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Abstract

We show that the class of (dyadic) wavelet sets is in one-to-one cor-
respondence to a special class of Lebesgue measurable isomorphisms of
[0,1) which we call wavelet induced maps. We then define two natural
classes of maps WZ; and WZ, which, in order to simplify their con-
struction, retain only part of the characterization properties of a wavelet
induced map. We prove that each wavelet induced map appears from
the Schroder-Cantor-Bernstein construction applied to some u € WI;
and v € WZ,. Consequently, the construction of a wavelet set is basi-
cally equivalent to the easier construction of two maps u € WZ; and
v € WZy. Some older results on wavelet sets are recovered using this
new point of view. The connectivity result of Speegle ([20]) is recaptured
and the completeness in the natural metric of the class of wavelet sets
is reestablished. Although these ideas seem to generalize to more than
one dimension, specific examples are given only in the one dimensional
case.

1 Introduction

In [9] the authors introduced the notion of wavelet set which turned out to
be one of the building blocks of their approach to wavelet analysis from an
operator theory point of view. At the same time, and independently, the
notion of wavelet set appeared as the support set of so called MSF-wavelets
(minimally supported frequency) in a series of papers: [12], [14] and [15].
One easy way to fabricate a wavelet is to normalize the Fourier transform of
the characteristic function of a wavelet set. Wavelet sets have been generalized
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to n dimensions (see [10] and [11]). The important result of the existence of
wavelets for unitary systems having an expansive dilation matrix was based
on the existence of wavelet sets. These ideas were taken into the realm of
frame theory and the notion of wavelet set was generalized even further to
frame (tight frame or normalized tight frame) wavelet sets in [4], [5], [6]-[8].
In [3] the authors give an ingenious description of how one can construct a
wavelet set. The purpose of this paper is to consider a different approach to
the construction of (dyadic) wavelet sets which is purely set theoretic.

2 Preliminary Results

We denote by u Lebesgue measure on R. The L2-space with respect to p will
be written simply as L?*(R). An orthonormal wavelet is (cf. [9]) a function
w € L?(R) for which the family of functions {w; }; kez defined by

wj(s) = 22w(2s — k), s €R, j k€, (1)

is an orthonormal basis for L?(R).

We say that a measurable subset W of R is a wavelet set if —=

V(W)
where w is a wavelet in L?(R) and @ is the Fourier-Plancherel transform on
L?(R) of the function w and which for f € L*(R) N L%(R) is defined by

XW:@a

~ 1
f(f)zﬁ

One of the simplest examples of wavelet sets is the Littlewood-Paley wavelet
set F := [—2m, —m) U [m, 27). A less obvious example is the following union of
eight intervals

[ 55)o [eT)e[55)53)
37 4 T3 87 2 773
o) o[ ) o o, 20 0 127 )
4’ 378 T 27

The next result was announced independently in [12] and [9] and it is
definitely the first step in a better understanding of the notion of a wavelet
set. We refer the reader to [16] for a proof of this proposition. In order to
state the result let us introduce some notation. Let 7 : R — E be the function
defined by 7(z) = x+2jm, where j is the unique integer satisfying .+ 2j7 € E
and let § : R\{0} — E be the map defined by 6(z) = 2*x, where k is the unique
integer for which 2¥z € E.

/ e f(H)du(t), © € R.
R

(2)
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Proposition 2.1. The following conditions are equivalent for any measurable
subset W of R :

(i) W is a wavelet set,

(ii) there exists a set W' such that W' =W a.e., the family of sets {W' +
2kT }rez is a partition of R and, at the same time, the family {2*W'} ez
is a partition of R\ {0},

(iii) there exists a set W' such that W" =W a.e. and Ty, dwn : W' = E
are measurable bijections.

In [16] a wavelet set having the property of W’ in (ii) (or equivalently the
property of W in (iii)) was called reqularized. Let us denote by WS the class
of all wavelet sets.

The class WS is very rich. In [18] it was shown that every point 2o € R\{0}
contains a neighborhood which is a part of a wavelet set. In [20] it was proved
that WS is path-connected (in the norm topology on L?(R) when WS is
naturally imbedded in L2?(R)). It was shown in [13] that WS becomes a
complete metric space (WS, d) with the metric

) 0

where Wy 7 Wy = (W1 \ Wa) U (W3 \ W1). In spite of this richness, it is not
obvious how would one construct a wavelet set.

Thus by part (iii) of this proposition, we can associate with every W € WS
a measurable bijection on F defined by

hW = TlW// o (5|W”)71‘ (4)

By its definition, this map is essentially uniquely determined by W in the
sense that for two sets W’ and W’ as in Proposition 2.1, the maps hy, hy~
coincide almost everywhere [u]. Thus we will denote this map simply by Ay .
It turns out that the conjugation Ay = £ o hy o €71 ¢ [0,1) — [0,1) of hw,
by the function & : E — [0, 1) defined by

£(x) = {2”; x € |m,2m) 5)

s+ 1 e [-2m —m),

N

d(W1, Wa) := p(Wy 7 Wa)

takes a simpler form than hyy .

Definition 2.2. For every wavelet set W the map hy constructed as above
is called an wavelet induced isomorphisms of [0, 1).



596 EUGEN J. IoNASCU

We have the following characterization of the class of wavelet sets in terms
of the corresponding maps hyy .

Proposition 2.3. Let W € WS and EW be defined as above. Then the map
hw has the following properties:

(i) hw is a measurable bijection of [0,1),

(ii) there exists a measurable partition {Ap}rez of [5,1) and a measurable
partition {Bi}rez of [0, %), such that

~ |2F x| x €A ke,

h = 6

w(@) {L?k(xl)J z € By, ke, ©

where | x| denotes the fractional part of the real number x,

(1) if h is a map satisfying (i) and (i), then there exists a wavelet set W
such h = hy,

(i) for two wavelet sets Wy and Wy we have Wy N Wy = 5@1 0&HQ) =
6@2 0 &7HQ), a.e. [u], where Q= {z €[0,1) : hw, () = hw, (2)}.

PROOF. One can easily check that 7() = £ (|5 ]) for every ¢ € R. First,
let us observe that if « € [,1), then u = £7'(z) = 27z and let us write
87 (u) = 2%y with k € Z. Hence, using the formula mentioned above, we have
7(2bu) = €1(|Z2)) = €L([25)). Thus hw (2) = &(nw (") = [252). Tt
x €10,1/2), then u = £~ 1(z) = 2m(z — 1) and if we write 6~ (u) = 2¥u with
k € Z, we get hy (z) = E(rw (2Fu)) = LQQIC—W"J = [2¥(x — 1)]. This proves claim
(ii) of the proposition.

To prove claim (iii), let us consider that h has the properties (i) and (%)
and we denote hy = ¢t oho¢: E — E. Because of (6), we obtain that for
every = € E there exist k(z), I(z) € Z such that hi(z) = 2@z + 21(x)7r. By
the assumptions on h the maps ¢ — k(z), x — I(z) are measurable. Then
we define ¢ : E — R by ¢(z) = 2¥®z o € E, and W := (E). Clearly,
W is a measurable set, 1) is one-to-one and (6|W)*1 = 1. Finally we define
©: W — E by o(y) =y + 2l(»"1(y))m. Then one can check that hy = p o
and o(y) = 1w (y), y € W. Since h; is one-to-one and ¢ is onto, we conclude
that ¢ is one-to-one. Also, ¢ is onto since hy is. By Proposition 2.1 it follows
that W is a wavelet set. According to (4) and using the above facts we see
that Ay = hy and so EW =h.

To prove (iv) let us show the equality in question by double inclusion. For
y € Wi N Wy we have s := dw, (y) = djw,(y) = 0(y). Then y = (5‘%}1(3) =
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6@2(8). Let us denote £(s) by u. In other words s = £~ !(u). This lets us
write y = (5‘;‘}1 Oé_l (u) = 6@1}2 o0&~ 1(u). This means that we need to check that
ue{xel0,1): hw,(z) = hw,(z)} or equivalently u € {£(t) : t € E, hw, (t) =
hw,(t)}. Since u = £(s) we need to see why is it true that hyw, (s) = hw,(s).
Using (4) this last equality is the same as 7y, (y) = 7w, (y) which is true. This
argument shows that W, NW, C 5‘_”}1 0 &) and Wi NW, C 5|_VI}2 0 &7HN).

For the opposite inclusion let us start with y = 5@1 o &1 (u) where u
satisfies hw, (u) = hw,(u). As before we let s := & !(u). This implies
hw,(s) = hw,(s) or Ty, o 6@1(3) = Tiw, © 6@2 (s). Taking into account
that 7(¢t1) = 7(t2) implies t; = to + 2kw for some k € Z we obtain that
(5'}4}1(5) = JE/I}Q(S) + 2km, k € Z. Let 6‘;[}1 (s) = 2"s and 5‘;‘}2(5) = 2™g, for

some m and n € Z. If n # m, then s = 23}_“22”. It is clear that the set
2lm . .
f:{MI%JJEZaZ#]} (7)

is countable and so it has measure zero. Assuming that s ¢ F, we get n =m
and k = 0 which implies y :1(5@1 o l(u) = 66/‘}1(5) = (5@21(3) e Wy N Ws.
This argument proves that 4, o)\ F C WinWs and 0w, o THQ)\F C
Wi N Wa. O

For the wavelet set S defined by (2), we computed the map hg and obtained

21— 1)) on [0,3)U[2)

N I on [1,3)U [1.3)

"SE =0 2e en (L2 U [E) ¥
2 on [12)U[2, 1)

One can check that this map is a measurable bijection from [0, 1) into [0, 1).
The graph of it is on page 597.
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We denote the class of all wavelet induced isomorphisms by WZ. The
wavelet induced map for and wavelet set played an important role in the series
of papers [1], [2] and [16]. One essential hypothesis that we needed in these
works was the existence of a measurable cross section for the isomorphism
(i.e., a measurable set which contains exactly one point from each orbit of the
isomorphism). This existence was partially solved in [1] but it is still an open
conjecture in the general situation. In this paper we have no need for such an
assumption. However, we obtain a similar of wavelets in Theorem 3.5 as in
[16]. By Proposition 2.3 every map in WZ can be expressed as in (6).

3 The Schroder-Cantor-Bernstein Construction

Let WZ; be the class of all measurable functions f : [0,1) — [0,1) that are
defined by a measurable partition { A },en of [1,1) and a measurable partition
{Bi}ren of [0, 3), such that

£~ T € Ak; k Z 17
flz) =12, (9)
The following is a simple consequence of the above definition.

Lemma 3.1. Every function f € WIy is one-to-one and u(f(0)) < 2u(o)
for every measurable subset o of [0,1).
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PROOF. Let z1,29 € [0,1), 21 # x5. We need to analyze essentially four
cases. If x1, xo € Ay, or x1, xo € By, for some k > 1, clearly f(z1) # f(z2).
If 2, € Ay and x5 € By for some k,I > 1, then f(z3) = (z2 —1)/2 +1 >
1/2 > f(x1). Suppose now 1 € Ai and xo € A; for k > 1 > 1. In this case
Ty, 22 > 1/2 and so f(xa) = z2/2! > 1/241 > 1/2% > f(zy). Finally, if
x1 € By and x5 € B) for some k > | > 1, we have x1, x5 € [0,1/2). Hence,
flze) = (v —1)/2' +1 <1 —1/2H1 <1 —1/2F < f(a1).

For the second part of this lemma let us observe that we can write o as
a disjoint union ¢ = (J,,~, 0n U U, o), where 0,, = 0 N A,, 0, = 0N By,
n e N. Clearly, u(f(on)) < (1/2)i(o) and p(f(o})) < (1/2)p(c) for all
n € N. Adding up all these inequalities we obtain that u(f(c)) < u(o) for
every measurable set o. O

Remark. Let us emphasize the fact that constructing a map f in WZ; is just
a simple matter of choosing two measurable partitions: one for [0,1/2) and
one for [1/2,1). The next figure shows the line segments of equations involved
in (9) and gives an idea of why Lemma 3.1 is true.
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We introduce now the class WZ, of all measurable one-to-one maps ¢ :
[0,1) — [0,1) so that for every « € [0,1) there exist k,l € Z, k,] > 0 such that

l
g(z) = v —Z . We remind the reader the following fact from set theory known

as the Schroder-Cantor-Bernstein theorem.
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Proposition 3.2. (Schréder-Cantor-Bernstein) Let A and B two arbi-
trary sets, u: A — B and v : B — A be two one-to-one maps. Then the map
uov:A— B defined by

u(x) forxz e U(vou)k(A\v(B)),

(uov)(z) = k=0 o
vHa) forx e [Jwou)* (v(B)\ (vou)(A) U [)(vou)(A),
k=0 k=0

is a bijection.

Remark. It is easy to see that the inverse function of v ¢ v given as in (10)
is in fact v © u. We are now ready for the main result of this note. This next
theorem has almost the flavor of a factorization theorem.

Theorem 3.3. Fvery wavelet induced isomorphism h is the result of the
Schréoder-Cantor-Bernstein construction; i.e., h = uov a.e. for some uw € W1,
and v € WI, where ¢ is defined in (10). Conversely, every map u o v with
u € WIy and v € WIy is an wavelet induced isomorphism. (The writing
h =wowv is in general not unique.)

PRrROOF. The last part of the theorem follows from the Proposition 2.2 and
the fact that wo v is by construction a measurable bijection of the form (ii) in
Proposition 2.2. To show the first part, let us start with A € WZ and define
D1 be the measurable set of all # € [0,1) for which the k in the definition
(6) is a negative integer. We let u(xz) = h(z) for z € D; and extend u to
Dy =[0,1)\ Dy such that u € WI;. This extension is not unique but it can be
easily constructed as observed in the remark following the Lemma 3.1. (For
instance, for the map given in (8) we can take

u(z) = {mgl +1 on [07%1) (11)

in which case D; = [0, %) U [%, %) U [%, %) U [%7 1)) To continue the proof, let
Ri :=u(D;) and Ry :=[0,1) \ R1. Next we define v on Ry as v(z) = h=1(z)
(z € Rs). Let us observe that v is defined in accordance to the properties of

the maps in WZ,. We will show next that v can be extended to [0,1) in such
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a way that v € WZ,. (In the case of the map defined by (6) we take

= o o)
o1 e DU -
x on [3,3)U[§1)
§  on [1.9),

which is just one of the various extentions from which one may choose.)

Getting back to the general situation, it turns out that independently of
what extensions one might consider for u and v, the map u ¢ v constructed as
in (10) is the same as h a.e. The following lemma solves the existence of the
extension v.

Lemma 3.4. The map v : Ry — [0,1) defined by v(x) = h™1(x) (z € Ra)
can be extended to a map in WI,.

PROOF. Let us define the extension inductively in the following way. First
we just pick a bijection ¢ : N — {(k,I) : k,Il € NU{0}}. For n € N we
denote by ¢1(n) [resp. pa(n)] the first component [resp. second component]
of p(n). Then the initial step is to extend v to Ey := Ro U Fy where Fy =
{z € [0,1)\ Ry : (z+ ¢1(1))/292M) € [0,1) \ v(R2)}. (Clearly F; may be
empty.) In any case we define vy (z) = (z + ¢1(1))/2%2W) for all x € F; and
v1(z) = v(z) for x € Ry. Suppose we defined v, on E, := E,_1 UF, as an
extension of v,_1. Let v,41 be the extension of v, to E,11 := E, U F,41
where F,q1 = {z € [0,1)\ E,, : (z + ¢1(n + 1))/272(+D) € [0,1) \ v, (E,)}
defined as vy, 41(z) = (x + @1(n + 1))/292(**Y) for all x € F,, ;1. By the way
these extensions are constructed it is easy to see that each v, is a one-to-one
map. If for some n € N we have E,, = [0,1) a.e., then the proof is finished
since v, would be the extension we were looking for.

We may assume then that p([0,1) \ E,) > 0 for every n € N. In this case
we let Eoo = U2 | E,, and define the extension v of v to F, in the usual way;
v(z) = vy(z) if € E,,. Because v,41 is an extension of v,, the map v is well
defined. We claim that Fo, = [0,1) a.e. in which case then v € WZ, is the
extension we want.

In order to prove this claim we proceed by way of contradiction and assume
that p(U) > 0 where U := [0,1) \ Es. One can easily show, using similar
arguments to those in the proof of Lemma 3.1, that u(v(Ex)) < p(Foo). This
shows that u(V) > 0 where V := [0,1) \ ¥(Ew). Obviously, U and V are
measurable sets. It is known (see [19]) that the transformation T'(x) = |2z] is
an ergodic transformation on [0, 1) with respect to an invariant measure which
is equivalent to Lebesgue measure. This implies that u(T*(V)NU) > 0 for
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some k € N. Equivalently we have u((28V —1) NU) > 0 for some [ € NU {0}.
Let us write U for the set (28V — 1) N U. We have (z +1)/2% € V for every
zeU. If we let n:= ¢ 1(k,1), it follows that U C E, N U which contradicts
the fact that £, NU =0 (E,, C Ex =[0,1) \ U). O

Returning to the proof of the Theorem 3.3 let u € WZ; and v € W1,
be the maps constructed as above. We need to show that uw ¢ v = h almost
everywhere. Since Ry := u(D1) and ujp, = hyp, it follows that h=*(Rq) = Dy
and h=1(Ry) = Dy since h is one-to-one. Hence, v(R2) = h™1(Rz2) = Ds.
Since v and v are one-to-one maps, it follows that u(D3) C Ra and v(R1) C
D;. Let S =[0,1) \ v([0,1)). Clearly S C D;y. Thus, u(S) C Ry and then
(vou)(S) C Dy. Inductively it follows that all the sets (vou)*(S), k € NU{0},
are contained in D;. Therefore for z € (J,~(v o u)*(S) according to (10) we
have o v(z) = u(z) = h(z). B

Let N = v([0,1))\ (vou)(][0,1)). Clearly N' C R2 and inductively it follows
that all the sets (v ou)*(N) C Rs. Thus, for € [Jy~(v o u)¥(N) we have
wov(r) =v1(x) = (h"1)"1(z) = h(z).

Using Lemma 3.1 we observe that the set ()~ (v o u)*([0,1)) must have
Lebesgue measure zero. Hence u ¢ v = h almost everywhere. O

Remark. If v = id then uowv = id. We will use this fact to obtain as a
corollary Speegle’s result in [20]. The convergence seems to be in a stronger
metric but in fact the two metrics are equivalent on the class of wavelets.

Theorem 3.5. For every two wavelet sets Wy and Wy one can find a chain
of wavelet sets {Wi}iepo,1) connecting them and such that d(Wy, Ws) — 0 if
t — s where the metric d is given by (3).

PROOF. It is obvious that we just need to consider the case Wi = E (the
Littlewood-Paley wavelet set). Denote Wy simply by W and let h := hy be
the wavelet induced isomorphism of W. According to the Theorem 3.3 we can
find w € WI; and v € WZ, such that v o v = h almost everywhere. The idea
of our proof is to connect v with id by a continuous chain of maps in WZ, and
then use the second part of Theorem 3.3 to construct h; = u ¢ v;. Then we
just take W; the corresponding wavelet set to h;.

Lemma 3.6. There exist a chain {vi}ieo,1) such that vo = v, vy = id and
p{x:ve(x) #vs(x)}) >0 ast — s.

PrROOF. We may assume without loss of generality that v is not the iden-
tity function. Hence there must exist a measurable set U C [0, 1) such that
p((0)) < p(U). Since p(v(L)) < u(L) for every measurable subset of [0, 1),
we see that the set V' = [0,1) \ v([0,1)) has positive Lebesgue measure. We
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define what is going to be the first part of our chain by v} (x) = v(x) if
r <tandx € [0,1)\Vora >tand vi(z) =xifx < tand z € V.
Clearly if 0 < t < s < 1, then {x : v}(z) # vl(z)} C [t,s] and therefore
p({x : v}(z) # vi(z)} — 0 as t — s. Note that the maps v} are by construc-
tion one-to-one and then automatically v} € WZ, for all . The map v} is
id on V and v everywhere else. Notice that [0,1) \ (v{([0,1)) = v(V). Let
us denote by Z the set of fixed points of v. We have clearly V N Z = () and
therefore v¥(V) N Z = ) for all k € N. We observe that [0,1) can be parti-

tioned as [0,1) = Uy v"(V) UMy v*([0,1)). Using the above observations

Z C Mpxo v"([0,1)) and since p(v(L)) < M(QL)

tained in [0, 1)\ Z, we conclude that (,~, v*([0,1))\ Z has Lebesgue measure
zero. Hence to finish the proof we will extend the chain v} with a chain v?
which will connect v} to the v# which is id on V Uv (V). So, the next chain is
defined by vZ(z) = vi(z) if # < t and z € [0,1) \ v(V) or & >t and v} (x) = x
if # <t and 2 € v(V). Observe that maps v? are one-to-one and so they are
in WZ,. As before the continuity of {v?}; is insured. The map v? is id on
V Uwv(V) and v everywhere else. Then we continue inductively constructing
vy, v},... , in a similar manner. To end the proof we put these countably
many chains together in an obvious way to form the required chain. More
precisely, we scale and glue the chains {v}}, {v?}, {v}},... to create the final
chain {v;} where v; = id (we allocate an interval of length 1/2 for {v}}, an
interval of length 1/4 for {v?} and so on). It is easy to see that the continuity
claim still holds, i.e., that p({z : vi(z) # vs(x)}) = 0 ast — s. O

for every measurable set con-

Returning to the proof of Theorem 3.5 we want to establish next the equiv-
alent of the distance given by (3) at the level of WZ.

Lemma 3.7. Let hy and hy be the wavelet induced isomorphisms associated
with two wavelet sets Wy and Wo. Then the metric given by (3) satisfies

d(Wy, W) = (4mpu(w')/? + (2v(w)}) /2, (13)

1
where the measure v on [0,1) is given by dv(z) = EX[O,1/2)(33) du(x) +

éX[l/m)(m) du(x) and W' = {x € [0,1) : hi*(z) # hy'(x)} and w = {x €

[0,1) : ha(x) # ha(z)}.

PROOF. In order to establish (13) we observe that the property (iv) in Propo-
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sition 2.3 implies that
Wiy Wa = (8, 0 €71([0, 1) \ 638, 0€71(@)
U (55, 070, 0) \ 053, 0 €71()
(disjoint union). Hence

uWy 7 Wa) = (530, 0 €710, 0\ D))+ (530, €7 (0. 1)\ 2)
— 1 (O, 0 €71 (@) 11 (S, 0 €71 (@)

Taking in account that p is invariant under translations and homogeneous
under dilations; i.e., u(tU) = tu(U) for every measurable set U and every
positive real number ¢, we obtain

(Wi 7 Wa) = g (1w, 0 01t 0671 (@)) + 1 (7w, 0 03, 0671 ()
= 2mps (€ 0w, 0 0, 0 €7 () ) + 2mpt (€ 0 v, 0 O 0 €7 (w) )
= 2 (hy () + 2t (o () -
(14)

Let us observe that hj(w) 2(w) = W and so A} (w') = A7 W) = w.
Indeed, hq1(w) = h1([0,1) \ ) = [0,1) \ h1(Q) and one can easily check that
hi(Q) = Q' where @ = {x : hy*(z) = hy ' ()}, where for the convenience of
the reader we recall that Q = {z € [0,1) : hi(x) = ha(z)}. As a result, (14)
becomes

p(Wh 7 Wa) = drp (') . (15)

This equality allows us to get the first term in (13). In order to obtain the
second part of (13) we begin by considering the measure on R\ {0} defined as
d\(z) = |71\ du(x). As before we have

AWy Wa) = A (03, 0671 w) + A (530, 061 w))
But A is invariant under dilations. Hence the above changes into
AW1 7 Wa) =2X (£ (w)) - (16)

One can easily check that Ao ™1 = v. Putting (15), (16), and (3) together
we obtain (13). O
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Returning now to the proof of Theorem 3.5 let us define {h;}ic(0,1] by
ht :== u o v, with v; given by Lemma 3.6. According to Theorem 3.3 and
Proposition 2.3 each h; is an wavelet induced isomorphism which corresponds
to some wavelet W;. Because hg = uov and hy = u ¢ id we have Wy = W
and W7 = E. We need to introduce one more notation: for two maps f and g
having the same domain of definition let w(f, g) be defined by

w(f,g) ={=z: f(z) # 9(x)}). (17)

By the way {v;} was constructed if 0 < ¢ < s < 1 then w(v¢, vs) is contained in
an interval of length less than s—¢. By the definition (10) we see that w(he, hs)
is contained in a set of Lebesgue measure less than 2[(t — s)/2 + (t — s)/4 +
ot (t—5)/2F 4 ...] = 2(t — 5) because u is “measure contractive” is the sense
of Lemma 3.1. Therefore p(w(he, hs)) — 0 ast — s or s — t. To finish the
proof we observe that v is equivalent with the Lebesgue measure on [0, 1) and
h; ' = v;ou. Using the same arguments as above we have p(w(h; *,h; 1)) — 0
ast — s or s — t. Finally we use Lemma 3.7 to end the proof. O

Remark. The Theorem 3.5 has the advantage of being a more constructive
result than the one in [20]. We observe also that by construction W; C WUE
for every t. This construction is in some sense very similar to the one given in
[16] where only a partial result was obtained.

Theorem 3.8 (Garrigos-Speegle[13]). The class WS is complete in the metric
given by (3).

PROOF. Let us start with a sequence of wavelet set {W,,} which is Cauchy
in the metric in (3). Let us consider their corresponding wavelet induced
isomorphisms {h, }nen. According to Lemma 3.7, we have pu(w(hn, b)) — 0
and p(w(h,t, h,t)) — 0 as m,n — oo. Since fol | (2) — B (7)) dp(z) <
w(w(hy, hy)) and fol |hyt(x) — bt (@) Pdu(z) < p(w(h,t kb)), it follows
that h, and h,! are Cauchy sequences in L?([0,1)). Let f, g be their limits
in L2([0,1)). Passing to a subsequence we may assume that these sequences
are pointwise convergent a.e.([u]). For each n let [0,1) := U, UV, be the
decomposition (partition) which corresponds to the way we defined the maps
u, and v, as in the Theorem 3.3 for the wavelet induced map h,,. In other
words, u,(z) = h,(z) for x € U, and v,(y) = h,*(y) for y € h(V,). We
remind the reader that w, and v, can be extended in order that u, € WI;
and v, € WI,.

For m > n we observe that (U, 7 Uy) \ F C w(hy,hy,) where F was
defined by (7) in the proof of Proposition 2.3. Indeed, for instance if x €
(Un \ Up) \ F = U, NV, it follows that h,(z) = u,(x) and h,,(z) = v,,} (x).
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Since z ¢ F, we see that by, (x) # hp(2). Hence p(U,, v Uy,) — 0 as m,n — oo.
Passing again to a subsequence if necessary we may assume without loss of
generality that Xy, — Xy pointwise for some measurable subset U of [0,1).
It follows then that p(U, 7 U) — 0, u(V;, v V) — 0 as n — oo and Xy, — Xy
pointwise where V' =[0,1) \ U. It is clear that U may be empty in which case
we will show that f = ¢g = id. If u(U) > 0, then Xy, (z) = Xy(z) = 1 for
almost every z € U. For such an « € U we deduce that for some ng(z) € N if
n > ng(x), it follows that = € U,,. Hence hy,(z) = u, () = [2/28®™) | — f(z)
or hy(z) = up(z) = | (x—1)/2%=™) | - f(z) with k(z,n) € N. There are only
two possibilities: k(n,x) — oo or k(n,z) is eventually constant. We claim
that for almost every « € U the sequence k(z,n) is eventually constant.

Indeed, suppose that for some subset of U of positive measure, say T, we
have k(x,n) — oo for all z € T. Then if we fix n but keep it arbitrary, it is
clear from our assumption on Y that ¥ = (J, {z € T : k(z,m) > k(z,n)}.
Using the continuity of the Lebesgue measure we may replace T with 1., , =
{x € YT: k(z,m) > k(xz,n)} for some m such that ©(Y, ) > w(Y)/2. Then it
easy to see that Y, », C w(hy, hyy) which implies 0 < p(Y)/2 < p(w(hn, bm)).
This contradicts the fact u(w(hn, him)) — 0 and our claim is proved.

We proved that for almost every x € U it follows that k(z,n) is an even-
tually constant sequence. For such an = we let k(z) = nh_}rrgo k(x,n) € N. Then

f(z) = limh,(2) = u,(z) = [2/2"®)] or f(z) = |(x — 1)/2"*)| depending
upon = € [1/2,1) or z € [0,1/2). By Lemma 3.1, f is automatically one-to-
one on U and agrees with the characterization of an wavelet induced map in
Proposition 2.3.

We consider U}, = h,,(U,) and V) = h,(V,,). Since [0,1) = U, UV, we
get [0,1) = U, UV,.. As before for m > n we observe that (V,, 7 V. )\ F C

w(hy ', hyyt). Then without loss of generality we may assume that Xy, — Xy
pointwise for some measurable subset V' of [0,1). As a result Xy, — Xy
pointwise a.e. where U’ = [0,1) \ V’. For a.e. z € U we proved that there
exist an n;(x) € N such that if n > n;(x) we have f(z) = h,(z) and = € U,.
Since hy(x) € hn(Up) = Uy, we get Xy: (f(x)) = 1. Then letting n — oo we
get Xy (f(x)) = 1. This shows that f(U) = U’ almost everywhere. Therefore
if p(V') =0, then it must be true that f(U) = [0,1) a.e. ([u]). But this is not
possible because f is strictly contractive in the sense of measure.

Thus, it must be true that p(V”’) > 0. As before let us take an y € V' such
that Xy (y) — Xy (y) = 1. Thus there exists an ny(y) € N such that y € V,; if
n > na(y). By Proposition 2.3 and the construction of w,, v,, in Theorem 3.3
we have h-'(y) = va(y) = (y + k(y,n))/2!@™) for some integer k(y,n) and
I(y,n) € NU{0}. We now claim that for almost every y € V' the sequence
I(y,n) is eventually constant on a subsequence.
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Indeed, assuming that for some measurable subset of V', say ©, with
1(©) > 0, for y € O© the sequence I(y,n) — oco. Then we make the argument
as above that for fixed n but arbitrary © = J,, {y € © : l(y,m) > I(y,n)}.
Hence, there exists ©,,, = {z € T : k(z,m) > k(z,n)} for some m
such that u(O,,,) > wu(©)/2. One can check similarly that ©,,, \ F C
w(hyt, hl) which implies 0 < u(0)/2 < p(w(h,t, kb)), This contradicts
the fact p(w(h,*, h,,')) — 0 and our claim is proved.

Using this claim and the fact that h,!(y) is convergent for almost every
y to g(y) we see that the sequence k(y,n) must be eventually constant for a
subsequence on which [(y,n) is eventually constant. Letting n — oo we obtain
that g(y) = (y + k(y))/2'(y) for some k(y),l(y) € NU{0}. This shows that g
is in WZ,. As we argued before g(V') = V. If u(U) = 0, then u(U’) = 0 and
then g must be the identity since it is contractive in the sense of measure.

To finish the proof we extend f from U to [0,1) and g from V to [0, 1) so
that the new maps f and g satisfy f € WI; and g € WZ,. Let h = ]?0 g.
Finally an argument based on the continuity of Lebesgue measure and the
relation (10) shows that h,, converges to h. O

Remark. The proof of Theorem 3.8 although quite lengthy reveals what con-
vergence in the distance (3) means at the level of wavelet sets and equivalently
on WZ.

4 Examples

2 4 4
Consider the Journe wavelet set J := [—3771-, —477) U [—77, —77T> U [;T, 7r> U
92 ~
[471', 377T) . Then its wavelet induced function denoted by A ; can be described

by

B 271z —1)] on [0, %)
hy(z) =< |2%2] on [%, %) (18)
271z on [%, 1).
In this case one can choose u € WZ; defined by
_J27M@=1)] on [0,3)
= {L21wJ on [4.1) )

and v € W1,
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such that EJ =uow.

Let us go the other way in our construction. Arguably, the simplest map
u € WI; that one can take is given in (19) and we pick one of the simplest
maps v € WI, defined by v(x) = x/2 for all x € [0,1). Then the wavelet
induced map, h = u ¢ v, that is obtained by the Schroder-Cantor-Bernstein
construction is defined by

5 on[31)
2x on [1 l)
h = 372 21
®=1%h o (21)
2r  on [O, %) \ 4,
o0
where A = U [Zn, Tn+1) and the sequences {2y, }rn>1, {Tn }n>1 are given by the
n=1
1 5 1 1
formulae Zn — 5 (1 — 2><4n>7 Ty — § (1 — 4711) . ThlS Wlu give I"ise to a

-8
wavelet set containing infinitely many intervals W := [g, 7r) U {?)W, 27r> U

(mA —m) U ([—47r, _—Sﬁ)
one modifies v, as in the proof of Theorem 3.5, to v(x) = x/2 for z € [0,2/7)
and v(z) = z if x € [2/7,1), then the wavelet set constructed from u and the
new v has only six intervals.

\ (4mA — 477)). It is interesting to mention that if
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