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Abstract

In this paper, we will investigate the following question: Given C ∈
(0, 1) and a sequence An ⊆ [0, 1] with λ(An) = C, when does there
exist a subsequence Ani such that λ(∩iAni) > 0? We will show that
the answer to this question can be characterized by the properties of a
function g which will be a weak L1 limit of characteristic functions.

Before we get started, let’s mention what notation we will be using. Lp

will denote Lp[0, 1] with Lebesgue measure λ, and χA will denote the indicator
function of A. We will use ⇀ to denote weak convergence. All sets will be
taken to be Lebesgue measurable.

The main result of this paper is given by the following theorem:

Theorem 1. Let C ∈ (0, 1) and An ⊆ [0, 1] with λ(An) = C for all n. Then
the following are equivalent:
(i) There exists a subsequence of An whose intersection has positive measure.
(ii) There exists a subsequence of χAn with a weak L1 limit g and g = 1 on a
set of positive measure.

Before we prove theorem 1, we will need the following result:

Lemma 1. Given Bn ⊆ [0, 1] with λ(Bn) = C, there exists Bni and a mea-
surable function g with 0 ≤ g ≤ 1 a.e. such that χBni

⇀ g in L1.

Proof. By a weak compactness argument in L2, we see there exists some
g ∈ L2 and χBni

such that χBni
⇀ g in L2. Since L∞ ⊆ L2, we see that

χBni
⇀ g in L1.
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Define E := {x : g(x) < 0} and F := {x : g(x) > 1}. Then we have

0 ≤
∫ 1

0

χBni
χE dx →

∫ 1

0

gχE dx,

and from this we see λ(E) = 0. Similarly, we have

0 ≤
∫ 1

0

(1− χBni
)χF dx →

∫ 1

0

(1− g)χF dx,

and from this we see λ(F ) = 0. Hence, we have 0 ≤ g ≤ 1 a.e.

Let’s now prove theorem 1.

Proof.

(i) ⇒ (ii)
Let A = ∩iAni

have positive measure. By lemma 1, there exists a mea-
surable g with 0 ≤ g ≤ 1 a.e. and a subsequence of χAni

(which won’t be
renamed) such that χAni

⇀ g in L1. By standard arguments, it can be shown
that χAni

⇀ g in L1(A).
Since χAni

= 1 on A and 0 ≤ g ≤ 1 a.e., we see that∫
A

∣∣1− g
∣∣ dx =

∫
A

∣∣χAni
− g

∣∣ dx

=
∫

A

χAni
dx−

∫
A

g dx → 0 since χAni
⇀ g in L1(A).

Hence, g = 1 a.e. on A.
(ii) ⇒ (i)
Let χAni

⇀ g in L1 where g = 1 on A, and A has positive measure. Then
we have∫ 1

0

χAni
χA dx →

∫ 1

0

gχA dx or λ(Ani
∩A) → λ(A),

which implies the result.

Let’s now look at an example and see if it agrees with what theorem 1 says.
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Example 1. Let C ∈ (0, 1) and define

An :=
n−1⋃
k=0

[
k

n
,
k + C

n

]
.

Then λ(An) = C, and it is possible to show that

χAn ⇀ C in L1.

If we apply Theorem 1, we see that λ(A) = 0 where A :=
⋂

i Ani , and Ani is
any subsequence.

Let’s now manually check this. Fix x ∈ [0, 1), and let ε > 0, but with
x + ε ≤ 1. Then we have

λ (A ∩ [x, x + ε]) ≤ λ (Ani
∩ [x, x + ε])

=
∫ 1

0

χAni
χ[x,x+ε] dx →

∫ 1

0

Cχ[x,x+ε] dx = Cε.

Now divide by ε to get

λ (A ∩ [x, x + ε])
ε

≤ C.

So we see

lim sup
ε→0+

λ (A ∩ [x, x + ε])
ε

≤ C < 1

for all x ∈ [0, 1), and it follows from the Lebesgue Density Theorem that
λ(A) = 0.

References

[1] A. Bruckner, J. Bruckner, B. Thomson, Real Analysis, Prentice Hall, En-
glewood Cliffs, 1996.



224


