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COMPARING FAMILIES OF THIN SETS

Abstract

Recently the first author investigated a generalization of families
of trigonometric thin sets replacing the sine function by a continuous
function. In this paper we shall partially solve the problem of the re-
lationship between such families obtained from different functions. In
several cases we present conditions for equality of such a family with
corresponding trigonometric family. Moreover we show that every basis
of any of the families of Bo—sets, No—sets or A—sets has cardinality at
least that of the continuum.

1 Families of Thin Sets

In [BZ] the first author introduced and studied a natural generalization of
trigonometric thin sets replacing sine function by a sequence f = {fi}22,
of continuous functions defined on the unit circle T with non-negative reals
values. We shall deal with the special case when the sequence {fi}32, is
generated by a continuous function f; i.e., when fi(z) = f(kx).

We work with the topological group the unit circle T. We may identify T
with the interval (—1/2,1/2) identifying —1/2 and 1/2 with the operation of
addition mod 1. If f : T — R is a real-valued function, we denote the zero
set of f by

2(f) = {z € T; f(z) = 0}.
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610 ZUZANA BUKOVSKA AND LEV BUKOVSKY

Throughout the paper, f,g: T — (0, +00) are continuous functions with
f(0) =g¢(0) =0, and f(x) >0, g(y) > 0 for some x,y € T; i.e.,

0€Z(f)#T, 0€Z(g) #T.

We can assume that the functions f, g are periodically extended to the whole
set R with the period 1. Since T is compact, the functions f, g are uniformly
continuous and therefore there exists a non-increasing sequence {0}y, of
positive reals (fixed for the remainder of the paper) converging to 0, o < 1/2
such that

(Vz,y) (| =yl <o — (If(2) = Fy)| <27F Alg(z) —g(y)] <27%)). (1)

Let us recall that a sequence {f,}52, of real-valued functions is said to

, . . N
converge quasinormally' to a function f on the set X, written f, N fon X,
if there exists a sequence (a control) of positive reals {e,}22, converging to
zero such that

(Vo € X)(3no)(Vn = no) (| fu(e) — f(2)] < &n).

Let us remark that much as in the case of uniform convergence, if {n;}32, is

o . N
a sequence of positive reals converging to 0 and f, N f on X, then one can

. . N
find an increasing sequence of natural numbers {n;}32, such that f,, AN

with the control {n;}72,. We shall use this fact without any comment.

To avoid subindices and subsubindices, we shall sometimes denote the n-th
element a,, of the sequence {a, }52 by a(n). We shall similarly do so for other
sequences.

We recall the definitions of thin sets introduced in [BZ]. A subset A of T
is called an f-Dirichlet set (briefly Dy-set), a pseudo f-Dirichlet set (briefly
pDy-set), an Ag-set if there exists an increasing sequence of natural numbers
{nr}32, such that the sequence {f(nrx)}32,, converges uniformly, quasinor-
mally, pointwise to 0 on the set A, respectively. A subset A of T is called an
Nos-set (a Boy-set) if there exists an increasing sequence of natural numbers
{nk}2, (and a positive real d) such that the series > ,-, f(ngx) converges
(Y oreo f(ngz) < d) for every x € A. A subset A of T is called an Ny-set (a
By-set) if there exists a sequence {a,}52, of non-negative reals (and a posi-
tive real d) such that > °  a, = co and the series > °  a, f(nx) converges
(30" g anf(nz) < d) for every € A. Finally, a subset A of T is called a weak
f-Dirichlet set (briefly wDy-set) if there exists an analytic set B, AC BC T

n [CL], the authors call this type of convergence equal convergence.
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such that for every positive Borel measure p on T there exists an increasing
sequence of natural numbers {n;};2, such that

k—oo

lim /Bf(nkx) du(z) = 0.

The corresponding families will be denoted by Dy, pD;, Ay, Nog, Bos, Ny, By,
and wDy, respectively. If f(x) = ||z|| (||| is the distance of the real = to the
nearest integer?) or equivalently f(x) = |sin(mx)|, then we obtain the classical
trigonometric families D, pD, A, Ny, Bo, N, B, and wD.

Recall (see [BL]) that a family F C P(T) is said to be a family of thin
sets, if the family F contains every singleton {z}, € T, with every set A € F
the family F contains also every subset B C A, and F does not contain any
non-trivial open interval. Moreover if for any A, B € F also AU B € F, then
F is called an ideal. It is well known (see [Ma]) that none of the trigonometric
families is an ideal. A family G C F is called a basis of F if for any A € F
there is a set B € G such that A C B. A Borel basis is a basis consisting of
Borel sets.

In [BZ] (Corollary 13) the following result has been proved.

Theorem 1. Every family Dy, pDy, Boy, Nog, By, Ny, As, wDy is a family
of thin sets with a Borel basis and the following inclusions hold true (an arrow
‘— 7 means the inclusion ‘C’)

Ay wDy
T T
pDy ~Noy - Ny
T ! T
Dy Bog - By

Moreover every Ay—set is o—porous and therefore meager and of measure zero.
The following theorem follows almost immediately from the definitions.
Theorem 2. Assume that there are positive reals K > 0, n > 0 such that
(Ve € T) (f(z) <n—g(z) < K- f(z)).
Then Fy C Fy if F is any of the symbols D, pD, Ny, By, N, B, A, wD.

2Let us remark that ||z|| = |z| for x € (=1/2,1/2). Moreover, ||z + y|| < ||z| + ||y||, for
any z,y € R.
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PRrROOF. The proof is rather standard. We sketch it only for the two cases
F = B and wD. We set d = max{g(z);x € T}. Suppose that

A:{xe']l‘;ianf(nx) <c} € By,

n=0

where ZZO:O a, = oo and a, > 0 for each n € N. Let z € A. We set
L={neN;f(nx)>n}. Thenn- > ., a, <c Thus

Zang(nx) = Z ang(nx) + Z ang(nx) <d- % +K-c
n=0

neL neN\L

Hence
> d
AC{z e T;Zang(nx) < (77+K) ¢} € B,
n=0

Now we assume that A € wDy is analytic, p is a Borel measure on T and
limy—oo [, f(nrx) du(z) = 0. For given € > 0 and k € N we set

__°n
- Kn+d’

€1 By ={z €T; f(npz) < n}.

Let ko be such that [, f(npz)du(z) < ei for k> ko. Then p(A\ By) < e1/1
and

| sty dnto) = | k) () + /| gl dule) < d) 4 Key =

Thus A € wD,. O

Corollary 3. If M > 0 is a positive real, then Fy = Far.y if F is any of the
symbols D, pD, Ny, Bo, N, B, A, wD.

Using a more complicated argument we can prove a stronger result.
Theorem 4.

a) If Z(f) is a g-Dirichlet set, then Dy C D,.

b) If Z(f) is a pseudo g-Dirichlet set, then pD; C pD,.

PROOF. Assume that the set Z(f) is a g-Dirichlet (pseudo g-Dirichlet) set,
the sequence {n;}72, being such that g(ngz) < 27% for every z € Z(f) and
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for every (for almost every) k. Let A € Dy (A € pDy), {mi}3, being such
that f(mrx) =0 (f(mgx) AN 0) on A with the control 27%. We set

me = min{f(x); (Vz € Z(f)) |# — z[ = 0x/nx}-

Since the set Z(f) is closed, Z(f) # T and limy_. d/nr = 0, we can assume
that 7 is defined and positive for every k. Moreover, limy_,., 7 = 0. For
every k let I, be such that 271(F) < .

If z € A, then f(mypyz) < 2l k=1 < . for every k (for almost every k)
and |mygyx — 2| < & /ng for some z € Z. Then |npmypyr — ngz| < 0
and [g(ngmygmz) — g(nkz)| < 27% for every k (for almost every k). Thus
g(npmygmx) < 27FF for every k (for almost every k). So g(npmyz) = 0

(g(nremyay)z N 0) on A with the control {27++1}2 O

The main aim of the paper is to investigate when those inclusions are
proper and when the equalities hold true. We shall present first results in this
direction. The main technical result of the paper, Theorem 5, is then applied
to the problem of cardinalities of bases of some families.

The paper is organized as follows. The main result is Theorem 5, which is
a generalization of the key lemma by J. Arbault [Ar] and which plays crucial
role in proving several results. In section 3 we shall compare the families Fr
with corresponding trigonometric families F. Then, in section 4, we partially
solve the question of properness of the inclusions for By, My and A families.
Using some infinite combinatorics we estimate the cardinality of bases and
towers of families Bys, Nos and A from below, solving so a problem, which
was open even in the trigonometric case (section 5). Finally, in section 6 we
shall apply results of sections 3, 4 and 5 and formulate main open problems.

2 Arbault Lemma
J. Arbault [Ar] has shown that the set
> k
{z € T; Z(sin(22 7x))? < oo}
k=0

is not an Nyg-set. Modifying his proof we can show several important results.
Let {pr}?° be an increasing sequence of integers greater than 1 such that

3/pr < O for every k € N. We let g, = po - - - - - pg. Starting from the Cantor
expansion of a real x € (0, 1) with natural numbers y, = 0,1,...,px—1, k>0

=y

k=0

y Y
N~
Do Dk z::%
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one can easily construct integers zj, k € N such that

(o)

x

= -k ‘xk|§p—kfork‘>0, zo=0,...,po-
kZ:Opo.....pk 2

One can easily see that

Pn+1
and therefore
-1 1
m < lgnz| < M
Pn+1 Prt1

More generally, if m > n+ 1 and z; = 0 for n + 2 < i < m, then

n 1
+6, modl, 10, < I o~ (3)
Pn+1 qm Pm

Let us remark that J. Arbault [Ar] worked with pj, = 22"
If {ni}32, is an increasing sequence of natural numbers, we put

A(m)Ree) = {# €T; lim mia] =0},

If {k;}22, is an increasing sequence, then A({nx}72,) € A({nk, }52,). In other
words, if limg_,o ||ngz|| = 0 for every x € A, then that is also true for any
subsequence of the sequence {n;}7° . Similarly for other considered proper-
ties. Therefore, for the sake of brevity, in the next a (chosen) subsequence of
a given sequence will be often denoted by the same letters and indices.

We begin with a result that is the promised strengthening of the key lemma
by J. Arbault [Ar].

Theorem 5. Let {my}32, be any increasing sequence of natural numbers such
that

Bo={r € ;3 flara) < 4} € A({mi}isy)- (4)
k=0

Then there are sequences {lx}72 o, {sk}i2o of non-negative integers and an in-
teger r # 0 such that the sequence {(skPi(k)+1+7)qw) Fre 95 a subsequence of
the sequence {my}72 . Moreover, by passing to a subsequence of the sequence
{mi}2,, we may assume that

(a) U +lo < gy for every k, lop > 1,
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(b) M - piky+1 < Pugk+1) - Quwy for every k,
(e) (L+7)piy < Diges1)+1 for every k.

PROOF. If k >, then gi/q; is an integer and f(qx/q;) = 0. For k < [ we have
qe/q < 1/py < 6. Thus

o) -1
o flan/a) = flan/a) < l% <4
k=0 k=0

Therefore 1/q; € By for every [ and by (4), ¢; divides my for all but finitely
many k € N. Omitting finitely many members of the sequence {m}32, we
can assume that every my is divisible by some ¢;. Let [ be the greatest [ such
that g; divides my; i.e., my is divisible by q;x) and qi(x)+1 = Gu(x) - Pi(k)+1 does
not divide my. Thus, there are integers sy, r; such that

Pk
my = (SkDik)+1 + TR) ARy, 07 el < %

Evidently the sequence {l1}72, is unbounded and we can pass to such a sub-
sequence of {my}2, and accordingly to a sequence of {l;;}?° that even con-
ditions (a) and (b) are satisfied.
Toward a contradiction, assume that the sequence {|r|}52, is unbounded.
. . 1
Then (again by passing to subsequences) we can assume that —— < ——.
[4re| = prea
We shall construct a real z € By such that {||mgz|/}72, does not converge
to 0 contradicting the inclusion (4). Let 241 > 0 be the smallest natural
number for which
21k +1 Tkl /Pry 1 > 1/4 (5)

Evidently 2j(x)4+1 < 1/2py(k)+1- Since (2x@y41—|rel/piry+1 < 1/4, we obtain

2 1 1 2
)+l

+ < .
Diky+1 4Tkl Piky+1 T Prtr

We set z; = 0 for the other indices i and we show that the real z = >"° 2;/¢;
provides the excepted contradiction.
By (2), for any k we obtain

Z +1 3
1(k)+1 < < 6.

g 2l < <
Pi(k)+1 Pk+1

If i is not a value of the sequence {l;,}72, then ||¢;z|| < 1/pit1 < d;. So by
(1) we obtain >_;~ f(giz) < 4 and therefore z € By.
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On the other hand by (2) we obtain mod 1

2l(k)+1
mrz = (SkDi(k)+1 + k) <()+ + 91(k~)> =Tk
Pik)+1

Rl(k)+1 i my

011)- 6
Pik)+1 di(k) ) (©)

Since z; = 0 for I, +1 < i < lxq1, by (3) we have ;) < and therefore

— DPi(k+1)
by (b) we obtain

m m 1
—* g, k)‘ < k< .

qi(k) T Q)P+ T Pi(k)+1

So the last term in (6) goes to zero and by inequality (5), for sufficiently large
k we have ||myz| > 1/8. Consequently, limg_, |[miz|| # 0; a contradiction.
Since the sequence rg, k = 0,1,... is bounded, there exists an integer r such
that » = ri for infinitely many k. So we can choose a subsequence satisfying
the assertion of the theorem including the condition (c). O

We shall need the following simple result.

Lemma 6. Let y;, be real, k € N, the sequence {1, }32, being increasing. Then

there exists a real z such that ||qyz — yrl| < pl(;ﬂ and ||¢;z|| < ﬁ if i is

not a value of the sequence {li}72 -

PROOF. Evidently, for every k there exists an integer |z;x)11| < 1/2pyk)41

such that || 2L+ ka < —L _Set z; = 0if 4 is not a value of the sequence
Pi(k)+1 Pi(k)+1
{lx + 1}72o. Then z =377 2 is the desired one. O

3 The Families 7 and F;

Using the continuity of the function f one can show that in some cases the
trigonometric families are the smallest one. Actually, from the definitions one
immediately obtains the following.

Theorem 7. D C Dy, pD C pD; and A C Ay.
According to Theorem 4 we obtain the next assertion.

Corollary 8. IfZ(f) is a Dirichlet set (a pseudo Dirichlet set), then D = Dy
(pD = pDy).

The inverse inclusions need not hold true.

Theorem 9. There exists a continuous function f: T — (0,1), f(0) =0 such
that D # Dy, pD # pD; and A # Ay.
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PrRoOOF. Let C C T be the Cantor middle-third set; i.e.,

8

C= {xe'ﬂ‘;(ﬂ{xi}fﬁl,xi:(),?)x:z z}

i=1

w

It is well known that the Cantor set is not an A-set (see e.g. [Ba]). Let
f:T — (0,1) be a continuous function such that Z(f) = C. Since 3*z € C
for any z € C and any k € N, we get C C {z € T; f(3*z) = 0}. Thus
CeDy. O

For A-sets we can prove an even better result than Theorem 7.
Theorem 10.

a) If the zero set Z(f) is a finite set of rationals, then Ay C A.

b) If Boy C A, then the zero set Z(f) is a finite set of rationals.

PROOF. Let Z(f) be a finite set of rationals. Then there exists a natural
number m such that mz is an integer for any z € Z(f). Assume that

A={zxe ']T;klim f(ngz) =0} € Ay.

We claim that limg_c [|mniz|| = 0 for any € A. Let 2 € A and assume
that limy_ o |[mngz|| # 0. Let n > 0 be such that |[mngz|| > n for infinitely
many k’s. We can assume that 7 is such that

U={yeT;(3z€Z(f)) |y — =zl <n/m} #T.

Let = min{f(y);y € T\ U}. Then f(ngx) > B for infinitely many k’s; a
contradiction.

Now assume that Z(f) is not a finite set of rationals. Then for any integer
m there exists a real z € Z(f) such that mz is not an integer. We show
that the Bog-set By = {z € T; Y p o f(gruz) < 5} is not an A-set. Toward a
contradiction, assume there exists an increasing sequence {my}°, of natural
numbers such that By C A({mw}32,). By Theorem 5 we may suppose that
my = (8kPi(k)+1 + 7)) for corresponding sy, Iy and 7.

Let y € Z(f) be such that ry is not an integer. One can easily find reals
yr, such that > 7 o f(yx) < 1 and limj_.o yx = y. By Lemma 6 there exists

for any k and ||g;z|| < for any
Pik)+1 Pi+1

¢ which is not a value of the sequence {lx}3>,. Then one can easily see that

a real z such that |lg;)z — ye|| <
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for any k we have f(qx)z) < 2-Uk)=1 1 f(y,.) and for i which is not a value
of the sequence {I(k)}?°, we obtain f(g;z) <27°~'. Thus

> flar?) <4+Zf Yr)
k=0

and therefore z € Bj.
As in the proof of Theorem 16 we can show that |myz — ryg|| < dx—1 and
therefore limy o0 ||mez|| = limg— oo [|7yx || = ||ryl| # 0. O

Corollary 11. A= Ay if and only if Z(f) is a finite set of rationals.

Generalizing the result by R. Salem [Sa] for p = 2, J. Arbault [Ar] showed
that N' = Ny for f(z) = |sinmz|?, p > 0, or equivalently for f(z) = ||z||P. We
present a further strengthening of this result.

Lemma 12. Assume that f(x) = f(—z) for every x € T, the function f
is convex in the interval (—1/2,1/2) and Z(f) = {0}. Then Ny C N and
Br C B.

PROOF. The convex function f has a right derivative ¢(x) = f (z) in ev-
ery point 0 < |z] < 1/2. The function ¢ is non-decreasing and therefore
measurable. Moreover f(z) = fom @(t)dt for x € (=1/2,1/2). If f1 (0) > 0,
then ||z < f(x)/f}(0) for every |xz| < 1/2. Thus, by Theorem 2 we obtain
Ny CN.

Now, assume that lim, o4 f(2)/2 = 0. Then we define

(1) = (—t) = sup{z; p(2) <t} for t € (0, 5), 8 = sup{p(x),z € (0,1/2)}.

The conjugate function h is defined by h(z fo t)dt for || < f and
Young inequality (see e.g. [KR, Ro]?)

lzyl < f(x) + h(y) for any x € (—1/2,1/2), y € (-, ) (7)
holds. Moreover, one can easily see that

h
lim hix) =0. (8)
z—0+ @
Let A = {z € T;> 7 janf(nz) < oo} be an Ny—set, where a, > 0 and
>0 gan = 0o. Using (8) one can easily find a sequence of reals y,, € (0,3)

3In [Ro], this inequality is called Felchel inequality.
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such that 07 jany, = oo and Y.~ ; aph(yn) < co. By the inequality (7) we
obtain

) 00 00
Z anyn”an < Zanf(nx) + Zanh(yn) <0
n=0 k=0 k=0

for any x € A. Thus, A is an N —set.
Since the sum "7~ anh(y,) does not depend on z, we have actually also
proved the inclusion for B-sets. O

Theorem 13. If f is convex in the interval (—1/2,1/2) and Z(f) = {0}, then
Ny =N and By = B.

PROOF. It is easy to see that f(z) < 2f(1/2)||x| for € T. Thus, by Theorem
2 we obtain N C Ny and B C By. O

Theorem 14. If Z(f) = {0}, then Ny C N and By C B.

PRrROOF. Let C' C (—1/2,1/2) x R be the closure of the convex hull of the set

{lz,y] € (=1/2,1/2) xRyy = f(z) Ay = f(—=)}.

Then the function h(z) = min{y € (0, +0); [z,y] € C'} is a convex continuous
function from T into (0, 4o00) (see e.g. [Ro]) and such that for every = € T we
have h(z) = h(—xz) < f(x). We show that Z(h) = {0}. Assume that for some
0 < & < 1/2 we have h(§) = 0. Set m = min{f(x);¢/2 < |z| < 1/2}. Then
the prime line p going through points [£/2,0] and [1/2,m] lies below the set
C, contradicting the fact that the point [, 0] lying in the set C' is below the
line p. By Lemma 12 we obtain Ny C N, CN and By C B, C B. O

In [BZ], modifying a Marcinkiewicz construction [Mal, it is shown that
none of the families Dy, pD;, A, Nos, Bog, Ny, By, and wDy is an ideal
provided that f(z+y) < f(x)+ f(y) for any =, y € T. We show related result
under another assumptions.

Let us recall that the arithmetic sum of two sets is the set

A+B={z+yeT,x € ANy € B}.

It is well known that for any trigonometric family 7, A+ A € F for any A € F
(see e.g. [Ar, BKR, BL)).

Theorem 15. a) IfZ(f) is a finite set of rationals, then none of the families
Dy, pDy, Bog, Nog, and Ar is an ideal.

b) If Z(f) = {0}, then none of the families By and Ny is an ideal.
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PROOF. Let {m};2, be an increasing sequence of natural numbers such that
27k < 8. Then f(z) < 27F for |x| < 27™*. Denote ny = Zf:o m;.
Let us remind that every real v € T = (0,1) has a unique binary expansion
x =) .2 227", where z; = 0,1 and there is an arbitrarily large i such that
z; = 1. We set
A ={x e T;(Vk)(Vi) (nog < i < nogr1 — x; =0)},
B = {x € T; (Vk)(Vi) (n2r+1 < i < nap — 2 = 0)}.

One can easily see that
AC {z eT;(Vk) f(2"*) <2721},
B C {x € T;(Vk) f(2m2r+1) < 272721

Thus A, B € Dy. Since A+ B =T and A+ B C (AU B) + (AU B) we obtain
that AUB ¢ A.
If Z(f) is a finite set of rationals, then by Theorem 10 we obtain AUB ¢ Ay.
If Z(f) = {0}, then by Theorem 14 we obtain AU B ¢ N. O

4 Ny and N, for Different f and g

Let us consider the following relationship between functions f and g:

(V{2 }eo) (Z flax) <oo— Y glar) < OO) ; 9)
k=0 k=0

Immediately from the definitions one obtains that (9) implies that Nos C Ny, .
‘We show that the opposite implication often holds.

Theorem 16. Assume that Boy € No, and Z(g) is a finite set of rationals. If
the function f satisfies the condition

(Vm > 0)(Va, |z < 1/2) f(z/m) < (=), (10)
then (9) holds.

PROOF. Assume that (9) does not hold true; i.e., there are reals zy, |xi| < 1/2,
k € N such that Y- f(xx) < oo and Y _po, g(zx) = co. We construct a set
By € Byy such that By ¢ N,. Set

By={z €T}y flaxz) <4+ flar)}.
k=0

k=0 =



COMPARING FAMILIES OF THIN SETS 621

Now, to get a contradiction, suppose that By € Nog. Then there exists an
increasing sequence {my,}72, such that

By C{z €T;)  glmpz) < oo}
k=0

Since Z(g) is a finite set of rationals, by Theorem 10 we obtain that
Bz © A({mi}io)-

Since By € Bs, by Theorem 5 we can assume that the sequence {my}2,
has the form my = (skpik)+1 + 7)qk) satisfying conditions (a) — (c). Now
we set yr = xp/r. By (10) we obtain Y27 f(yr) < Yopeo f(zr) < oo. Let
the real z be that constructed in the proof of Lemma 6. Then for any k we
have ||qyz — Ykl < 2/Digky+1 < 2/px < 0x and therefore by (1) we obtain
| flaignz)| <277+ f(y). If i is not a value of the sequence {I(k)}72, then
|f(g:2)] < 27*. Thus

D flarz) A4+ o) <4+ flaw)
k=0 k=0 k=0

and hence z € Bs.
On the other side for any k£ we have mod 1

m 2k
mrz — Ty = kel(k)+r(()ﬂ_yk) .
qi(k) Pik)+1

Again, since z; = 0 for [(k)+1 < i <I(k+1), by (3) we have |0;)| < 1/pir+1)
and by (b) and (c) for sufficiently large k we obtain
1 1 1

[mez — ryxll < +r <
Pik)+1 Pi(k)+1 Pi(k—-1)

A

< Op_1.

Thus [g(mgz) — g(ryx)| < 275! and therefore Y ;2 ) g(myz) = oo; a contra-
diction. O

5 Bases and Towers

Let us recall that two infinite sets A;, Ao C N are called almost disjoint if
the intersection A; N A, is a finite set. A family A of infinite subsets of N is
called a family of almost disjoint sets if any Ay, Ay € M, A1 # A, are almost
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disjoint. It is well known that there exists a family M C P(N) of almost
disjoint sets such that |[M| = ¢ (see e.g. [vD]).

The cardinal number t (compare also [vD]) is the smallest cardinal number
for which there exists a sequence of infinite subsets of N

{Ne; € < t} (11)

such that N¢ \ N, is finite for any n < £ < t and there exists no infinite set
N C N such that N \ Ng is finite for any £ < t. It is well known that t is a
regular cardinal Ry < t < ¢. Moreover we can assume that N, \ Ng is infinite
for any n < £ < t. The sequence (11) is usually called a tower.

If F is a family of thin sets, then a sequence {Y¢;& < a}, a being an
ordinal, of sets of the family F is called an a-tower of the family F, if

Ye CY,, Ye #Y, forany £ <n <o

A tower {Yg;& < a} of the family F is said to be mazimal if there is no set
Y € F such that A¢ C Y for all £ < a. Let us remark that we deal with the
inclusion opposite that in the case of a tower of subsets of N.

According to the results of [BS] (compare also [Re]) there exists a t-tower
of the family Ny for suitable f. We show that there exists a maximal t-tower
of this family. For an infinite set £ C N we let

B(E) = {z €T; ) f(axx) <4}.

kEE
We begin with some auxiliary results.

Lemma 17. If E, F, E\F are infinite subsets of N, then B(F)\B(FE) contains
a perfect subset.

PRrROOF. Let G C E \ F be an infinite set. We construct a real x(G) such
that z(G) € B(F) \ B(E). Since f is not identically equal to zero, there are
reals «, 3,7 such that —1/2 < a < 8 < 1/2 and f(z) > v for any = € (a, 3).
We set x; to be an integer such that o < (z; —1)/p; < (z; + 1)/ps < B if

i—1€Gand2/p; < —aand z; =0 otherwise. Let z(G) = > "2, % For
4

every k € G C E we have mod 1, ¢;z(G) = ;:—E + 0y and |0;| < 1/pi+1 and

therefore for sufficiently large k € G we have a < ||¢rz(G)|| < 5. Hence
> Hax(@) > > flara(@)) = oo
kcE keG

Thus, z(G) ¢ B(E). On the other side, if k € F, then x;41 = 0 and therefore
lgxz(G)|| < 1/pr+1 and f(qrz(G)) < 1/28+1. Thus z(G) € B(F).



COMPARING FAMILIES OF THIN SETS 623

Since we can find 2% infinite sets G C E \ F and reals z(G) that are
different for different G’s, the difference B(F') \ B(F) has th power of the
continuum. Being a Borel set it contains a perfect subset. O

Lemma 18. Assume that for every k € N my = (si0)Pik)+1 + )ik, 7 # 0
and (a) — (c) hold. Let L = {ly;k € N; }. If the set L\ E is infinite, then

B(E) £ A({mi}iZo)-

PROOF. If i =l +1, ) ¢ E, take an integer x; < %qi such that x; > ipl(k)ﬂ.

Otherwise set z; = 0. Let z = > 2 x;/q;. If i € E, then 2,41 = 0 and

giz =6;. By (1) and (2) f(g;z) < 1/2" and therefore x € B(E).
Ifi—1eL\E,i=I;+1, then we have mod 1

Ti(k)+1 n my

Hl(k)
Pr(k)+1 qi(k)

miT = (SiPik)+1 + T)UERT =T

Since the last term is small, we obtain ||mgx| > 1/8|r|. Thus klim mrx 7# 0
and therefore z ¢ A({my}2,. O

Theorem 19. If F, E are infinite, almost disjoint subsets of N, then there is
no A-set containing both B(F) and B(F).

PROOF. Assume that the sequence {my,}3° , is such that B(E) C A({m#};2,)-
Let E={eg<e1 <---<e,<...}. Weput

Po = H Pj,  Pi+1 = H Pj> qi:Hpi'

j<e(0) e(i)<j<e(i+1) j<i

Then gq; = nge(i) Pj = Geiy and B(E) = {z € T;Y ;= f(qrz) < 4}. By
Theorem 5 we can assume that my = (5xPy(k)+1+7)q(k), * 7 0 and conditions
(a) — (c) are satisfied. Then L = {e(ly);k € N} C E. Thus L\ F is infinite.
By Lemma 18 we obtain B(F) € A({my}32,); a contradiction. O

Theorem 20. Assume that Z(f) is a finite set of rationals. Then every basis
of any of the families Bos, Nog, As has cardinality at least c. Especially, any
basis of any of the trigonometric family By, No, A has cardinality at least c.

PrOOF. Take an almost disjoint family M of subsets N of cardinality ¢. Then
by Theorem 19 the cardinality of any basis of any of the families Bys, Noy,
Ay = Amust be greater than the cardinality of the family {B(A4); A € M}. O

Let us remark that the families Bog, Nog, Ar = A have Borel bases which
are of cardinality c.
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Theorem 21. Assume that Z(f) is a finite set of rationals. Let {R¢; & < t}
be a tower of subsets of N. Then {B(R¢);§ < t} is a mazimal tower of any
of the families Bos, Nog and A. Moreover, for any & < n < t there ezists a
perfect subset of B(R,)) \ B(R¢).

PrOOF. By Lemma 17 for £ < n < t there exists a perfect subset of the
set B(R,) \ B(R¢). Assume now that there exists an Moy set A such that
B(Re) C A for every £ < t. Let A = {z € T;)> ., f(mgz) < oo}. Since
B(Ro) C A, by Theorem 5 there exist sequences of natural numbers {s;}7°,
{lk}32, an integer r # 0 and a subsequence of {m;}7°, (denoted by same
letters) such that my = (sppy(k)+1 + 7)) for every k. Let L = {lx; k € N}.
Then there exits a £ < t such that L\ R is infinite. Then by Lemma 18 we
have B(R¢) € A({mx}52,); a contradiction. O

6 Some Examples and Some Open Problems

According to the results of sections 3 and 4, we can find functions f, g such
that Bog # Bog, Nog # No, or Ar # A;. We present some examples.

Theorem 22. a) Let f(z) = ||z||°, g(z) = ||z||¢ forz € T. If0 < ¢ < d, then

Nog € Nog, Bog & Nog, Nog € Nog-
b) For positive reals ¢, d we set

J12dz|e ifo<a<1/2,
J(@) = {1/20||x|d ifl/2 <z <1,

and

(z) = 1/2¢) 2|4 if 0 <@ < 1/2,
U2l 12 <a <,
If c #d, then Boy & Nog, Bog € Nog, Nog & Noy and Nog & Ny

The theorem immediately follows from Theorem 16. From Theorem 10 we
obtain the following assertion.

Theorem 23. Let f(z) = ||z|| - |sin(n/||z||])| for x # 0 and f(0) = 0. Then
Bos £ A and A € A.

In the proof of Theorem 9 we have constructed a continuous function f
such that D # Dy and pD # pD;. However, we were not able to find such
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functions for distinguishing the families By, Ny and wDy. If Z(f) = {0}
and both f’ (0), f'(0) are finite, then according to Theorems 2 and 14 the
equalities By = B and Ny = N hold. The simplest case for which we do not
know the answer is the case of the function f(z) = \/||z||. Neither were we
able to solve the problem of the cardinality of bases for the other families.
Thus, we can formulate the main open problems:

a) Find continuous functions f, g such that F; # F, for F = B and/or N,
wD.

b) Find a continuous function f such that F;y # F for F = B and/or N, wD.
c¢) Do the inclusions B C By, N’ C Ny hold when f(z) = +/||z[|?

d) Does any basis of the family D, pD, B, N, wD have cardinality at least ¢?
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