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AN EQUIVALENCE THEOREM FOR
INTEGRAL CONDITIONS RELATED TO
HARDY’S INEQUALITY

Abstract

Let 1 < p £ g < . Inspired by some recent results concerning
Hardy type inequalities we state and prove directly the equivalence of
four scales of integral conditions. By applying our result to the original
Hardy type inequality situation we obtain a new proof of a number
of characterizations of the Hardy inequality and obtain also some new
weight characterizations. As another application we prove some new
weight characterizations for embeddings between some Lorentz spaces.

1 Introduction

We consider the general one-dimensional Hardy inequality

(/Ob (/Om f(t) dt)qu(m) dx) v <C (/Ob 7 (2)o(2) da:) v (1.1)

with a fixed b, 0 < b < oo, for measurable functions f > 0, non-negative
weights u and v and for the parameters p, ¢ satisfying 1 < p < g < oo. The
inequality (1.1) is usually characterized by the (Muckenhoupt) condition

A1 = sup Ap(z) < o0, (1.2)
0<z<b
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where

b Va o 1/p’
Ap(z) = ( / u(t)dt) < /0 vlp’(t)dt) .

Here and in the sequel p’ = p/(p — 1). Further, let

b T
U(x) ::/ u(t) dt, and V(z) ::/O 0P () dt,

and assume that U(z) < oo, V(z) < oo for every = € (0,b). As was shown in
[3], the validity of Hardy’s inequality (1.1) for all functions f > 0 in fact can
be characterized e.g. by prescribing that any of the following expressions is
finite:

Ay = sup UY9(z)VV/¥ (),
0<z<d

sup ( /O uve) dt) e,

0<z<b

b 1/q
sup </ u(t)VQ(P—y»)/F(t) dt) V(T—l)/p(x),
T

0<z<b

Aps:

AW“%

forany 1 <r<p (1.3)

b 1/Pl
sup ( / vlp’(t)Up’(t)dt> U9 (2);

* .
PS -
0<x<b

1/p

Ay (r) := sup ( / vl—p’(t)UP’@’—T)/ff(t)dt) U014 (z)
0

0<z<b
forany 1 <r <q.

This paper is organized as follows. In Section 2 we prove an equivalence
theorem of independent interest (see Theorem 1). In Section 3 we use this
equivalence theorem to prove some scales of weight characterizations of the
Hardy inequality, which includes all results mentioned in (1.3) but also some
new weight characterizations (see e.g. Corollary 1). In Section 4 we use the
equivalence theorem to prove some weight characterizations for embeddings
between weighted Lorentz spaces, thus extending previous results of E. Sawyer
[7] and V. D. Stepanov [8] (see Theorems 4.1 and 4.2).

2 The Equivalence Theorem

Our main result in this Section is the following equivalence theorem.
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Theorem 1. For —o0 < a < b < 00, «, 8 and s positive numbers and f, g
measurable functions positive a.e. in (a,b), let

z) :/ FOdt, Gla) = /xg(t)dt (2.1)

Bi(z;a, ) := F* ()G’ (x),

and

b
Bz(w;aﬁ,S)r:( JOEF () dt) ¢

>ﬂ
st = ([o0w )
e)

Bu(w;c, 8, 5) : </f (1) dt

Bs(x; 0, B,5) := (/ gOFF ()dt> F= ().

S

=
"11

G S

The numbers By := sup Bi(z;a, () and B; = sup B;(z;a,0,s) (i = 2,3,4,5)
a<z<b a<z<b
are mutually equivalent. The constants in the equivalence relations can depend

on a, B and s.

Remark 1. The proof of Theorem 1 is carried out by deriving positive con-
stants ¢; and d; so that

C; sup Bz(.T,OQﬂ,S) S sup Bl($,057ﬂ) S dz sup Bi(x;aaﬂ78)7i:25374757
a<x<b a<z<b a<x<b

see (2.5), (2.6)-(2.12). This information is useful e.g. for obtaining good
estimates of the best constant in (1.1 ).

PRrOOF.
sup Bi(z;a, ) = sup Ba(x;a,f,s) @8]

a<z<b a<z<b

(i) Let s < 5. Then 5;5 > 0, and since G(z) is increasing, we have that for
t>«x

B—s

G () > G (). (2.2)
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Consequently,

b . @
Bs(x;a, 3, 8) = (/ ()G = () dt) G*(x)
’ (2.3)

b @ - o
z( f(t)dt) (GT(x)) G3(2) = F*(2)GP(z).

B—s

(ii) Let s > B and set W (x) := fj f(t)G?(t) dt; that is, —dW (z) = f(2)G = (z)dx.
Then

Fo(2)G%(x) ( / FOG= (G W= (W (1) dt)

ﬁﬂ b B—s “
sup G W (t)) %(x) (— [ <t>dW<t>>

sup G (1 a(t)) ! (;)aaﬁ(:p)w?a(x)

) (s e )W“(t))lf (s GS(sxc)vaa(t))g

r<t<b r<t<b

) sup Ba(z;a, B, ).

z<t<b

Consequently, for every s > 0 it follows from (2.3) and (2.4) that

sup Bi(z;a,0) < (max(l, ;))0‘ sup Ba(z;a,(,5). (2.5)

a<z<b a<z<b

Also for the proof of the opposite estimate we need to consider two cases.
(iil) Now, let s > /3. Then we have an inequality opposite to (2.2) and hence
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(iv) For s < 8 we have

B B=s

b s «
G (2)W(z) = G*(z) ( / fHG (1)F <t>F%<t>dt>

B—s

< < sup Gﬁas(t)Fﬁ(t)sz(:C) (/meg‘_l(t) (dF(t))>a

r<t<b
B—s o
7 (3 ae
= ( sup G*B(t)Fa(t)) () G*(z)F 7 (x)
T<t<b s
B—s o s
7 (3 B
< < sup G*B(t)Fa(t)) () < sup Gﬁ(x)Fa(a:)>
T<t<b 8 a<z<b
B\ ,
<= sup Bi(z;a, ).
S a<z<b
Consequently, for every s > 0 it follows that
sup Ba(z;a,8,5) < (max(1,5)> sup Bi(z;a,f). (2.6)
a<xz<b S a<xz<b
and (I) follows from (2.5) and (2.6).
sup Bl($§aaﬁ) ~ sup B3(x§04aﬁ75) (H)

a<z<b a<z<b

The proof of (II) follows the same idea as the proof of (I); we have only to
reverse the roles of F' and G. We get

B
sup Bi(7;a,8) < (max (1,£)> sup Bs(v;a, 3, ), (2.7)
a<x<b @ a<x<b
and
a\\ B
sup Bs(z;a,8,s) < (max (1, —)) sup Bji(z;a,f). (2.8)
a<z<b S a<z<b
sup Bl(x;a7ﬁ) ~ sup B4($;Oé,ﬂ78) (III)
a<x<b a<x<b

If we set W(z) = [ f(£)G""(t)dt so that Bu(z;a,8,s) = G~ (x)W"(x),
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and use the fact that g(t) dt = dG(t) and integration by parts, we obtain

() dt>

=G (2) < ’ G (t)dW(t))

Bts
a

b
Bi(z;a, ) = G7(x) < fFOG = (1)

< GP(x) sup G5 ()W (1) (G—‘Z(b) L oxs /bG—i—l(t)dG(t)

r<t<b

fSGB@ﬂSW)BMtaM18)<G_§@)+X3+S(G_Sﬂﬂ-—G_E@D)a

a<t<b
-2 () |

sup By(t,a, 3, )

a<t<b
< (1 + 8) sup By(t, a, 8, s).
a<t<b
Thus,
wp&mmm<0+ﬂ sup Ba(w,a,,5). (2.9)
a<z<b ﬂ a<z<b
To prove the opposite inequality, we assume that sup B (z;«, ) < co. Then,
a<x<b
by using the fact that f(¢)dt = —dF(t) and integration by parts,we obtain
Bts “
Ba(e, . ,5) = /G UQ

G =

ﬂ‘%S Bts @
" /GF(t)Gu 1g(t)dt>

il
G
(ai‘iExGﬂ >) (5 [ o o)
)
)

IN

IN

sup GI(OF (G () (26% ()"

a<t<b

B

+

S

sup Bi(z;a,f).
a<z<b

V)

e
<
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Hence we have

wp pii0 20 (1+2) e e

a<x<b S a<x<b

Now (III) follows by combining (2.9) and (2.10).

sup Bi(zic, B) ~ sup Bs(w;a, ,s) (1v)
a<z<b a<z<b

The proof of (IV) follows the same ideas as the proof of (III); we have only to
reverse the roles of F' and G. We have

B
sup Bi(z;a, ) < (1 + i) sup Bs(z;a, 3, 5), (2.11)
a<x<b @ a<x<b

and

o\ B
sup Bs(z;a, 3,5) < (1 + *) sup Bi(z;a, 3). (2.12)
a<z<b §/7  a<z<b

O

3 Scales of Weight Characterizations of Hardy’s Inequal-
ity
The main result in this Section is the following four scales weight characteri-

zation of Hardy’s inequality:

Theorem 2. Let 1 <p<g< o ,0< s < oo, and define

b . 1/‘1
Ai(s) == sup < / u(t)Vq(p’S)(t)dt> Ve (),
0<z<b T
x . 1/q
Ay(s) = sup ( / u(t)Vq(P’Jrs)(t)dt) Vo (),
0<x<b 0
x / /1 l/p/ (31)
As(s) :== sup (/ v (HUP (qs)(t)dt) U*(z),
0<z<b 0
b 1/1)/
Ay(s) == sup </ vlp/(t)Up(é"'s)(t)dt) U™ %(x).
0<z<b T

Then the Hardy inequality (1.1) holds for all measurable functions f > 0 if and
only if any of the quantities A;(s) is finite. Moreover, for the best constant C
in (1.1) we have C = A;(s), 1 =1,2,3,4.
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Remark 2. The conditions in (1.3) can be described in the following way.

1
AM=A1(27),
Aps = As(*)
PS 2 D )
r—1 .
Aw(r) = Ay ( ) with 1 <7 < p,
N 1
Aps = Au(),
q
* r—1 . /
Ajy(r) = Az(——) with 1 <r < ¢’

Hence, Theorem 2 generalizes the corresponding result in [3] and also all pre-
vious results of this type.

PROOF. In (2.1) we put a = 0, f(z) = u(z), g(x) = v' 77 (), so that F(z) =
U(z), G(z) = V(z), and choose o« = %,,6 = z%' Then the assertion follows
from the fact that

11
Aq(s) = sup Ba(x;—,—,s),
1() a<z<b 2( q p )
As(s) By(i %, —,5)
§) = Ssup 4\X; —, —,5),

2 a<z<b q
Aq(s) By(; =, —,5)
s) = sup =, —,S8),

° a<z<b ? q p
Aq(s) By(ai ~, . 5)
4(S) = sup 5\ — —,5),

a<z<b qp

are all equivalent to Ay from (1.2) according to Theorem 1 and the finiteness of
A; is necessary and sufficient for the inequality (1.1 ) to hold. Moreover, since
for the least constant C' in (1.1) we have C' = A; it is clear that C' = A;(s)
and the proof is complete. O

The proof of Theorem 1 (c.f. Remark 1) gives us also the possibility to
estimate e.g. the quantities A, Aw (1), A}, (1), Aps and A}g, in terms of
each other. For example by applying (2.9) and (2.10) we have

1/q
1
Ay (p’) < Aps < p'/14;. (3.2)
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If we take power weights; that is, if u(z) = 2%, v(z) = 27, with 3 < p -1
and o > 3 (% — % — 1) we simply get Apg = (p — 1)*/9A;. The equivalence

1/q
constants (5) and p/9 in (3.2) can be compared with the equivalence con-

stants i and ¢'/7 obtained by G. Bennett [1] for the corresponding estimate
(3.2) in the discrete case. Thus the continuous estimate is sharper.

Remark 3. For the condition A;(r) we have by (2.5) and (2.6) that if 1 <
r < p, then

_ 1/q
Ay < Ai(r) < (p 1) Ay,
T

This is the same estimate as J. Maly and L. Pick recently communicated to

us. A direct calculation in the power weight case gives equality in the upper
estimate. On the other hand, if » > p, then we have

1/q
-1
A (f_ 1) < Ai(r) < A

By using the arguments above we can obtain new proofs and extensions
of some Hardy type inequalities in the literature. As one example we state
the following extension of a result of L. E. Persson and V. D. Stepanov [6,
Theorem 1].

Corollary 1. Let 1 < p < g < oo and s € (0,1/p]. Then the inequality (1.1)
holds for all measurable f > 0 if and only if As(s) < co, where As(s) is defined
in (3.1). Moreover, if C is the best constant in (1.1), then

As(s)(ps)/7 < C < p As(s).
Remark 4. We note that A3(1/p) = Aps (cf. Remark 2) and we conclude

that Corollary 1 is a genuine generalization of [6, Theorem 1] (see also [3, p.
14]).

4 Some Embedding Results for Lorentz Spaces

Let f*(t) denote the decreasing rearrangement of f and f**(z) = fox f*(y)dy.

Tz

For 0 < p < oo and v a weight function we consider the classical Lorentz spaces

AP(v) = {f eR: (/OOO (f*(z))pv(x)dx>1/p < oo},
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and

I?(v) := {f eR: (/000 (f(x))pv(x) dx) v < oo}.

i) The case AP(v) — A%(w).
Let 0 < p < ¢ < co. Then it is well-known that the inequality

([ @y da:)l/q <o [T werw m)”” )

holds if and only if

™
|
)
o
pS
<
—
S—
|
S =
~
—s
g
—
oy
S—
Q.
<~o~
SN———
Q=
—
N
2

where

For a proof see e.g. [7] or [8]. We have the following more general result.

Theorem 3. Let 0 < p < ¢ < oo and assume that (4.83) holds. Then the
inequality (4.1) holds for all measurable f > 0 if and only if one of the following
quantities is finite with 0 < s < 00:

assa( [ o) ([ o)

P (L+s) v, s

( y) vp’<t>v<t>dt> ([ wtar)

—bup< y s ()dt)l/qu(l‘p’)(a:),
([

= sup
x>0

x>0
_a(p's+1) S+1)

= sup
x>0

/a
(t )dt) 1 V@D ().
(4.4)

Moreover, for the best constant C in (4.1) we have C =~ A;(s), 1 =1,2,3,4.
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PROOF. If we apply Theorem 1 with a = 0, b = oo , f(z) = V7 (z)v(x),

g(x) = w(z) and choose o = i,ﬁ = %, then we obtain that
Ay(s) = supBa(x; ~, =, 5)
s) = supBsy(x; —, -, s),
! w0 g
As(s) = supBi (x5, =, 5)
2(8) = supby(x; —, —,S),
2>0 P g
Ay(s) = supBa(xs ~, =, 5)
§) = sup Ti—5—53)
° w0 g
Au(s) = supBs (x5 ~, =, 5)
4(8) = supBs(x; —, -, 5).
>0 Pq

The first assertion follows from the fact that, according to Theorem 1, the

finiteness of each quantity A;(s) is equivalent to A = supBj(z; i, %) < oo
>0

(see (4.2)) and, this condition in its turn is equivalent to (4.1). Moreover, the

final equivalence statement follows from the well-known fact that C' =~ A and

Remark 1. O

Remark 5. Note that the condition (4.2) is just a special case of the condition

A3(s) < oo since As(p) = A.

ii) The case AP(v) — I'Y(w).
In [7] it is proved that for the case 1 < p < ¢ < o0

(/OOO (f* (@) w(x) dx)l/q <C (/Om () () dw>1/p (4.5)

holds if and only if (4.2) holds and

Q=
|~

B :=sup /w(t)t_q dx /tpr_p/ (t)v(t)dt < o0 (4.6)
>0
x 0

We have the following more general statement.
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Theorem 4. Let 1 < p < g < 00, and for 0 < s < oo set,
oo t ) q(1—sp’)/p’ a
Bi(s) :=sup (/ w(t)t™? (/ y? V7P (y)u(y) dy) dt) X
>0 x 0

a(1+sp) q
7

(/0 St ( /Otyp’vp’(y)v(y)dy> T

7 (1—sq) 1/17/

Bs(s) := sup (/0I 'y (t)v(t)) /w(y)y‘q dy dx X

(4.7)
Then the inequality (4.5) holds for all measurable f > 0 if and only if one
of the points {Ai(s),B;(s)}, 1, j = 1,2,3,4 with A;(s) from (4.4) is finite.

Moreover, for the best possible constant C in (4.5) we have

C ~ max(min A;(s), B,(s)), i, j = 1,2,3,4.

PROOF. We have already in Theorem 3 proved that (4.2) is equivalent to that
one of the quantities in (4.4) is finite. Now, in (2.1) let @ = 0, b = oo ,
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f(@) = w(x)z™, g(z) = 27’V (z)v(z) and choose o = %,ﬁ = 5. We have

11
Bi(s) =supBa(zx; —, —, s),
1(s) x>18 2( q v )
Ba(s) = supBa(w; =, —, 5)
S§) = sup Ty —5—5,5),

2 x>0 : qp/
Ba(s) = supBs(z; =, —, s)
3(s) =su =, —,8),

? a:>18 R
Ba(s) = supBs(; =, —, 5)
§) =sup T;—,—,8).

* x>0 ° qp/

The first assertion follows from [7] or [8] and Theorem 3, and the fact that the
finiteness of any of the quantities in (4.7) are equivalent to (4.6) by Theorem 1
since A; = su[())Bl(a:, %, ﬁ) The final statement follows analogously as before.
x>
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