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WEIGHTED SOLYANIK ESTIMATES FOR
THE STRONG MAXIMAL FUNCTION

PAUL HAGELSTEIN AND IOANNIS PARISSIS

Abstract: Let Mg denote the strong maximal operator on R™ and let w be a non-

negative, locally integrable function. For a € (0,1) we define the weighted Tauberian
constant Cs ,, associated with Mg by

1
Cswl@)i= s ——w({z €R" : Ms(1p)(x) > a}).
ECR™ w(kE)
O<w(E)<4oco
We show that lim,_,;- Cs ,,(a) = 1 if and only if w € A%, that is if and only if w
is a strong Muckenhoupt weight. This is quantified by the estimate Cs ,(a) — 1 Sn

-1
1- a)(cn[w]“éc) as o — 17, where ¢ > 0 is a numerical constant independent

of n; this estimate is sharp in the sense that the exponent 1/(cn[w]asz ) can not
be improved in terms of [w]ax . As corollaries, we obtain a sharp reverse Holder
inequality for strong Muckenhoupt weights in R™ as well as a quantitative imbedding
of A%, into Ay. We also consider the strong maximal operator on R™ associated
with the weight w and denoted by M. In this case the corresponding Tauberian
constant C¢’ is defined by

@)= sup %w({x ERY MY (1p)(x) > a}).

ECR w(E)
0<w(E)<+oco

We show that there exists some constant cy,n > 0 depending only on w and the
dimension n such that C¢(a) — 1 Sw,n (1 — @)™ as a — 1~ whenever w € A%, is
a strong Muckenhoupt weight.
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1. Introduction

We are interested in asymptotic estimates for the distribution func-
tions of maximal functions and allied issues. We work in the multipa-
rameter setting so that our main operator is the strong mazimal operator

Ms f(z) := sup i/ If(y)ldy, =eR",
TER |R‘ R
where the supremum is taken over all rectangular parallelepipeds R C R"
with sides parallel to the coordinate axes. This operator is in many senses
a prototype for multiparameter harmonic analysis as it is a geometric
maximal operator that commutes with the full n-parameter group of
dilations (x1,Z9,...,&,) — (6121,0222,...,0,2y). Unlike the Hardy—
Littlewood maximal operator, the strong maximal operator is not of
weak type (1,1). It does however satisfy a weak distributional estimate

of the form
{zeR" : Msf(x)>/\}|,§n/ @ <1+(1og+|f(;))”l) de, A>0;

Rn

here log™ ¢ := max(logt,0). This endpoint distributional inequality es-
sentially goes back to Jessen, Marcinkiewicz, and Zygmund, [22], and it
allows us to show that the collection of all rectangles in R™ with sides
parallel to the coordinate axes differentiates functions that are locally
in L(log L)"~!(R™). See also [3] for a geometric proof of the same result.

In this paper we take up the study of weighted analogues of Solyanik
estimates for the Tauberian constants associated with the basis of axes
parallel rectangles. Recall that, in the unweighted case, the Tauberian
constant associated with Mg is defined by

1
Cs(a) = Esuﬂgw EH% ER"” : Ms(1g)(z) > a}|, a€(0,1).
cR™
0<|E|<+00

(The term “Tauberian constant” in this context is now conventional, hav-
ing been used in the context of maximal operators since the paper [4] of
A. Cérdoba and R. Fefferman. More information regarding this terminol-
ogy may be found in the introduction of the paper [16] of the authors.)
Solyanik showed in [34] that Cs(c) —1 =, (1—a)# as & — 1~ and thus
we refer to such an asymptotic estimate as a Solyanik estimate. Solyanik
also showed in [34] an identical estimate for the Hardy—Littlewood max-
imal operator defined with respect to cubes with sides parallel to the
coordinate axes while in [15] a similar estimate is proved for the Hardy—
Littlewood maximal operator defined with respect to Euclidean balls.



WEIGHTED SOLYANIK ESTIMATES 135

We recall here that for o € (1,00) the function ¢s(a) = Cs(1/)
is the so-called halo function of the basis of rectangular parallelepipeds
in R™ with sides parallel to the coordinate axes; by convention we define
¢s(a) == a for a € [0,1]. More generally, given any collection B consist-
ing of bounded open sets in R™ one can define the halo function ¢ with
respect to the geometric maximal operator Mg defined by

Msf ()= swp = [ 17@ldy, =< | B

reBeB |B| B BeB
and Mg f(z) := 0 otherwise. This definition of ¢z is related to the halo
conjecture which claims that the differentiation basis B should differen-
tiate functions f for which ¢g(f) € Ll .; see for example [13] for an
extensive discussion related to the halo problem. Some partial results
towards this direction are contained in [13, 17, 18, 33, 35]. Our origi-
nal goal when studying the Tauberian constants of differentiation bases
was to enrich the limited information we have for the corresponding halo
functions and, in particular, to provide some continuity and regularity
estimates.

The endpoint continuity question as a — 1~ seems however to relate
to a variety of different questions in analysis. For example, we will see
in the current paper that Solyanik estimates also find very concrete ap-
plications in the theory of weighted norm inequalities. Indeed, the most
important example is Theorem 1.3 which shows that weighted Solyanik
estimates give an alternative characterization of the class of multiparam-
eter Muckenhoupt weights A% . In a similar note, one can show quanti-
tatively sharp reverse Holder inequalities for A% weights assuming some
weighted Solyanik estimate and quantitative embeddings of the class of
multiparameter Muckenhoupt weights A% into A7. On the other hand,
Solyanik estimates, in the unweighted or weighted setting, are intimately
related to covering properties of the collections of sets used to define Mg,
and thus also Cp. This is especially relevant when one wants to quantify
covering arguments of Cérdoba—Fefferman type, as in [3]. See §5 for a
detailed discussion of these applications of weighted Solyanik estimates.

Recently, Michael Lacey brought to our attention that Solyanik esti-
mates have been implicitly used in a number of papers in multiparameter
harmonic analysis; for example, in [2], Solyanik estimates for the basis of
rectangles are used in order to provide versions of Journé’s Lemma with
small enlargement. Furthermore, in [9, 26], Solyanik estimates play a
role in results providing a characterization of the product BMO space of
Chang and Fefferman, in terms of commutators. See also [5] for more
general results of this type. From recent developments it has become
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apparent that Solyanik estimates and weighted Solyanik estimates will
have a role to play, especially towards the direction of providing quanti-
tative covering arguments in the multiparameter setting, where the one
parameter covering arguments of Vitali or Besicovitch type fail.

Very relevant to the theme of this paper are the weighted Solyanik esti-
mates and the Solyanik estimates with respect to weights, studied in [16]
for the case of one-parameter operators. The main purpose of this pa-
per is to prove Solyanik estimates under the presence of weights for the
strong maximal operator. In order to explain the terminology, a weighted
Solyanik estimate vaguely corresponds to the bound Mg: LP(w) — LP(w)
where the Lebesgue measure in the ambient space is replaced by w but
the maximal operator is still defined with respect to the Lebesgue mea-
sure. On the other hand, a Solyanik estimate with respect to a weight
corresponds to a bound M¢': LP(w) — LP(w) where the Lebesgue mea-
sure is replaced by w both in the ambient space as well as in the definition
of the maximal operator.

In this paper we shall see that Solyanik estimates also find very con-
crete applications in the theory of weighted norm inequalities. In partic-
ular we discuss in §5 a series of corollaries of weighted multiparameter
Solyanik estimates that exhibit an intimate connection to reverse Holder
inequalities, weighted covering lemmas for rectangles in R”, as well as
quantitative embeddings of the class of multiparameter Muckenhoupt
weights A% into Aj.

Weighted multiparameter Solyanik estimates. In the study of
Solyanik estimates in [16] the class of Muckenhoupt weights A, comes
up naturally as a certain weighted Solyanik estimate for the Hardy—
Littlewood maximal operator is shown to actually characterize the
class As.. It is thus no surprise that the class of strong Muckenhoupt
weights A is central in the current paper. Our approach heavily de-
pends on one-dimensional notions so we immediately recall the definition
of A, weights on the real line.

Definition 1.1. We say that a non-negative, locally integrable func-
tion w in R, that is, a weight, belongs to the Muckenhoupt class A, on
the real line, 1 < p < 400, if

[wa, = sup (fﬂ/w(y) dy) (uﬂ/Bw(y)Pll dy)p_1 < +o0,

where the supremum is taken over all bounded intervals I C R. The
class A; is defined to be the set of weights w on the real line such that

[w]a, = sup <|}| /Iw(y) dy) esslsup(w’l) < +oo0.
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Also, we define the class Ao, to be the set of weights w such that

1
[w]a,, = Sl}pw(I)/IMl(wll) < +o0.

Some remarks are in order. Firstly, the class A, can be also de-
scribed as Ao = Up>14,, while many equivalent definitions exist in the
literature; see [7]. Definition 1.1 for p = co goes back to Fujii [10] and
Wilson [37, 38]. Recently several papers used the Fujii-Wilson constant
above in order to provide sharp quantitative weighted bounds for max-
imal functions and singular integrals; see for example [20, 21, 28]. We
also recall that the class of Muckenhoupt weights A, characterizes the
boundedness property M;: LP(R,w) — LP(R,w) for p € (1,00) where
M7 denotes the non-centered Hardy—Littlewood maximal operator on R.

These definitions extend in higher dimensions in different ways. If
we replace intervals by cubes in R™ with sides parallel to the coordi-
nate axes we get the one-parameter Muckenhoupt classes in R™ which
are still denoted by A,. The classes A, characterize the boundedness
of the n-dimensional Hardy—Littlewood maximal operator on LP(R™, w).
However, if we replace the intervals in Definition 1.1 by rectangular par-
allelepipeds in R™ with sides parallel to the coordinate axes, the result-
ing classes define the strong or multiparameter Muckenhoupt weights,
denoted by A7. The class of strong Muckenhoupt weights characterizes
the boundedness property Ms: LP(R™ w) — LP(R™ w) for p € (1,00)
and thus is very relevant to the content of this paper. See for exam-
ple [11] for a more detailed discussion on these issues.

Here we adopt a one-dimensional point of view on strong Mucken-
houpt weights and their corresponding constants. For z= (x1,...,2,) €
R™ let us define the (n— 1)-dimensional vector 7 := (x1,...,2;j_1,Zj+1,
..., x,) € R" 1. We then consider the one-dimensional weight

w‘/i](t) = w(xl,...7l‘j_17t,$j+1,...7In), t e R.
It is well known that w € Aj if and only if wz; € A, on the real line,
uniformly for a.e. 27 € R"~1; see [11] or [1, Lemma 1.2]. This motivates

the following definition.

Definition 1.2. Let w € A} be a strong Muckenhoupt weight in R"
and let 1 < p < co. We define
[w]as = sup esssupg;cpn—1[Wzsila,.
1<j<n
The discussion above is then translated to the statement that for
p € [1,00] we have that w € A} < [w]as < +00. We will overview the
basic properties of strong Muckenhoupt weights in more detail in §2.
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Under the presence of a weight in the ambient space, the natural
definition for the Tauberian constant becomes

1
Cs () = Esélﬂlg)n mw({x € R": Ms(1g)(z) > a}).
0<w(E)<+oo

Our first main theorem gives a new characterization of the class A% in
terms of weighted Solyanik estimates for Mg.

Theorem 1.3. Let w be a non-negative, locally integrable function in R™.
If we A% we have

Csw(e) =1 5n (1 a)(cn[w]“?’o)_l forall 1>a>1- e*C”[“’]Aéo,

where ¢ > 0 is a numerical constant independent of n. Furthermore this
estimate is sharp in the following sense: if there exist B, > 1 and~y >0
such that Cs () —1 < B(1 —a)% foralll>a>1—e 7 thenw € A%
and [w]a-. < B(1 + max(y/B,In B)).

It is well known that A%  weights satisfy reverse Holder inequalities.
Sharp quantitative versions of these inequalities are contained in several
places in the literature as for example in [20, 21] and [24] for the one-
parameter case, and in [23, 30] for the multiparameter case. In one
dimension even more precise results are known which also describe the
optimal numerical constants involved in the estimates; see for example [6]
and [36]. As a corollary of Theorem 1.3 we obtain a reverse Holder
inequality for strong Muckenhoupt weights.

Theorem 1.4. Let w € A}, be a strong Muckenhoupt weight on R"™
and define [w]a=_ as above. There exists a numerical constant ¢ > 0
independent of n such that

<]1%| /Rwr> 7 o (1= (r— 1)((:711[11)]A:o — 1)~ ﬁ /Rw’

1
fOT(lllT<1+W.

Hoélder inequality is optimal up to dimensional constants: if a weight w

satisfies
7o) <o
— w < B— w,
(IR R 1R| Jr

for all rectangular parallelepipeds R, then w € A%, and [w]a- S /(1 +
In B).

Furthermore, the exponent in the reverse
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It is of some importance to note that the reverse Holder inequality
above holds with an exponent defined with respect to the A% -constant
from Definition 1.2, which is essentially one-dimensional. This results
to a wider range for the exponent in the reverse Holder inequalities
for multiparameter weights, compared to the ones that were known or
implicit in the literature; indeed, these involve the A7*°-constants which
are defined with respect to rectangles and are in general larger than the
Az-constants we use here; see §5.1.

We remark that nonequivalent counterparts to Theorem 1.4 exist in
the literature; we particularly mention the book by Korenovskii [25] and
the work of his students Leonchik and Malaksiano [27, 31] in this regard.
We wish to thank a referee for pointing out these references to us.

Multiparameter Solyanik estimates with respect to weights. A
parallel investigation concerns the weighted strong maximal operator
defined for a non-negative locally integrable function w on R" as

(@) = sup ﬁ /R F@)lw(y)dy, = eR™.

Of course the same definition makes perfect sense for essentially any
locally finite Borel measure p in place of w. However, our understanding
of multiparameter maximal operators defined with respect to measures
is rather rudimentary and the case du(x) = w(z) dx for w € A% is one
of the few examples where we have a more or less complete picture of the
available bounds. For example it is known that if w € A% then M¢ is
bounded on LP(w) for p € (1,00); see for example [8]. Surprisingly, the
question whether this basic mapping property persists for the case of
product doubling measures remains open. See however [14] for a related
discussion and a characterization of this property in terms of Tauberian
conditions.

For a non-negative, locally integrable function w on R™ we define the
Tauberian constant corresponding to Mg as

1
Ce(a) = Esélﬂgn @w({m eER": M¢(1g)(z) > a}).
0<w(E)<+oo

The second main result of this paper is a Solyanik estimate for C¢ in

the case that w € A% .

Theorem 1.5. Let w € A% be a strong Muckenhoupt weight. There exists
a constant ¢, >0 depending only upon w and the dimension such that

Cg'(a) =1 Sw,n (1 —a)swn

as o — 17,
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Notation. We use the letters C,c¢ > 0 to denote numerical constants
that can change even in the same line of text. A dependence of some
constant ¢ on some parameter 7 is indicated by writing c¢,. We write
A < B whenever A < c¢B and A <~ B whenever A < B and B < A. We
denote dependencies on parameters by writing, for example, A <, B.
A weight w is a non- negative locally integrable function and we use the
notation w( = [Lw 5 w(x) dr for measurable sets £ C R™. Finally we
use the letters R S to denote rectangular parallelepipeds in R™, which
we will frequently colloquially refer to as rectangles, whose sides are
parallel to the coordinate axes. In the one-dimensional case, bounded
subintervals of the real line are denoted by I.

2. Preliminaries; some properties of A% weights

The literature concerning one-parameter Muckenhoupt weights is ex-
tremely rich and refined, providing very sharp estimates and alternative
proofs for all the properties of interest. In the multiparameter case
the literature is quite limited. In many cases, the properties of one-
parameter weights extend without difficulty to the multiparameter case.
See for example [11] where most of these classical properties of strong
Muckenhoupt weights are described. Some attention should be given
however when transferring properties from the one-parameter case to
the multiparameter case, especially when the endpoint bounds for the
corresponding maximal operators are involved. In this section we gather
the properties of strong Muckenhoupt weights that we need in the rest
of the paper and briefly review their proofs in the multiparameter case.

Concerning the gauges used for strong Muckenhoupt weights, it is
quite common in the literature to define Aj-constants with respect to
rectangles by

o= G o) G o)

with the supremum taken over all rectangular parallelepipeds in R™ with
sides parallel to the coordinate axes. In fact, there are not so many, if
any, quantitative weighted bounds for multiparameter weights in the
literature; see however [30] and the references therein. The following
simple lemma gives the equivalence of the definition of A7 in terms of
the constants [w]a+ and [w]arec. Note however the qualitative flavor of
the statement of the lemma in one of the two directions.
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Lemma 2.1. Let w be a non-negative, locally integrable function in R™
andlet1 <p < oo. Thenw € Ay if and only if [w]ax < +o0 if and only if
[w]aree < +00. Furthermore, for all p € [1,00) we have [w]ax < [w]azee.

This lemma is classical and the proof can be found for example in [11].
The inequality relating the two constants above is a simple consequence
of the Lebesgue differentiation theorem. Observe that in dimension
one there is no distinction between one-parameter and multiparame-
ter weights so we will just use the notation [w]4, for one-dimensional
weights.

Observe that in the lemma above, equality may occur in [w] Ax <
[w]azee as for example in the case w(x) = v(z1), where v is a one-
dimensional weight. However, [w]4x can be a lot smaller than [w] sz as
for example in the case w(z) = v(z1) - - - v(x,) with v as above. Indeed,
in this case we have [w]as = [v]a, while [w]azee = [V]} > [w]a,.

We now recall one of the most important properties of Muckenhoupt
weights, the fact that they satisfy a reverse Holder inequality, together
with an alternative characterization of A% . We state here a quantitative
one-dimensional version which is tailored to the needs of this paper.

Lemma 2.2. Let w be a non-negative, locally integrable function on the
real line.

(i) If w € Ao then for all intervals I CR and all 0 < € < (4[w]a,, —
1)1 we have the reverse Hélder inequality

w2 (o)

Furthermore, for all intervals I C R and all measurable E C I we

have
4]
w(E) <9 <E|>( [wace)™
w(I) =\ [
(ii) Conwersely, if there exist constants B, 8 > 1 such that for all in-
tervals I C R and all measurable E C I we have

1
B
uE) (1)
w(I) ]
then w satisfies the reverse Holder inequality
k) <5 (55) )
— | w <B7 |——| — | w,
<|f I pr—r) lJ;

for all intervals I C R, whenever r < '; here 1/8+ 1/p" = 1.
Furthermore w € Asy and [w]a,, < B(1+1nB).
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Proof: The reverse Holder inequality of (i) is the one-dimensional case
of [21, Theorem 2.3]. The second statement in (i) follows immediately
by a simple application of Hélder’s inequality and the reverse Holder
inequality. For (ii) let us fix an interval I. In order to prove the reverse
Holder inequality in the statement of the lemma we can assume that
w(I)/|I| = 1. Defining Ey == {z € I : w > A} we then have

|Exl _ Tw(Ey) _ B (|Ex|
1 =3 ) = (1) ’

where the first inequality is trivial and the second inequality following
by the hypothesis of (ii). Thus for A > 0 we get the estimate

[BAl EB.
] =\ A

Using the hypothesis of (ii) the previous inequality implies
w(E)\)
w(I)

Now for 1 <r <14 /8 = we can estimate

, BB(r—1-8'/8) g -1
< BAtr=1) 4 (r—1)BY ———— =B
ERERITESY g
which is the desired reverse Holder inequality. In order to see the esti-
mate for [w]a_, we utilize the LP bounds of the Hardy-Littlewood max-
imal operator M; on the real line. As in the proof of [20, Theorem 2.3]
we have for every interval I C R that

TALED (I/(Ml(wl’))jl s (ulm/ )
o (52

Taking the supremum over all intervals I and using the Fujii-Wilson
definition of [w]a__ we get

< B\ F

(2.3) wla. < inf /BY (g_l)
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If 8 > 2 then consider ro :== 1+ 5'/(28(1 + In B)). Obviously 1 < ry <
1+ 3’/ =B and we can estimate

o 7£’ -1 %<
ro~pB(1+InB) and BTo s <1

By (2.3) this gives the claim for § > 2. If 8 € [1,2] then the hypothesis

is always true for 8 = 2 so the previous argument gives

[wla, S(14+WnB)SB(1+1nB),

oo Y

and we are done. O

We close this section with a technical lemma which will be useful in
a number of occasions when one assumes, or manages to prove, some
Solyanik estimate for Cs . In particular, we will use this lemma when
showing the optimality of Theorem 1.3 as well as in the proof of Theo-
rem 1.4.

Lemma 2.4. Let w be a weight in R™ and assume that there exist con-
stants B, > 1 and v > 0 such that

Csw(a) =1 < B(1 —a)flf forall 1>a>1—-e"7.

Then the following hold:

(i) For all rectangular parallelepipeds R C R™ whose sides are parallel
to the axes and all measurable sets E C R we have

ngg < max(B,e?) (E') ’ .

(ii) For all rectangular parallelepipeds R C R™ whose sides are parallel
to the azes we have the reverse Holder inequality

1 G .~ 3’—1)i 1 /
— [ w" ] <max(B,e?)7 [——| — [ w,
<R|/R ) = masx{ ) (5’7" |R| Jr

foralll<r<p'.
(iii) We have that w € A%, and [w]a- < B(1+4 max(y/B,In B)).
Proof: For (i), let a € (0,1) with @ > 1—e~7 and consider a rectangular

parallelepiped R C R™ with sides parallel to the coordinate axes and a
measurable set S C R. If |S|/|R| > a then R C {z € R™ : Ms(1g)(z) >
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a}. Thus w(R) < Cs(a)w(S) and calling E = R\ S we have

Csw(a)—l 1
wl) < ———w(R) < B(l—-a)sw(R
(E) < Cou(a) (R) < B(1—-a)7w(R)
whenever |LR3|<1—0¢7 a>1—e7,

by the hypothesis and the fact that we always have Cs ,,(a) > 1. Letting
a — 1—|E|/|R| we get

1
E E|\? E
m <B <|> whenever u <e 7.

w(R) —  \|R] |R|
If |[E|/|R| > e~7 we trivially have
1
. 5
wE) _ 3 (|E|) .
w(R) |R|

Thus for every rectangular parallelepiped R and measurable £ C R we
can conclude
w(FE

<B(E) vt B max(e)
— T W1 = max €
w® = " \[R o

as we wanted.

The proof of (ii) is identical to the proof of the reverse Hélder inequal-
ity in (ii) of Lemma 2.2.

For (iii) we begin by fixing some j € {1,...,n}. For a.e. 7/ € R"71,
the estimate in (i) and the Lebesgue differentiation theorem implies that
for all intervals I C R and all measurable sets E C I we have

wi (E) ) ( |E| ) B

wg; (1) 1] .
By (ii) of Lemma 2.2 this implies that for a.e. z7 € R"~! we have wy; €
Aso and [wzila,, < B(1 + max(y/B,1n B). Since the previous estimate
is uniform in j € {1,...,n} and a.e. z7 € R""! it follows that [w]a: <
B(1 4+ max(y/S,1n B) as we wanted. O

w2

< max(B,e

3. One-dimensional results

A typical technique of proof in multiparameter harmonic analysis is
based on induction or reduction of parameters. The base step of the
induction is the one-parameter case which is naturally, but not neces-
sarily, identified with the one-dimensional case. Thus we gather here all
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the weighted one-dimensional results which will be used in the inductive
proofs in the rest of the paper. The unweighted versions of these results
are contained in [34]. Here we adopt a slight variation introduced in [15]
which is more suitable for our purposes.

3.1. Weighted one-dimensional Solyanik estimates. Remember
that the one-dimensional Hardy—Littlewood maximal operator is defined
by
1
M f(e) = sup - [ 1f@)ldy. o e R
zel ‘I‘ I

where the supremum is taken over all intervals I C R with I 5 z. The
corresponding Tauberian constant with respect to a weight w is defined
for o € (0,1) as

Culo)i= sup ﬁw({x ER: M (15)(x) > a}).
0<w(E)<+o0

The following lemma is the weighted version of a completely analogous
lemma from [15].

Lemma 3.1. Let w € Ay be a Muckenhoupt weight on the real line
and let E C R be a measurable set with 0 < |E| < 4+o00. Then for all
0<y<a<lwithl—a<4 s (1 —5) we have

-1

w{z e R: Mi(1g+71g) > a}) < (1 - 4(1_?;)(4[10},400)1) w(B).

Proof: For convenience we set fg~ = 1g + ylgc and first prove the
case v > 0. There exists a countable collection of intervals {I;}; such
that Eq 5 == {z € R: My(1gy + 1g)(z) > a} C U;I; and

o
- fEa'Y > .
;] /1,

Fixing some compact K C E,., we have that K C; U;I; for a fi-
nite collection {I;}; C {I;};. Furthermore, there exists a subcollec-
tion {I;, }x C {I;}; such that Ugl; = U;I; and } 1y, < 2; see for
example [12, p. 24] for more details on this classical covering argument.
Observe that for each k we then have

1 a—

) Mk
Jel J I
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and so |I;, N E°|/|L;,| < (1 —a)/(1—r). Using (i) of Lemma 2.2 for w
we get that

’LU(Ijk mEc) < (1 —O¢>(4[/U)]A°°)
w(Ijk) - 1—7
We thus have

()2 (29) " S

J
(Awlas) !
1 _ oo
o (122) (),
k

-1

w(K) < (1 - 4(1:3)(4[1‘)”*)_1) w(E).

This easily implies the desired estimate for v > 0.
Now for a > 1 — 4=*"]4s we have for sufficiently small § > 0
-1

w({z € R: My(1p)(2) > a}) < (1 _ 4(1‘_?5‘)(4[1“]“*)_1) w(E).

Letting § — 07 we get the claim for v = 0 as well. O

and accordingly

3.2. One-dimensional Solyanik estimates with respect to Borel
measures. In this section we consider the weighted maximal operator
in one dimension

MY f(2) —blépﬂ /If Ndu(y), z€eR,

where the supremum is taken with respect to all intervals I > z. The
Tauberian constant associated with M/’ is then defined as

Cl(a) == sup —Eu({w eR:M(1g)(z) > a}).
ECR WE)
0<pu(E)<+oo
In this case the corresponding Solyanik estimates are very simple to
prove.

Lemma 3.2. Let p be a non-negative, locally finite Borel measure on
the real line. Then there exists a numerical constant ¢ > 0 such that for
all 0 < v < a<1 we have

p{z e R: M (1g +v1gc)(z) > a}) < (1 +2<;ij)> w(E).
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Proof: Tt is enough to prove the lemma for v > 0. As in the proof of
Lemma 3.1, given a compact K C {z € R : M{(1g + v1g<)(z) > a}
there exist disjoint intervals {1} }; with >, 15, <2, K C UiI}, and

1
(1)
where fg ., is defined as in the proof of Lemma 3.1. Observe that then
we get u(EﬂIk)/,u(Ik) ( —7)/(1— ) We thus have

> uINE) < Z/ o~ dp
k

fE,’y dﬂ' > O/7
k

11—«
< —— ENnI, E°NI
S k(u( k) + il k)
21—« y1l—-—«a
< ——u(FE - I, N E°).
_al_vu( )+a1—72”(’“ )

Since 0 < 7 < a < 1 we can conclude that

Zul nEe <2129,

a—7

W) < (1 ' QS_;“’) u(E).

This proves the desired claim. O

and thus

As a corollary we immediately obtain a one-dimensional Solyanik es-
timate with respect to Borel measures.

Corollary 3.3. Let u be a non-negative locally finite Borel measure on
the real line. Then for all a € (0,1) we have

11—«

Cla)—1<2

Observe that the previous corollary is an extension of Theorem 1.5 in
the one-dimensional case. It is important to note here that the one-
dimensional result is uniform over the class of Borel measures, thus
strictly stronger than Theorem 1.5. In general, Solyanik estimates do
not hold for the Hardy—Littlewood maximal operator M#, or the strong
maximal operator ME, defined with respect to arbitrary locally finite
Borel measures p on R™, whenever n > 2. A quick example of this type
of behavior is given as follows. Let {S;}; be a countable collection of
sets in R™, n > 2, all of which contain the origin and such that, for
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each j there exists x; € S; \ Ur.;Si. Then define the locally finite Borel
measure /i := 0o+ ; ¢j0z; for a sequence {c;}; of positive real numbers
with lim;_, oo ¢; = 0 and 3, ¢; = +oo. If the S;’s are cubes this shows
that the Hardy-Littlewood maximal operator M*, defined with respect
to p, does not satisfy any Solyanik estimate. If the S;’s are rectangular
parallelepipeds with sides parallel to the coordinate axes the same ex-
ample shows that Mg does not satisfy any Solyanik estimates either. In
particular, these operators are unbounded on LP(u) for all p < co.

The discussion above shows that extending Corollary 3.3 to higher
dimensions will require some additional hypothesis on u. For example,
the corollary is still true in R™ uniformly over all Borel measures which
are tensor products of one-dimensional Borel measures as above. A less
trivial generalization is contained in Theorem 1.5 which however is re-
stricted to measures of the form du(z) = w(zx)dz for w € A%,. On
the other hand, one could consider a version of Corollary 3.3 for the
centered Hardy-Littlewood maximal operator, or the dyadic maximal
operator defined with respect to some locally finite Borel measure p. In
these cases the result easily extends to R™ and is uniform over all Borel
measures as above. This is an easy consequence of the Besicovitch cov-
ering theorem, and the Calderén—Zygmund decomposition, respectively.

4. Weighted Solyanik estimates for the strong maximal
operator

We now move to the study of weighted Solyanik estimates for strong
Muckenhoupt weights in higher dimensions. We actually prove a stronger
estimate which we describe below.

Let B := {B1,...,0n} be an ordered set of indices with each §; €
{1,...,n}. Note that we allow the case that 5; = B for j # k. We
let | B| denotes the number of members of the set B allowing for higher
multiplicity (e.g. [{1,1,2}| = 3). We define the maximal operator Mp
as

Mp = Mﬁl "'MﬁNa
that is, Mp is the composition of the operators Mg, ,..., Mpg,, where

M; denotes the directional maximal operator acting on the j-th direction
of R”

M, f(z):= sup !

s<mij<tt—8

t
/ lf(z1,.. ., 251, 4, Tj41,. .., Tp)|du, x €R™
S



WEIGHTED SOLYANIK ESTIMATES 149

Lemma 4.1. Let w € A% be a strong Muckenhoupt weight on R" and
E CR" be a measurable set with 0 < |E| < +00. Let a; €(0,1) and B
as above. For j € {1,...,max{1,|B| — 1}} we define 1 — 11 := (1 —
a1)(1 — ;). Then for all g > 1 — 474 vlas we have

w({z €R™ : Mplg(z) > ap}) < (1 —4(1 — ap) W42~ 1Bly ().

Proof: Let us fix a strong Muckenhoupt weight w € A% . For 2/ € R"~1
we remember that the one-dimensional weight wg;, defined as wg; (t) =
w(x,...,T-1,t,Tj41,...,2y,) for t € R, is a Muckenhoupt weight in R
uniformly in 27; that is we have [wgi]a. < [w]ax for all z7 € R"~! and
[w]a=_ is as in Definition 1.2.

The proof is by way of induction on the size |B|. For |B| = 1 we
can assume without loss of generality that B = {1}; this is just for
notational convenience. Let then z! € R"~! be temporarily fixed. Since
a; >1— 4~ 4wlag, > 1 — 4~ 4wslase we can use Lemma 3.1 in order to
estimate
war ({t € R: My1p(t, 7)) > a1 }) < (1 —4(1 — aq)Hatlace) ™) Ty ()

< (1= 4(1 — ap) 4™ Ty (B).

Integrating over 7! € R"~! we get the desired estimate for |B| = 1.
Suppose now that

w({z € R : Mplg(x) > a;}) < (1 —4(1 — ap)H¥az) ™) ()

for all strong Muckenhoupt weights w € A, and for all sets of indices B
with |B| = j. We proceed to show the corresponding estimate for all
sets of indices B with |B| = j + 1. Without loss of generality we can
assume that B = {1, B2,...,8j4+1}. We define

Ej:={xeR": Mg, ---Mg,, 1p(z) > a;}.
Observe that
MB]-E(‘T) < Ml(lEjMﬁ2 U Mﬁj+1 1p + lEjMﬁz T MBJ'-H ]-E)(I)
We fix ' € R"1. Since 1—a; 11 = (1—ay)(1—ay) < 47 "a% (1—q;)
we can use the inequality above together with Lemma 3.1 to estimate
wi1({t eER: M31E(t7i‘1) > aj+1})
< wz1 ({t eR: Ml(]-Ej + Otj].E;)(t,fl) > OLj+1})

1— gy @lwglag) ™\ 71
N
J
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Integrating over 2! € R™~! and using the inequality [wa/]a.. < [w]as
we get
1— gy @wlag) "\
w{z €R™ : Mply > aji}) < (1 - 4(#) ! ) w(E;)
Yy
= (1 4(1 — ay)@@ha2) ™) (),
The inductive hypothesis now implies that

w(By) < (1-4(1 - ap) a0 (B,

which together with the previous estimate completes the inductive proof
of the lemma. O

We can now complete the proof of Theorem 1.3.

Proof of Theorem 1.3: Assume that w € A} is a strong Muckenhoupt
weight. We use the elementary estimate Msf < Mj---M,, f and Lem-
ma 4.1 with B:={1,2,...,n} and a; := 1 — (1 — a)# to conclude

w({z € R™ : Ms1p(x) > a}) < (1 —4(1 — a) @) ™) Ty(E)
for o > 1 — e~ *Indnlvlaz, 1t follows that

Cowl(a) =15, (1— cu)(‘m[q“”]“éor1 for all a>1— e 4ndnlwlag

b

and the implied constant depends only upon dimension. The optimality
part of the theorem follows immediately by Lemma 2.4. O

5. Some applications of weighted Solyanik estimates

In this section we present some applications of the multiparameter
weighted Solyanik estimates of Theorem 1.3. These show that Solyanik
estimates become a very natural and useful tool in the theory of weighted
norm inequalities. An underlying principle, which is due to the multi-
parameter nature of the weights involved, is that we can many times
reduce to the problem under study to a one dimensional one and then
lift it again to higher dimensions.

5.1. A reverse Holder inequality for AY_ . As a corollary of the
weighted multiparameter Solyanik estimate we get, rather unexpectedly,
a reverse Holder inequality for multiparameter Muckenhoupt weights.
This is the content of Theorem 1.4 which we now prove.
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Proof of Theorem 1.4: As w € A%, Theorem 1.3 implies that w satisfies
the Solyanik estimate

Cs,w(a) -1 Sn (1 _ Oé)(cn[w]A’go)_l forall a>1— e—cn[w]A&)’

where ¢ > 0 is a numerical and the implied constant depends only on
the dimension n. Thus Lemma 2.4 implies that for every rectangular
parallelepiped R C R™ we have

(11%|/ “’TY S (1= =(enfulae =1) " o [ w

forallr <1+

sional constants follows from Lemma 2.4. O

W' The optimality of the exponents up to dimen-

The reader may appreciate that the exponent in the reverse Holder
inequality provided in Theorem 1.4, 1 + (cnfw]a= —1)7!, is in terms
of the essentially one-dimensional A -constant from Definition 1.2, and
represents an improvement over a more typical reverse Holder exponent
given in terms of the Au-constant [w] jrecn associated to the Hruscev
constant, [19], defined by

1
rec, = i rec = 1 -1

where the supremum is taken over rectangular paralleleplpeds in R™ with
sides parallel to the coordinate axes. To see this improvement, let [v] 41
denote the Hruscev constant of a weight v on R!; note that for a.e.
77 € R"~! we have
[was]an, < [w]Agg°=H~

Furthermore, as was shown in [20], the Fujii-Wilson constant of a weight
on R! is bounded above by a constant times the Hruséev constant of the
weight. Thus for a.e. 27 € R*™! we get [wzi]a, < [weilan < [w] grecn
so that [w]ax < [w] grecn.

One can argue in a similar fashion and relate Solyanik estimates
to reverse Hoélder inequalities for A} weights when p € (1,00). Note
however that, while the sharp reverse Holder inequalities for multipa-
rameter A% weights are known from [23] to hold with exponents and
constants independent of the dimension, this can never be captured
by Solyanik estimates. Indeed, in the unweighted case we have that
Cs(a) —1 =, (1 —a)w. Thus the dependence on the dimension ap-
pearing in the weighted Solyanik estimates of Theorem 1.3 is essentially
optimal and no dimension free reverse Holder inequalities can be pro-
duced with the methods of this paper.
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As another corollary of Theorem 1.3 and Lemma 2.4 we obtain

Corollary 5.1. Let w € A% . There exists a numerical constant ¢ > 0
independent of n and a dimensional constant ¢, > 0 such that, for all
rectangular parallelepipeds R C R™ whose sides are parallel to the azes
and all measurable sets E C R we have

enfw]ax )7t
w(E) _ (|E|>( [(w]az, )

e [ =1
w(R) = "\ R

5.2. Embedding of A% into A;. The connection between Solyanik

estimates and quantitative embeddings of A%, into the classes A; was

first presented in [16]. Here we present the analogous result for multi-

parameter weights.

Theorem 5.2. There exists some numerical constant ¢ > 0 such that,

Jor all strong Muckenhoupt weights w € A%, we have w € Ay for all
cplw] 4

P> eclwlas, and [w]A; < ef Piwiag

Proof: We begin by fixing some weight w € A%, 7 € {1,...,n} and

77 € R"1. Then for a.e. 27 € R""! the weight wz, is an A, weight

on the real line, uniformly in 27. By Lemma 3.1 for v = 0, which is the

one-dimensional version of Theorem 1.3, we have the Solyanik estimate

Cl,wij(a)—l§8(1—Oé)(4[wf-7]A°°)71 whenever 1>a>1—e 4In8)Wailas
Since [wgi]a,, < [w]as for a.e. T/ we get

Ciw,, (a)—1§8(1—a)(4[w]“"éo)_l whenever 1> a > 1—e 4In®)wlay

uniformly, for a.e. 77. Setting ag := 1— e 3P®MMax we finally conclude

that Cy . (ap) < 14872 uniformly for a.e. 7. Now a close examination
of the proof of [14, Theorem 6.1] shows that for every measurable set F C
R we have

wgi ({x € R: Mi1g(x) > A})

—log & log™ (2a)
< _ —2 —_ -
< exp {log Ciw,; (a0) ([ Tog 0 —‘ [2 + log /a0 —‘ +1 )| wg(E),

where [2] denotes the smallest positive integer which is no less than x.
Thus for a.e. 77 € R"~1 we have that
w(E) _ w(B)

APo ™~ \po ]

wﬁ({x ceR: MllE(JJ) > )\}) < CLwﬂ. (Oé())
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where pg = log(C1,u_; (a))e™ 4% for some numerical constant ¢ > 0.
However, this means that M; is of restricted weak type (pg,pg) with re-
spect to wg;, uniformly for a.e. /. By restricted weak type interpolation
we conclude that My maps LP(wgz;) to itself with

7 (Chu,, (a0))
(p—po)”

Po
P

M1l 2o (w_; ) Lr () < 2

for p > po. From this we conclude that [[Mi| 20 (w_)—r2r0(w ) <

4(Cruw_; (a))2. Now RieszThorin interpolation, applied to a lineariza-
tion of My gives the bound

Po

P

2p,
IMillze(w_ ;) sLp(w, ;) < 4T0(01,w5j (ao)) #

for p > 2py. We now remember the lower bound

1

||M1HLP(U)~>LP(U) Zp [U]2p7 pE (1700)7

valid for all one-dimensional weights v € A,,. This is a simple consequence
of the definition of the A,-constant; the details are in [32]. We conclude

that wy; € A, for all p > e“ax and [wzila, Spexp(exp(clw]ax )) for
some numerical constant ¢ > 0. Since these bounds are uniform in j €

{1,...,n} and 7 € R"~! this concludes the proof of the theorem. [

5.3. A weighted covering lemma for rectangles. We close the dis-
cussion on applications of weighted Solyanik estimates by providing a
covering lemma for rectangles in R™ under the presence of Aj-weights.
This is an immediate application of our results. The formulation that
follows might moreover turn out to be useful for future reference. Note
that the statement of the corollary is given with respect to the “rectan-
gular” Aj-constants, [w]arec.

Corollary 5.3. Let {Rj}évzl be a finite collection of rectangular paral-
lelepipeds in R™ whose sides are parallel to the coordinate azes, w € Aj,
for some p € [1,00) be a strong Muckenhoupt weight in R™, and § €
(O,efm[w]Afﬂec) be a parameter. There exists a subcollection { Ry}, C
{R;}L,, such that

(i) We have

g
A~
-
&
~_
IA

(1 + Cné(cn[w]A;)ec)*l )w (U Rk) .

J k
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(i) The rectangles in the collection { Ry }i, are sparse in the sense that
~ AT?(‘
D w(By) < (U Rk)
k

Here ¢ > 0 is a numerical constant and ¢, > 0 depends only on the
dimension.

Proof: We perform the standard Cérdoba—Fefferman selection algorithm

from [3]. Thus we define Ry := R; and let us assume that we have chosen
Rl,...,R : R;. We then choose RJ+1 to be the first rectangle R
among the ones in the list {Rj11,..., Ry} that satisfies
’R nUJR; 8)|R].
L<j

If no such rectangle exists the selection algorithm terminates. Suppose
now that R € {R;},; were not selected. Then there exists k¥ < M such

that
‘Rﬂ U R@ > (1-—
<k

d)|R],

and thus
N
R C{zeR":Ms(1, 5, )(x) > 15}
j=1

Now since for one dimensional weights we have [w]a, < [w]a,, see [20],
it follows that [w]a: < [w]are for all p € [1,00). Therefore, for § <

efcn[w]A;-)ec S efcn[w]AgeOc

we have by Theorem 1.3

<UR> < (1 + ¢potenivlaz)” (URk)
< (1 + epotentvlage) (U Rk>

hence the proof of (i) is complete.
Now we define the increments EO = Ro and Ek = Rk \ Ug<kRg SO
that the Ej’s are disjoint and UkRk = U,FE). Note that the selection

algorithm guarantees that |Ey| > §|Ry|. Since w € A} we also have

(8 w2
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Thus

as desired. O

6. Solyanik estimates with respect to weights

In this section we give the proof of Theorem 1.5. The idea of the
proof is very simple and bypasses all the problems that can be caused
by the fact that, in the definition of Mg, the presence of w couples
the variables making it technically hard to develop inductive arguments
as the one in the proof of Theorem 1.3. An inductive proof for the
bound M¢: LP(w) — LP(w) is however possible. See for example [8]
and [29]. Here we adopt a different approach and use the hypothe-
sis w € A% in order to obtain Solyanik estimates for Mg by the weighted
Solyanik estimates for Ms.

Proof of Theorem 1.5: Let o € (0,1), w € A%, and let z € E, = {y €
R™ : M¢(1g)(y) > a}. There exists a rectangular parallelepiped R,
such that w(R,;NE)/w(R;) > a and z € R,. Since w € A% there exists
1 < po < +oo such that w € Ay . Then w has the property that for each
rectangular parallelepiped R C R™ and each measurable A C R we have

<:g:>”° = [w]A;%CZEg;.

Thus for each measurable S C R we have

11 21 (1 W)Y
2 s (o)

Applying the inequality for S := R, N E C R, we can conclude

—>1— w1l —-a)po for 1>a>1— —-.
|Rz| [ ]Apo ( ) [’lU]A;eoc
Thus

1

E, C{zx € R": Ms(1g)(z) > 1 — [w] (1 — a)%},
PO
and using Theorem 1.3 we get
C¥(a) — 1 < Cso(1 = [w] 7. (1—a)7) — 1
0]
pL L\ (en[w]ax )7t
S ([0l (1= ) 701

1

/Sw,n (1 - a)m
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for some ¢, ,, > 1, as long as « is sufficiently close to 1, depending only
on w and n. O
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