each § > 0 small enough, (6P Z?;ll y~Pe/en < 1) | the equation

n—1 an
oP E L + Yy r
rpPai rin
i=1

P
=1

has at least one solution r(0) greater than or equal to yﬁ, such that r(5) —
+oo when § — 0 .

PrOOF. With s = r7P* our problem is equivalent to find the solution of
f(s) = 1with 0 < s < y~P9/% where f(s) = 6P Z::ll §%/01 4 |gn/a1Py _1|P,
Notice that f(0) =1 and f'(0) =6 >0 (If a; =+ = ap < ag41 < ..., then
£/(0) = k&P > 0. Since f(yPu/on) = 6P "Ly Pei/an < 1 we must have a
solution of f(s) = 1 with 0 < s < y~P%/% Now since 7(5) > y*/%, we have

n—1

1
— An 1 _ (1 _ &P _— \1/p
o= = (1= )]
=1

n—1 1
~ an §P
~ ping erai’

i=1

from which, since y is constant, we get the desired result.

Let 0 < a1 <--- < a, and p € [1, §*) be given. Let p = p, be the quasi
distance given by the numbers aq, ..., a, and p. With the help of Proposition
2.1 we will construct a sequence of p-balls with unbounded overlapping such
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that if x; is the center of B;, then x; ¢ B; for j # i. So that every ball is
needed if we want to cover the centers.

Let B, = B(0,1). Let Q1 = 0. Choose y > 0 and §; > 0 so that
oy Z?:_ll y~P/en < 1 and Py = (d1,...,01,y) belongs to the first 2"-quadrant
of B,. From Proposition 2.1 if we choose d; small enough, we can pick an
(a1,...,an;p)—ellipsoid, and then its interior Bj, in such a way that the
center Q2 of B; does not belong to B,, neither the center of B, to Bj.
Choose P, = (01 + 02,...,01 + d2,2) so that do < 1 is small enough and
o5 Z;:ll z~Pai/an < 1. Now, because of Proposition 2.1 for d, small enough
we can find an (aq,...,a,; p)-ellipsoid and then its interior Bs, in such a way
that the center does not belong to B, N By and, clearly, the centers of B,
and B; do not belong to Bs. Since B, N By N By in a non—empty open set of
points with first n — 1 coordinates larger than the first of P, the process can
be iterated to obtain the desired result. O

Notice that one can easily construct an atomic measure p on the Borel
sets of R? in such a way that the centered maximal function defined with this
family of balls is not of weak type (1,1) with respect to this measure.

3 The if part of the theorem.

In the sequel B(z,r) will denote the p,-balls and S(x,r) the ||.||,-balls in R™
(Il - 1l is the usual p norm on R™); of course for any x, B(z,1) = S(z,1).

Theorem 3.1. Let A be a fized nxn diagonal matriz with positive eigenvalues
ag<azy<---<a, andp> % Then the family of pp—balls has the BP.
ai

Proposition 3.2. Let x,z € R, such that xz > 0. Then for all X € [0,1] and
for all 1 < g < p we have

Az—zP < XNz—zP+ (1 - 2X)|zP. (4)

PrRoOOF OF THEOREM 3.1.

Let {B(zq,7a): a € I} be a family of p, balls whose centers are in a
bounded set. Let H = sup{r, : « € I}. Suppose that H = 4oco. Since
for some r > 0 we have {z, : a € I} C B(0;r), choosing # € I such that
rg > pp—diameter of {z,: « € I'}, we get {zo: o € I} C B(xg;ra).
Suppose now that H < +oo. Let B! = Ef = {z,: a €T and & <r, < H}.
We take z1 € Ey; B = B(xq;71). Assume that E}; Ed;..;EL ;3 Bl Bl .
B}, are defined, we take E} = E' — U'_!'B}; and choose 2;, € F} and

B;. = B(wzg;ry). The process stops producing a finite sequence {B} };"", that
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cover Ey. In fact, from our selection B(z}; 22K)OB( i 22K) = () for i # j and
they are subsets of {z : pp(z,{zs : « € I}) < H} which is bounded. Note
that the number of balls m; depends only on K, n, H and of the numbers
ai,...,an, (K is the constant in the quasi-triangular inequality).

Now, assume that E';...; E'"1 B (j=1,...,1—1; k=1,...,m;) are defined,
we take B! = B} = {zq: a € Tand & <r, < %}—ué;ll UM, BY; and we
do the same that in the case [ = 1; we obtain then a finite sequence of balls
covering E'. Then, the sequence {BJ } verify the CP property.

Let us now prove the OP. We clalm that it is enough to prove
(i) S Xpi (z) < C4, for every j and

(i )Z] 1XU JBJ()§C2-
Indeed, asbummg (1) and (i7), we have

oo My
ZZXBg(Z) < Z Z XBJ ) < C1 Cs.
j=1li=1 {j: 3 ZGBJ} {i: ZGBJ}

(i) Let z be a point in M of the balls {B/}", B! BJM. As in the

to oo B
case j = 1 we have { B(z] T, Kff“)} disjoint and B(z] ; KQJH) C Bz £).
Then, since the Lebesgue measure of a p-ball of radius 7 is equivalent to
rtraceA, we easily see that M is an absolute constant.

(ii) Let z be a point in M of the balls {B] := B;};. Since p,, is translation
invariant, We may suppose that z = 0. For simplicity of notation let us assume
that 0 € ﬂ 1B;, with B; precedmg Bj41 in the selection procedure. Since
wkgéuj 1B]7 we get T (mk)¢UJ 17’ L (Bj). In the case in which A is a con-

stant times the 1dent1ty matrix, Tt(Z) are straight lines so that the inclusion
71 (Bj) C 71 (Bj) for r, <, is clear. For general A we will prove later that
] Tk

T%(B]) ﬂQj C Ti(Bj) fOI'j <k (5)

where ); is the quadrant of R™ such that z; € Q;.
First assume that (5) holds. Then clearly

T (wk) ¢ U (Tl ﬂQ;) (6)

—~

6) allows us to finish the proof of the theorem, since we can find
( )N Q; for j =1,..., M such that for e = (4n%)*1 we have that

Now,
fj cT

{S(&

\mg‘“

M
)} . are pairwise disjoint, and ||¢;|[, < 2.
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Indeed, since 71 (B;) = S(71 x;,1), we can pick {; with coordinates equal
o v

to those of 71 () plus or minus e such that S(&;,e/2) C 7. (B;) N Q; and
T T

1
1€ — 72 (z5)lp < 1 Suppose that there exists weS(§;, %) NSk, %) with
j < k. JThen, 71 (x;) and 71 () belongs to the same quadrant, so that
i Tk
71 (x) € Q;. On the other hand
Tk

(171 (k) —T%(ﬂﬁj)ﬂp < (@) = &ellp + 16k = &llp + HT%(IJ‘) —&illp
3
47

which is a contradiction since 71 (xy) ¢ 71 (B;) N Q;.
" >

<

Let us prove (5). To show that z € 71 (B;) whenever z € 71 (B;) N Q; is
" s

the same as proving that 7r« (2) € 71 (B;) = B (Ti (x;), 1). As1< dn a—",
Ty ¥ Ty as a

ag as
and z € (); using Proposition 3.2 with A = (m) ,q=4, r= (i) 2

T as’ T j
z =2 with s = 1,...,n, where y® is the s — th coordinate of y, we have
for p > Z—’l’ that

n rk Qg . 1 as P
e (2) = 72 ()P =) <> 29 — <> !l
! ! P =1I\TJ Ty
u an | z(®) P any [z
() e (- ()
s=1 \\TJ T rj T
- 2 b N MONES
— (= J (s [Tk j )
—(2) e (- () ) B
J s=1 "7 J il

now, since z € 71 (B;) and 0 € 71 (B;) the last term is bounded by one. [
v v

PrROOF OF PROPOSITION 3.2. The desired inequality for ¢ = 1 follows from

the convexity of |z|P. To prove (4) for ¢ = p let us note that dividing (4) by
z

|z|P and taking h = |Z| = — >0, (4) for ¢ = p is equivalent to
| =z
[Ah—1]P < M |h—=1]P 4+ (1= )P).
Taking v = Ah, this is equivalent to

[v—=1P < |A—=vP+ (1= AP) for allv > 0.
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Let f be the function f(v) = |v — 1| — |A —v|P — (1 — AP). Since A < 1,
we have that f(v) < 0 for v > 1. On the other hand, since f(0) = 0 and
f'(v) = —p|l —v[P~tsign(1 —v) — plv — A|P~tsign(v — A) < 0 for v < 1 we have
the inequality for all v > 0.

Now, let us prove (4) for a general ¢, 1 < ¢ < p. Since (4) is true for ¢ = 1
and g = p, then for all 0 < o <1 we have that

De—afP < a(hfz— P+ (1-A) [al?)
+ (1 =) (W [z — 2P + (1 = AP) [z[P)
= (I—-a)X4+a))|z—zP+((1—=Na+ (1-X)1—a)) |z

Now, since for each 0 < A < 1 there is an « such that (1 — a)AP + aX = A9,
we get (4) for general g.

Let us observe that, since after an orthogonal transformation every diago-
nalizable matrix A with positive eigenvalues can be written in diagonal form,
if A has positive eigenvalues a; < ay < --- < a,, with ‘;—T; < 2, then the balls
associated to the distance induced by A with p = 2 have the BP.

Let us finally notice that when p = oo the balls become one parameter

families of rectangles that satisfy the BP for every size of the condition number
of A. O

We would like to point out that the dyadic argument to reduce the infinite
to the finite case used as the starting point of the proof is due to A. P. Calderén
([1]) and that related results on the Heisenberg group can be found in [3].
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