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Abstract

We consider a one parameter family of self-similar sets of overlap-
ping construction. We study the exceptional set; that is the set of those
parameters for which the correlation dimension is smaller than the simi-
larity dimension. We find a connection between the exceptional set and
the multifractal analysis of a measure.

1 Introduction

When we compute a certain fractal dimension of a self-similar or self-affine set
there is always an easy upper bound for the dimension (see [2]). Although,
in many cases it turns out that this most natural upper bound is actually
the dimension, it also may occur that the dimension drops compared to its
expected value, on a dense set of configurations (see [10, Theorem 2]). There
have been lots of efforts to try to understand what causes the drop of dimension
but we know very little about the reasons. Obviously, for a self-similar fractal
in R (having similarity dimension smaller than one) if there are two (possibly
higher level) cylinders which coincide, then the dimension drops. We do not
know however, even in this very simple situation, whether there is any other
reason for the drop of the dimension. In this paper we find a connection
between this problem and the multifractal analysis of a measure.

We investigate the simplest possible non-trivial one parameter family of
self-similar Tterated Function Systems (IFS) with overlapping cylinders on
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the real line. For almost all parameters b the correlation dimension dim¢ of
the attractor A is equal to the similarity dimension s. The set of those
parameters b for which dime(A®) < s is called the exceptional set E. Our
aim in this paper is to prove that for an exceptional parameter b the correlation
dimension of the attractor A(Y) can be expressed as the pointwise dimension
of a certain measure v which is a projection of a self-similar measure 3 of the
plane. In the last section we discuss the connection between the multifractal
analysis of the measure v and the size of the exceptional set E.

Acknowledgement. The author wishes to express his thanks to the referee
for his valuable work which improved this paper a lot. I am especially grateful
to the referee for finding a serious mistake in an earlier version of this paper
which was not at all trivial to correct.

2 Correlation Dimension

2.1 Three Equivalent Definitions for Correlation Dimension

Let {S;};~, be a self-similar IFS on R". Assume that 0 < X\; < 1,i=1,...,m
are the ratios of the similarities and s is the similarity dimension; that is
21'11 A{ = 1. As usual we write S;, ;, = Si, 0---0.5;,. Let p be the
Bernoulli measure on ¥ = {1,...,m}" with weights (\{,..., AS). Further,
let Lo (1) = [ o5 ITLE) — G|~ dpai) dia(5), where

(i) := lim Sj, ., (0).

k—oo

Following Chin, Hunt and York [1] the correlation dimension of the IFS
{8} is defined as

dime(A®) == sup {a > 0: I, (1) < 00} . (1)

That is, dimg(A®) is the correlation dimension of the natural measure v :=

puoIl~1. Alternatively, we can define the correlation dimension as follows. Fix a

partition D; of R into a grid of intervals of length 2! for every [ > 0. Put 7, :=
S (v(Q))%. Peres and Solomyak proved in [7] that Do(v) := lim;_o 1fogg?

QED,

exists. It was proved in [9, Th.18.2] that for D := lim;_,q W, where

By(z) is the ball of radius [ centered at z, we have Dy(v) = D. Further, Sauer




MULTIFRACTALS AND THE DIMENSION OF EXCEPTIONS 193

and Yorke [12] proved that D = sup {a > 0: I,(u) < oo} . Thus

1
dime(A®)) = sup {a > 0: I, () < 0o} = llirré E)i?
2
. log [v(B(z,1))dv @)
= lim .
1—0 logl

2.2 Rams’s Theorem on Correlation Dimension

The theorem in this section was proved by M. Rams in his Ph.D. thesis [11,
Wn 6.5] in a much higher generality (in R? for self-conformal IFS). For the
convenience of the reader we present here Rams’s proof of this simplified
version of his theorem.

Let {S;}., be a homogenous, self-similar IFS on R, S; (z) = Az +t;. To
keep the notation simple we assume that the smallest interval containing the
attractor A is [0, 1]. We always write w™, 7" for elements of > = {1,...,m}"
and we index them like w™ = (wg...wp—1). Further, if U C R, then U,n :=
Syn (U) and Urn := Syn (U). For an [ > 0 and assuming U is bounded we
write My := {Uyn : Al < |Uyn| <1}. Further let

Al (U) = # {(w”,T") |an n UTn 7é ®7 an7 U-,—n S Ml} .

Observe that A; (U) > m™ if Xl < A" |U| < 1. Put s = 7101%;”)\. We assume
that s < 1.

Theorem 1 (Rams). Let U be a non-empty, bounded interval which need not
be open. For simplicity we suppose that U N[0,1] # (). Then

im log (A4; (U))

vy = 2s — dim¢ (V).

In particular the limit exists and is independent of U.

PRrROOF. For an ! > 0 we call I; (z) the interval of the 2! interval-grid D; which
is centered at x. The set of centers of such intervals is called C;. We assume
that '’ > 1. Forz’ € Cp let Ny (2') := #{w™ : Upn NIy (') # 0, Upn € M}
First we prove that

> lef,l(x/)

z'€Cy

1< 7/11 @)

< 3p? (3)

where 3 := w +1. The first inequality is obvious. To see the second, fix an
arbitrary ' € Cp. If Uyn NIy (2') # 0, then Uyn C (&' — (' +1),2" +1' +1).
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Subdivide the interval (z' — (I’ +1),2’ + I’ + 1) into subintervals of length Al.
(For Uyn € M, we have |Uyn| > Al.) There are exactly 5 endpoints of such
intervals. Thus there is such an endpoint of an interval which is contained in
at least Ny ;(«’)/8 elements of M;. These elements of M, of course pairwise

N7 (2 .
intersect each other. So there are at least %(;) pairs of elements of M;

which intersect each other and which can be associated uniquely with z’. This
completes the proof of (3).
Next we prove that there exists a ¢ = ¢* (U) > 0 such that

> v (L ()
sy —1 z€Cy %
—_ . 4
()™ < A, () <c (4)
To this end, we fix a ¢ = ¢ (U) < % such that the ¢ |U| neighborhood of U,
called By (U) contains [0,1] D A. (We assumed that U N [0,1] # 0.) Thus

[U| > 55 Then for a Uy € My, 525 < |U| < 2 and

1¢® 1

——F<— < (2 1)% 15,

m 28 mn (2e+1)

Using that p(w") = -1 and v = poII7! it follows that for an arbitrary

x’ € Cp and for I’ = (1 + 2¢) I, we have

2% 1
I* Ny (2)))? —_—
N < (s

. 225
< SO T ) + 02 (T (&) + 02 (T ()
where 27, and 2/, are the centers of the neighbors of I (') and s < 1 is the
similarity dimension.

For an arbitrary x € Cj, let 2’ be the center of the interval from D;; which
contains « in its interior or as its right endpoint. Further, let 2 and z/; be
the centers of the two neighbors of I/ (z') in Dy .

4 {0 C Bay () £ @}) .

1
v(Li(z)) < W#{w" s Aon N (z) # 0, Upn € M}
< (26 + 1)5 ls# {w”\([l/ (I/L) U Il’ (l’/) @] Il/ (I/R)) n an 7£ @, an e Ml}
< (2¢+ l)s lS(Nl/J(a:’L) + Nl/,g(x’) + Nl/J(Z‘;%)).
Thus using (5) and using twice that % =2c+1

ZV2 (I (x)) < 3(2c+ 1)+ 2 Z (NG 1(2) + Ny (&) + Ny (27R))
zeC; I’GCL/
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<92+ 1) Y N ()

x'e€Cy
228

CQS)\2S

<3-9(2e+ 1) Y (AU () + 2 (I (@) + 02 (I (2))

x’'eCy

225
o 3 )

I’GCL/
o10s 225
< 81(2c+1)%H > v (I(x).

2s)\2s
2\
z€eC;

<9.9(2c+ 1)1

Thus (9)™ gty < 3 v2 (1 () /12 X N (a') < 9(2c+ 1), This
zeC; $’€Cl/

and (3) completes the proof of (4). This and (2) immediately implies the state-

ment of Rams’s theorem. O

2.3 A Corollary of Rams’s Theorem

Since we assumed that the attractor A spans the interval J := [0,1], the
n—1
left end point of the cylinder interval Ju, w, , = Suy..wn_, (J) is D wiAF.
k=0
Therefore if U := |0, z]
n—1 n—1
YOI SRt
k=0 k=0
n—1 n—1
Z wk)\k — Z Tk/\k
k=0

That is Az (U) = #{(w”,T"):
= k=0

corollary of Rams’s Theorem we obtained the following.

<z2A" = U, NUm #0.

Sz)\”}. So, as a

Lemma 2. For every z > 0

n—1 n—1
g # { (w7 s[5 s = S | <o}
nILH;o k:—o IOg AT = =25 — dlmc (V) :

Observe that A; (U) is constant in [ on the interval [ € [\" |U|, A"~ 1|U]).
We write A}, (U) for this constant. That is, for every I > 0 we choose an
n = n (1) such that

logl  log|U]| < logl  log|U]

— 1.
log A log A =" log A log A *
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Put
A, (U) 1= Ay (U) = #{(@", 7") Uon 0 Upo # 0}

and
N, (U) := #{(w", ") |wo # T0, Upn NUrn # O, Upn, Urn € M;}.

Observe that

n

Zm” N (U) +m™. (6)

k=

From the definition it is obvious that

1 /
tim P84 ) _ oy, log &) 1
n—00 n -0 —logl A
Our aim is to prove that in the interesting case (when the exponential growths
rate of A/, (U) is greater than n) A/, (U) grows as fast as N, (U) at least for
U = [0,z] where 1 < z. To do this we define « = a(U),8 = 8(U) and

v=7v(U) by

log A’ loe N.
loga = lim LH(IJ), logﬂ = hmbup Lﬂ([])
n—oo n s 00 n
and
log N, (1)

log~y := lim inf

n— oo n

Let z > 1 be arbitrary. In the remainder of the paper we assume that U :=
[0, z].

Lemma 3. If 8 < m, then a = logm.

PROOF. From the definition @ > m. Let € > 0 be arbitrary. There exists
a K such that for every k> K, N,(U) < (m+¢)". Thus from (6) we

n
obtain that A/ (U) < Z m"ENL (U)+ > m™ % (m+e)" +m". That is
k=0 k=K+1
Al (U) < const-n-(m+e)" +m™. Thus a < m. O
Lemma 4. If 6 > m, then 8 = a.

PRrROOF. Obviously 8 < a. On the contrary assume that § < a. Let e < a—(.
Then for all k big enough Nj (U) < (8 +¢)". Then as above we obtain that
a < 3+ ¢, which is a contradiction. O

Lemma 5. If 3 > m, then a = =7.
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PROOF. Since we assumed that A C [0,1] C U, we have that S; (U) C U
i=1,...,m. Therefore U,n D U, n+1 for any w™ € 3,,. Thus

Npi1 (U) < m?N, (U). (7)

To get a contradiction we assume that v < a. Choose € > 0 so small that the
following three requirements are satisfied: v +e¢ < a—¢e, m < a — ¢, and

_ ¢ log &t¢
log ate < log 2 ke (8)
a—¢ m  logm

If € is small enough, then (8) holds because for € = 0 the left hand side is 0 and
the right hand side is positive and both sides are continuous in €. From the
definition of v we get that there exists {ny },-; such that N, (U) < (y+¢)™*.
Using (7) k-times and that for every j > 0, N; (U) < const - (a +¢)’ (since
N; (U) < A5 (U)) it follows from (6) that for every k > 0

Ay (0) = SN, )+ S RN ()
7=0 Jj=n;+1

< const - nym® (a+ )" + k (v + &)™ m** 4 mmitk,

a+e
oo log &E£ 08 vy +e
By (8), we can choose {k;},_, such that n,—5=% < ki < nj————.
y log logm
m

ni+k;

For such a k; we have (a+¢)" mki < (a —¢) and (y+¢e)" m?*i <

(a4 &)™ m¥i. Therefore

log A! . (U I t- i kl — )itk
i 08 Pniths V) o) < lim og(const - (ni + ki) (o —€) ) =log(a—¢),
which contradicts the definition of «. O

Since we know from Rams’s theorem that « does not depend on U = [0, 2],
z > 1 therefore the same is true for 8 and v if 3 > m. These lemmas and
Rams’ theorem imply:

Proposition 6. Let z > 1 be arbitrary. Then for U = [0, z] we

log N, (U)
n

s if limsup,,_, <logm

log Nu(U) o 4h erwise
—nlog A :

dimc A= {

2s — lim,, oo
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n—1
Observe that U,» NU,« # () if and only if the left end points Y wpA* and
k=0

n—1 -
> e AF are closer to each other than the length of |U,n| = |Usn
k=0

= zA"; that

n—1 n
iS, Z wk)\k - Z Tk)\k
k=0 k=0

< zA™, which proves the following corollary.

Corollary 7. For an arbitrary z > 1 let

n—1 n—1
log # {(wn»Tn) two # 7o, | 3 weAF — Y0 mAk| < z)\”}
k=0 k=0

p = limsup
n—00 n

If p > logm, then

n—1 n
Z wk)\k — Z Tk)\k
k=0

k=0

< z)\"}

log # {(w",T") fwo # To,
p= lim
n—oo n

= (25 — dim¢ A) log %

independent of z > 1.

This is the corollary of Rams’s Theorem we are going to use in the proof
of our theorem.

3 A Certain Family of Fractals with Overlaps.

We construct the simplest possible one parameter family of self-similar TFS
with overlapping cylinders. This is a simplification of those IFS which appear
in M.Keane’s so-called ¢(0,1,3)-problem’ (see [4]). First fix an arbitrary a €
(i, %) . We define the one parameter family of self-similar IFS {S;b) (x)} .
i€
where V' = {0,b,(1 — a)}, and SZ-(b)(a:) :=a-z+1, ¢ € V. The similarity

log 3
—loga*

b€ (1522, a). (ais not a parameter; a is fixed.) This provides that

In what follows we always assume that the parameter

dimension is s =

SPA®Y A 5P (A®Y) £ ¢ and A® — A®) = [—1, 1], (9)

where A(®) C [0, 1] is the attractor of the IFS {Sl-(b) (x)} . and A — B means
1€
the arithmetic difference of A and B. It follows from the second part of (9)
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(b) (b) _ 7 (b)
that Aio...im — AjO»--jm = Iio".im — Ijo...jm7 where
AL =S (AD) =80 oo S AM) and 1), =S ([0,1]).

Using an argument of Falconer [2], one can easily prove the first part of the
next theorem. The proof of the second part is the same as [10, Theorem 2].

Theorem 8. 1. For (Lebesque) a.e. b € (1532,a), we get dimpy(A®)) =
dimc(A®)) = s.

2. There is a dense exceptional subset E of the parameter interval (1}3a ,a),

such that dima(A®)) < s for b € E.

As usual, we denote the symbolic space by . That is,
Y= {(io,il,i27...) cip eV, k> O}

Note that the indices start with zero. Let u be the {%, %, %} equally weighted
Bernoulli measure on 2. We denote the product set 3 x ¥, the product measure
u X p and the product of the metric by ¥, pus and py respectively.

3.1 The Construction of the Measure ~

First we construct a self-similar measure 3 on the plane. Let
T:=V-V={+(1-a),+b+(1-a—1b),0}.
We define a self-similar IFS {R,},c; on the plane by

Ri(l—a) (:177 y) = ((LI, ay) + (Oﬂ ia)a R:I:b(xv y) = (az, ay) + (:FCL, O)
Ri(i—a—n)(z,y) = (ax,ay) + (£a,+a), Ro(z,y) = (az,ay).

Write A’ for the attractor of { Ry}, 7 . In fact what we need is a translation of
A. Let A = A4(1,0). Let X := {(71,72..) : 7 € Z, k > 1}. (Here the indices
of the symbolic sequences start with 1.) We denote the natural projection from
¥ to A by

I(Rr) == lim Ry, - (0,0)+ (1,0), (10)

for RT € ©. We call

A,

1 Tm

= l:[(Tl,...,Tm)z {xe]&:x:ﬁ(r),where T\m:ﬁ...fm}

an m-cylinder of A, where 7, € Z, k=1,...,m.
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Define the Bernoulli measure 3 on the symbolic space Y as follows: The
weight of 0 is % (We get 0 in V —V in three different ways.), and the weight of
I -

all other elements of 7 is g. In this way for 7, = i1 ... %y, and Jp = J1.+ . Jim,

where i, 5, € V for k=1,...,m we get

3o = o) = ot AT s = I =T =T ()

The push down measure of 3 is called 3. Since a < %, the cylinders of A
are disjoint. So ( is a nice, self-similar measure on the plane which does not
depend on b. Via projections with rays through the origin G induces a measure
~ on the real line with compact support. Namely, consider the cone C(c, ¢) :=
{(x, y)ic—e<Z<c+ 5} . We define the measure yby

Y(e—¢e,c+e):=B(Clee)). (12)

The pointwise dimension of v at x is denoted by dvy(z). That is, dy(z) =
log v(z—r,x+T1)

limr‘}O logr

4 The Main Result
Theorem 9. dimg(A®) = min {d’y(ﬁ)ﬁ}-

Before we prove this Theorem, we need some observations stated in the fol-
lowing Lemmas. We know from Proposition 6 and Corollary 7 that dimcA®) <

s= Jcl’fgg)\ if and only if for wg, 7 € {0,b,1 — a}
p >log3 (13)
where
lo wm'H, m+1) ., , mﬁ w ak_ mﬁ ak < gmt1
p= limsup g#{( T ) 0 7 70, |2 ko Wk > ko Tk |, }
m— o0 m—+1

First we observe that for ig # jo ¥ n I;:?__jm # ) if and only if either

20.--tm
)

clm

io = 0 and jo = b or vice versa. (We remind the reader that Il(f
s ([0,1]) was defined previously.) We write

ig...Zm

Uy 1= (i17...im):{Rjezljozil,...,jm_l:iyn};
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that is, the k—th coordinate of an element of 7,, is igy; for 0 < k < m — 1.
Moreover (ig,%m) 1= {Rj jx = ik, 0 <k <m}.
Put - , )
B, = {(im,jm) : Ié”)'im OIZS..).jm % @} .
The cardinality of B,, is denoted by N,Sf ) which is just half of the cardinality
which appears in the numerator of ( 13) since Y ixa® and b+ > jpa® are
k=1 k=1
7®

m? Tbogm
) we observe that

the left endpoints of the intervals Iéf’_)_i respectively, and a™*! is the

length of these intervals. To estimate NS

_ = b b
(me?ﬂ”L) € Bm Aaad AgO)ﬁm) N Agb?jm) # @

; (0) — [Nk N sk omet]
Since I, ;= [Yojegika®, Y i g ixa® +a™ 1] we get

(s Jin) € B = |3 (i — Gi)a* —b| < @™+ (14)
k=1

for every m > 1. Fix an arbitrary 7, = R(i1,...,% m),jm = R(1,.--,J m)
such that ig, jr € V for 1 < k < m. Observe that

m

Z(ik - ]k)ak —b=0b(qgm — 1)+ (1 —a)pn (15)
k=1

where using the notation Tugm) ={1<k<m:ip—jr=u} (u€L), pm=
pm(imvjm) and dm = dm (imvjm) are defined by

Pm = Z ak — Z a® + Z ak — Z a*

k€T _q(m) kET_(1—q)(m) k€T (1—a—p)(m) KET_(1—a—p)(m)
qm = E ak — E ak+ E ak — E ak.
k€T, (m) keT_p(m) KET_(1-a—p)(m) k€Ti_q_p(m)

Let ¢, := Then

1
(1—a)(l—qm) !

l<ecnm<al (16)
It follows from (14) and (15) that

Pm b
1-¢n 1-—a

+1
< ema™m

(tms Jm) € B <= ‘

which proves the following lemma.
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Lemma 10.

Dm
1-¢n 1—a

If (2, jm) € Bi, then <a™ (17)

and i — %‘ < a™*t, then (im,jm) € Bm

Using (10) for (71,...,7m) = (i1,--+,%m) — (J1,---,Jm) the center of the

m-th cylinder of Agz,, = ]\n is

center (ARM) =R;  -.00,0)4+(1,0) = (1 — ¢m,Pm)- (18)

Roughly speaking, (7, jm) € By, means that the slope of the center of ]\R?m
is cpa™-close to =, where T, = 1, — Jm. Let

- i b
Z/{(b) (m) = {(Zm+4ajm+4) ‘AR"_'m+4 cC <1a7am+2>}

where 7,44 = Tmid — jmia. Denote the cardinality of U®) (m) by u® (m).
We need two simple geometric observations.

Lemma 11. If center ( ) eC ( m), then Az C C(%,am*?’).

Lemma 12. If A+ ., mC’(l -, m+3) £ 0, then A~ ., (# m+2)
That is, if Tm4a — jm4d = Tmia and As ,, N C (1 _, m+3) . then
(Tmtas Jmta) € U (m).

Since their proofs are almost identical we prove only Lemma 12.

PrROOF OF LEMMA 12. Observe, that IN\;mH
As, LwCcC (0 E) . Further ]\;m +4 18 contained in a square parallel to the coor-

lies in the half plane z > % and

dinate axes, of sides 2“7; called Qz,,.,. Assume that center (Afm N 4) is not

above the line y = %:c. (The opposite case is similar.) Then we have to prove

that the right bottom corner of Q= ., is contained in C(L a™*2). From the

1— a’am+2 :

Let (x0,y0) be the left upper corner of Q= . ,. Then it is enough to show that
yo — 2 - side(Qm44) > o (ﬁ - am“) since A-, € C'(0,%). From the as-

geometric position of Q7. ,, this would imply that Q-,., C C (

m+3) 2o. Thus we have to show that

sumption of the lemma yg > (% —a

(ﬁ _ am+3> zo — 4‘1 > xo(ﬁ — am”), which is obvious since xg > %

and0<a<%. O
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Using (17) and (18), Lemma 11 immediately implies the following.
Lemma 13. For 7, = ty—Jm if (tm,Jm) € B, then ART” cC (1 a,am_3).

As a consequence of Lemma 13 we conclude the following.

Lemma 14. jgm <ﬁ( (1 a,am"g)).

PROOF. Using (11) first we observe that for (7, jm) € B,
" 1 — = — = _ =
ﬁ (Aimfjm) = gim#{(l’lrnhj?l”n) : Z;n _.77177, = Zm - ]m}
1 — — - — -
= gim#{(llmajvln) € Byt Uy = Jm = U — Jm}

This is so, because by (14) if 7/, — j/. = tm — jm and (im,jm) € Bm, then

(@, dm) € Bm. Using this and Lemma (13) we obtain the statement of the
lemma. O

As a trivial consequence of Lemma 12 we obtain the following.
Lemma 15. C (1E m+3) NAC U AR;mM, where Tmaq =

_ (Tm+a,Jm+a) EU®) (m)
Tmt4 — Jm+4 aS usual.

As a consequence of Lemmas 14, 15 we get

(®)
N b b . b
om —ﬂ( (1—a’a 3>)7<1—aa Sioate 3) (19)

and

b m+3 b m+3 b m+3 u(b) (m)
— _ — _ < -
’y(l—a a ,1_a+a Bgl{C T—a < “gmia (20)

respectively. To get asymptotic for Nr(,f) and u® (m) we prove some further

lemmas.

Lemma 16. If

then (Tmt4, jmta) € (m)
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ProoF. Using (15), (16) and (21) we get [(1 — a)pmya — b (1 — Gmya)| <

a™*3 (1 —a) (1 — ¢nya) . Therefore, ‘12;’7::4 - 1fa’ < a™*3. From (18) we

obtain that center ([\me) eC (1%’117@””3) . Using Lemma 12 we obtain

the statement of our lemma. O

Using the Corollary of Rams’s Theorem we shall prove that for those b for

which
log NSZ)
m

lim sup > log 3 (22)

the exponential growth rates of u(*) (m) and N are the same.

Lemma 17. If (22) holds, then

(b) (b)
lim log Nim” lim logu'® (m)

m—oo m m—oo m

1
= (2s — dim¢ A) log —.

a
In particular the second limit exists.

Proor. If two cylinders A( ) i, and A(b) jn Of A® with different first digits
19 # jo, are close to each other then elther ip = 0 and jo = b or vice versa.
Thus it follows from Lemma 16 that for 7, w, € V'

n—1 n—1
E wkak — E Tkak
k=0 k=0

where n = m+5, 2 = a~1. Using (14), we obtain that for 7, ws, € V, n = m+1,
and z =1

u® (m) > %# {(w",T") P wo # To,

< za"} (23)

= %# {(w",r") : wo # 7o,

n—1 n—1
E wkak — E Tkak
k=0 k=0

< za"} (24)

Finally, if (744, jmra) € U (m), then by definition Afmﬂ ccC (1 - m+2) .

m—+2
,a

So, in particular, center(A;,,.,) € C (1% ) . Then by an argument par-

allel to the one in the proof of Lemma 16, we obtain that

m—+4

> (i —ji)a* —b

k=1

<a™? (1 —a)(1 = guis) < a™ 2
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Thus, for 7wy €V, n=m+5and z =a>

n—1 n—1
E wkak — E Tkak
k=0

k=0

u® (m) < %# {(w",T") P wo # To,

< za"} (25)
Now, putting (23), (24) and (25) together, Corollary 7 immediately implies
the statement of our lemma. O

Now we are ready to prove our main Theorem.

PROOF OF THE MAIN THEOREM. Assume that (22) holds. Then from (19)
and (20) we get that

N® (m) b oms b g _u?(m—06)
Tgm o = 7( - ta > < Tgmez

a b
1—a l1—a

From Lemma 17 we get that

log B (C (1%, a™
lim ( <1 >) — 95+ dime A®) — 21983 _ i A,
g

m—oo mloga loga

If (22) does not hold, then it follows Proposition 6 that dimc A®) = s. This
completes the proof of the main theorem. O

5 Connection with Multifractal Analysis

It follows from our result above that if b € FE; that is, b is exceptional
(dime A® < s), then the correlation dimension is given by the lower point-
wise dimension of 7. So to understand how big the exceptional set is, we
have to understand, how big is the set on which the pointwise dimension of
v is smaller than s. This so because if the lower pointwise dimension of ~

at 72, dy (%) < s, then (22) holds. Therefore in this case glv( b ) =

l—a

dry (%) = dime A®). For this reason the multifractal analysis of v may be
useful. Let f(a) = dimg{z|dy(z) = a} and aui, := inf{a|f(a) > 0}. Since
the measure v is not a self-similar measure, it is not trivial to find its multi-
fractal analysis. However, «y is the projection via rays through the origin of a
very nice (no overlaps) self-similar measure £.

In the literature there are estimates on F from above (see e.g. [6] or [10])
but there are no estimates on F, even at special cases, from below. If o, < s,
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then it implies that the exceptional set F has positive Hausdorff dimension,
and in this way it would prove that the dimension drops not only in case of
having two cylinders which coincide. This could be a partial answer on the
problem mentioned in the introduction.
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