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Abstract: Packing measures &9(F) and Hewitt-Stromberg measures v9(E) and
their relatives are investigated. It is shown, for instance, that for any metric
spaces X, Y and any Hausdorff functions f, g

vI(X) 2MY) < 29X xY).

The inequality for the corresponding dimensions is established and used for a solution
of a problem of Hu and Taylor: If X C R", then

inf{dimpX x Y —dimpY : Y C R"} = liminf dimg X,.
inf{dimp imp CR"} )}1;11/1(1’5( img Xy,
Corresponding dimension inequalities for products of measures are established.
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1. Introduction

Consider separable metric spaces and their Hausdorff, packing and
lower packing dimensions denoted, respectively, by dimy, dimp and dimp
(the definitions are provided below). In 1982 Tricot [18] proved that if
X, Y CR"”, then

(1) dimy X + dimpY” < dimpX x YV

and this inequality was later generalized to arbitrary separable metric
spaces by Howroyd [11]. In 1993 Hu and Taylor [2, (3.12)] asked if the
inequality is sharp; in more detail, they defined, for X C R, a dimension

(2) aDim X = inf{dimpX x Y — dimpY : Y C R},

noticed that (1) yields dimy X < aDim X and asked if aDimX =
dimpy X for all X CR.

In 1996 two papers by Bishop and Peres [2] and Xiao [19] indepen-
dently proved that if X, Y C R are compact, then the inequality (1)
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improves to
(3) dimp X + dimpY < dimpX x Y,

doubting thus the conjectured aDim X = dimy X. Can one prove (3) for
arbitrary X, Y C R or even in a more general setting? The proof in [2]
is very technical and relies upon geometry of Euclidean spaces. On the
other hand, the Xiao’s [19] proof of (3) is a rather straightforward and
simple application of Baire Category Theorem and can be thus easily
extended to any compact metric spaces; and using the Joyce and Preiss
theorem [12], to analytic metric spaces. But it seems impossible to
exploit the idea any further (actually [3] states (3) for arbitrary subsets
of the line, but the proof therein is not very convincing).

It, however, turns out that a much finer, more general and sharper
inequality can be proved in a rather general setting. Let us outline
it in some detail. The dimensions in (3) are, like many other fractal
dimensions, rarefaction indices of fractal measures: the packing dimen-
sion dimpX is the number sy such that P3(X) =0 for all s > sg and
P3(X) = oo for all s < sg. The lower packing dimension is defined
likewise from the so called Hewitt-Stromberg measures v*(X). The in-
equality (3) is a trivial consequence of the integral inequality

(4) PHE) > / Vo (E,) 4P (z)

that holds for any subset £ C X xY of a product of metric spaces. This
inequality, however, does not really help with the solution of the Hu-
Taylor problem. The crucial step towards its solution is the following
observation. Given a set E in a metric space and s > 0, define the
lower box content v§(E) = liminfs_oCs(E)/d°, where C5(E) is the
maximal number of points within E that are mutually more than o
apart. The Hewitt-Stromberg measure v*(E) obtains from v§ by the
standard Method I construction: v*(E) = inf)  v§(E,), where the
infimum is over all countable covers of E. The resulting set function
is an outer Borel measure. Let’s define another set function arising
from v§ by the formula K)S(E) = inf sup,, v§(E,), where the infimum
is this time over all increasing covers of E. If v were, like e.g. the
upper box content, subadditive, we would get the same values as from
Method I. But it is not: The set function Z; substantially differs from
the Hewitt-Stromberg measure. It is a not measure, it is not even finitely
subadditive, but it turns to be the right mean for solution of the Hu-
Taylor problem. Once one figures out the proof of (4), it is easy to
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improve it to

(5) 7o) > [ i (E) a7 @)

Consequently the rarefaction index dijp of gf satisfies, for any metric
spaces X, Y,

(6) @yX+ﬁﬁY<ﬁﬁXxY

Since diﬂpX can be easily expressed in terms of lower box dimension
(cf. Definition 4.1), it is not that esoteric. This improvement of inequal-
ity (3) gives the best-so-far lower estimate for the dimension of (2):
aDim X > (MPX for all X C R and actually for any metric space X.

As to the upper estimate of aDim, Xiao [19] proved that for any
X C R, aDim X is estimated from above by the lower box dimension.
And, luckily, analysis of his proof revealed that one can work upon its
ideas to push the upper estimate down to CMPX . Therefore (6) is
optimal. We arrived at the solution of Hu-Taylor problem:

Theorem. (i) gli_lng + dimpY < dimpX x Y holds for any metric
spaces X, Y.
(ii) For any X C R™ there is a compact set Y C R™ such that (jiorng—i—
dimpY = dimpX x Y.
(iii) In particular, inf{dimpX x Y — dimpY : Y C R"} = dimp X' for
all X CR™.

Actually, with a proper extension of the definition of aDim, the the-
orem remains valid for any space X whose Assouad dimension is finite.

The paper is organized as follows. In Section 2 we recall in detail pack-
ing and Hewitt-Stromberg measures. Then we introduce scaled measures
and upper/lower box and packing measures and list some elementary
properties of these measures. In Section 3 we state and prove (5) and
other integral inequalities involving these measures and derive inequali-
ties for cartesian rectangles. In Section 4 the notions of upper/lower box
and packing dimensions are recalled and the dimension (Mp is intro-
duced. Then we set up and prove (6) and other dimension inequalities
following from the respective results of Section 3. Section 5 is devoted
to the solution of the Hu-Taylor problem in a rather general setting.
The paper is concluded with Section 6 that, besides various comments,
presents applications to dimension theory of Borel measures, and lists
some open problems.
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2. The measures

In this section we set up definitions of packing and box measures whose
behavior on cartesian products is investigated in the next section. We
begin with recalling two common measures — the packing measure and
the Hewitt-Stromberg measure. Then we generalize these notions, notice
that via this generalization they are closely related and introduce the
lower packing measure and a couple of more measures and pre-measures.

Since the technique used is rather standard, we present only few brief
proofs.

Throughout the section, X stands for a separable metric space with a
metric d. Notation used includes B(x,r) for the closed ball of radius r >
0 centered at x € X; A for the closure of a set A; |A| for the cardinality
of a set A; and w for the set of all natural numbers including zero.

Pre-measures. It will be convenient to establish elementary features
of the following constructions of pre-measures from pre-measures.

A set function is a mapping 7 that assigns to each £ C X a
value 7(E) € [0,00]. The notions of monotone, subadditive and count-
ably subadditive set function are self-explaining. A set function will be
called a pre-measure if it is monotone and 7() = 0. A pre-measure T
is metric if T(AU B) > 7(A) + 7(B) whenever A,B C X are sepa-
rated, i.e. dist(A, B) > 0. Departing slightly from the common usage we
call a pre-measure an outer measure if its restriction to the algebra of
Borel sets is a Borel measure. An outer measure 7 is Borel-reqular if for
each A C X there is B D A Borel with 7(B) = 7(4).

The following is the Munroe’s Method I construction, see [17]. Its
point is that it produces a countably subadditive pre-measure from any
pre-measure. Given a pre-measure 7, the new pre-measure 7 is defined by

F(E) = inf{ZnT(En) tEC UnEn}

We shall also make use of a “directed” variation of Method I. Write
E, E to denote that (E,,) is an increasing sequence of sets with union E.

T(E) = 1}12171:1/1(111; 7(Ey,) = inf {sup,, 7(Fy,) : B, "E}.

Let us call this construction Method D for future reference. We list some
elementary properties of the two operations.

Lemma 2.1. Let 7 be a metric pre-measure on X.
(i) 7 is an outer measure.
(ii) If 7 is Borel-regular, then so is T and 7 < 7.
(iif) If 7 is subadditive, then 7 = 7.
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Proof: (i) By [17, Theorem 4], 7 is countably subadditive. It is easy to
check that since 7 is metric, so is 7. Hence (i) follows by [17, Theo-
rem 19].

(ii) It is obvious that since 7 is Borel-regular, so is 7. It is also obvious

that 7 < 7; thus 7 < 7. As T is a Borel-regular outer measure,
sup,, ?(En)j 7(F) holds for any sequence E,, "E, cf. [17, Theorem 4].

~L

Hence 7 < 7 and 7 < 7 follows.

(iii) Let E, "E. Set Ag=FEy and A, = E,\E,_1 for n>0. Then A,’s
cover E and by assumption, sup,, 7(Ey,) <sup,,> ¢, 7(A4i) =3, ¢, 7(An).
This yields 7 <7. The opposite inequality follows from (ii). O

We now recall two classical measures: the packing measure and the
Hewitt-Stromberg measure. They will play an important role in our
considerations and moreover will motivate our definitions of scaled mea-
sures.

Packing measure. There are perhaps too many notions of packing
and packing measure. We choose the one used e.g. in [11] and [12]; the
other definitions are briefly discussed in Section 6. A family {(z;,7;) :
i€} C X x(0,00)is called a packing if z; ¢ B(z;,r;) for all ¢ # j in I.
Equivalently, if d(x;,x;) > r;. It is a packing of a set E C X if x; € E
forall s € I. It is d-fine if r; < § for all 4 € 1.

We shall need the following simple lemma at a couple of instances.

Lemma 2.2. For any finite packing {(x;,r;) : i € I} there is € > 0 such
that {(x},r}) : i € I} is a packing whenever d(z},x;) < e and r; <r;+¢€

foralliel.

Proof: It is enough to put € = 1 min{d(z;, z;) — max(r;,r;) : i # j}. O

Following [11], a Hausdorff function is a nondecreasing function
g: (0,00) = (0,00). No continuity of g is a priori imposed. Hausdorff
functions are (partially) ordered by f < g iff lim, .o g(r)/f(r) = 0.

If g is a Hausdorff function and © = {(z;,r;) : i € I'} a packing, we

write
g(m) = fg(ri) i€},

Definition 2.3 ([11], [12]). Let g be a Hausdorff function and F C X.
Let Z§(E) = infs~o P9 (E), where

P =sup{g(r): 7 is a d-fine packing of E'}.
The g-dimensional packing measure of E is defined by 29(E) = @%(E).
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In the particular case when g(r) = r*® for some constant s > 0, we
write, as usual, &° instead of £29; and the same license is used for other
pre-measures and measures obtained from Hausdorff functions.

It is well-known and easy to see that Z2§ is an additive Borel-regular
metric pre-measure and thus £?9 is a Borel-regular outer measure.

Hewitt-Stromberg measure. For F C X define gap F' = inf{d(z,y) :
z,y € F, x #y}. For E C X and § > 0 denote

(7 Cs(E) =sup{|F|: F CE, gapF > ¢}

the d-capacity of E. The following natural notion appeared first in [10,
(10.51)]. It was investigated and got the name in [8], [9]. Another
excellent reference is [7].

Definition 2.4 ([10]). Let g be a Hausdorff function and E C X. Let
(8) v{(E) = liminf C5(E)g(d).
6—0

The g-dimensional Hewitt-Stromberg measure of E is defined by v9(E) =
g
vo(E).

It is easy to check that v{ is a Borel-regular metric pre-measure
(though is does not have to be subadditive) and thus v is a Borel-
regular outer measure.

Scaled measures. A set A C (0,00) such that 0 € A is termed a scale.
We use A as a generic symbol for a scale. A packing {B(z;,r;) 14 € I}
is A-valued if r; € A for all i € I. A (A, 0)-packing is a packing that is
AN (0, 6]-valued, i.e. A-valued and d-fine. A packing {B(x;,r;) 14 € I}
is uniform if r; = r; for all 4,5 € I.

We now introduce an auxiliary notion of a A-scaled packing measure.
It is a straight generalization of the packing measure, the only difference
is that the radii allowed in packings are limited to the set A.

Definition 2.5. Let g be a Hausdorff function, A a scale and £ C X.
Let &3 o(E) = infs>0 P4 5(E), where
P4 5(E) =sup{g() : 7 is a (A, §)-packing of E}.
The g-dimensional A-packing measure of E is defined by 24 (E) =
P2 0(E)-
Let v} o(E) = infsso v} 5(F), where

v ;(E) = sup{g(r) : 7 is a uniform (A, §)-packing of E}.

The g-dimensional A-box measure of E is defined by v} (E) = v} ((E).
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Clearly v} < Z% o and v} < Z3. Tt is easy to check that the set
function VgA’O can be equivalently defined in terms of capacity:
9) v o(E) = limsup Cs(E) - g(d).
§€A,5—0
This equation shows the link to the Hewitt-Stromberg measure.
Here are some elementary facts about the scaled measures. (i) and (iv)

are obvious, (ii) is a consequence of Lemma 2.2 and (iii) follows from
Lemma 2.1.

Lemma 2.6. (i) 2%, and v}, , are subadditive metric pre-measures,
(i) 2L (E) = P23 o(E) for any set E C X, and likewise for v .

(iii) 2% and v are Borel regular outer measures.

Upper measures. We now define upper packing and box measures
as extreme cases of corresponding scaled measures. Among all scales,
(0,00) is the largest one. The corresponding scaled measures are thus
largest among all scaled measures.

Definition 2.7. Let g be a Hausdorff function and F C X. Let
Py(E) = SXP PRoE) = '@(go,oo) (E),

vh(E) = sup v o(E) = vy o) (E).

The g-dimensional upper packing and boxr measures of E are defined,
respectively, by 2’ (E) = Zg(E) and 79(E) = v3(E).

It is clear that the upper packing measure 2% is nothing but the
packing measure &9 as defined in Definition 2.3. We defined it just
to point out the duality of (upper) packing measure and lower packing
measure defined below. We prefer notation 2’ to make clear distinction
between the upper and lower packing measures. As to 7j, it follows
from (9) that
(10) U)(E) = limsup C5(E)g(9)

§—0
and thus 7Y is via (8) dual to the Hewitt-Stromberg measure. The upper
box measures ° appear in many papers and books, explicitly e.g. in [16]
and implicitly e.g. in [15, 5.3].

Note that 2’ and 7¢ and the underlying pre-measures satisfy Lem-
ma 2.6.
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Lower measures. Likewise we define lower packing and box measures
as the lower extreme cases of corresponding scaled measures. The situ-
ation is more delicate, since there is no minimal scale.

Definition 2.8. Let g be a Hausdorff function and F C X. Let

ZY(B) =it P8 o(E), V(E) = it v4 o(E),

the infima over all scales. The g-dimensional lower packing and box
measures of E are defined, respectively, by v9(F) = ;g(E) and 79(F) =
TH(E).

Since the upper pre-measures ?3 and 7} are subadditive, Method D
yields the same measures as Method I. It, however, is not the case of lower
measures. That is why we also define ZQ(E) = @G(E) and K)g(E) =

Ui(E).

It follows from (9) that v{(F) = liminfs_,o C5(E)g(d). Thus v = v}
and V9 = v9, i.e. the lower box measure is just another name for the
Hewitt-Stromberg measure. The lower packing measure and the two
directed pre-measures seem to be new concepts.

Lemma 2.9. (i) 2 and v{ are metric pre-measures,
(ii) 2(E) = ZJ(E) for any set E C X, and likewise for v,
(iii) 229 and v9 are Borel-regular outer measures,
(iv) if PI(E) < oo, then E is totally bounded, and likewise for v§.

Proof: (i) is straightforward, (ii) follows from Lemma 2.6(ii) and (iii)
is a consequence of (ii). To prove (iv) it is enough to notice that if
v{(E) < oo, then by (8) C5(FE) < oo for all § > 0. O

Lemma 2.10. For any Hausdorff function g
(i) ZY(E) =infa sup{g(r) : 7 is a A-valued packing of E},
v)(E) = infa sup{g(n) : 7 is a A-valued uniform packing of E},

ii)
(iii) A9 < infa 2%,
) 9 = ian l/‘i .
Proof: (i) For each scale A denote Sa = sup{g(n) : 7 is a A-valued

packing of F} and S = infa Sa. Note that if A is a scale and § > 0, then
AN(0,0) is also a scale. By the definition, 2% (F)=infs>0 Sano,s) =S,
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which in turn yields 2 (E) > S. The reverse inequality is obvious. (ii) is
proved in the same manner.

—

(iii) Clearly 2§ < 2% ,. Hence A9 < ] o and since Lemma 2.1(iii)
—

yields 2% , = #3, we are done.

iv) v 9 <infa VY, is proved the same way as (iii). To prove the reverse
iv) »9 <infa v} i d th iii). T th
inequality, let £ C X and s > 59 (E). There is E, "E such that

vi(E,) < s for all n, i.e. there are scales A,, such that Cg, (r)g(r) < s
for all n and r € A,,. Choose r,, € A, so that the resulting sequence
decreases to zero and let A = {r,, : n € w}. Proving that v} ,(E,) < s
for all n, and thus v (E) < s, is straightforward. O

We do not know if the inequality (iii) can be reversed.

Comparison. The inequalities 29 < 29 < 2 and v9 < 59 < v
are trivial. As follows from Example 4.2, none of these four inequalities
can be reversed. It is also clear that v§ < 228, 19 < 229 and 59 < 29,

but we do not know if they can be reversed. We only know that v
and 22 have the same null sets.

Proposition 2.11. For any set E C X, Z(E) = 0 if and only if
vi(E) =0.
Yy

Proof: The forward implication is obvious. To prove the backward one
assume VJ(E)=0. Then there is a sequence 7;, | 0 such that C,, (E)g(r,) <
27", For m € w define a scale A,,, = {r, : n > m}. If 7 is a A,,-valued
packing, then

g(m)=3" 3 {g(ra) : (@.ra) € m}< Y G (Bglra) < 3 27" =27,

n>m n>m n>m

Therefore 229 (E) <27™ and thus Z§(E) < infne, 27" = 0. O

This proposition is enough to show that the measures v9 and £ are
close to each other:

Proposition 2.12. The following are equivalent:

(i) there is a countable cover {E,} of E such that v§(E,) =0 for all
n,
(ii) there is h < g such that v"(E) =0,
(iii) there is h < g such that 2"(E) = 0.
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Proof: (i) < (ii) is proved in [8, Proposition 6]. The proof therein can

be easily adapted to show that, via Proposition 2.11, (i) = (iii), and

(iii) = (ii) is obvious. O
The directed pre-measures are also close:

Proposition 2.13. The following are equivalent:
(i) there is E, /E such that vi(E,) =0 for all n,
(i) there is E, /'E and a sequence 1y, | 0 such that Cy. (Ey)g(r,) — 0,
(iii) there is h < g such that gh(E) =0,
(iv) there is h < g such that Zh(E) =0,
(v) there is h < g and a scale A such that 2% (E) = 0.

Proof: (i) = (ii): By virtue of (9) there is, for each n, a sequence r* | 0
such that r; — 0 and lim; o Cyr (Ep,)g(ry') = 0. It is enough to set
Ty =1,

(if) = (v): Since lim,,—o Cr, ( 2)g(rn) = 0, there is clearly h < g such
that lim, e Cr,, (En)h(ry,) = 0. Letting A = {rn : n € w} we have
PR(E)=0.
(v) = (iv) = (iii) are obvious and (iii) = (i) follows from Proposi-
tion 2.14(i) below. O
Proposition 2.14. If g < h, then for any set E C X

(i) ¥8(E) < 0o = Z5(E) =0,

(ii) v9(E) < 0o = 2"(E) =0,

(iii) AQ(E) < o0 = Zh(E) = 0 and there is a scale A such that

P1(E) =0.

Proof: (i) Using (9) it is clear that if g < h, then v§(E) < oo yields
vl(E) = 0. Now use Proposition 2.11. (ii) is an obvious consequence

of (i). (iii) Suppose E)g(E) < oo. Then, by (i), condition (i) of the

above proposition is satisfied. Hence also conditions (iv) and (v) of
Proposition 2.13 are satisfied, which is enough.

These three propositions show that v9 and 29, as well as v 9 and gg ,
respectively, are in a sense very close, as contrasted by the corresponding
upper measures: As to the comparison of 79 and ﬁg, needless to say
that 79 < @g, but not much more can be said, except that if 0 <
s < t and D°(E) = 0, then ﬁt(E) = 0. This fact can be extracted
e.g. from the proof of [15, Theorem 5.11]. It, however, is not difficult to
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show by example that the upper measures fail statements analogical to
Propositions 2.11, 2.12 and 2.14.

Lipschitz maps. All of the (pre-)measures under consideration behave
under Lipschitz maps as expected. The simple proof of the following is
omitted.

Lemma 2.15. Let s >0 andlet f: X =Y be a c-Lipschitz map. Then

2°(f(X)) € *22°(X) and likewise for v§, U5, 29, @;, v', y° v,
25 and P°.

3. Packing measures on cartesian products

This section is devoted to investigation of integral and product inequal-
ities involving packing and box measures. Fix two metric spaces X, Y
and provide their cartesian product X x Y with the maximum metric.
Foraset E C X xY and x € X, the cross section {y € Y : (x,y) € E} is
denoted E, or (F),. Fix also a scale A and two Hausdorff functions g, h.

Lemma 3.1. For any set EC X XY
PRo(B) > ZR(X) - inf vi(Ey).
’ T

Proof: Let ¢ < inf cx g‘g(Em). For each z there is a number n € w such
that v(E,) > c for all § < 1. Setting

B, ={z:v{(E;) > cforall § <1}

we thus have B, 7X. Let d < 2%(X). Lemmas 2.6(iii) and 2.1(iii)
yield n such that d < 39270(371). Hence there is 6y > 0 such that for
all § < dg there is a (A, d)-packing © = {(x;,7;) : i € I} of B, such
that h(m) > d. We may assume 6y < . Thus for each i € I there is a
uniform J-fine packing m; = {(yi;,7:) : ¢ € K;} of E,, such that g(m;) =
|K;|-g(ri) > c. The collection o = {((xi, yi;),7:) : i € I, j € K;} is thus
a (A, d)-packing of A and

gh(o) = Z Z g(ri)h(r;) = Z\Ki|g(7“i)h(7“i) > Cz h(ri) > cd.

i€l jeK; iel iel
Therefore 92’?5(14) > cd. As this holds for any § < dp and all d <
PR(X) and ¢ < inf,ex V] (E,), we are done. O

Lemma 3.2. If E C X x Y is compact, then the mapping x — v (E,)
18 Borel measurable and

(11) P (E) > / V(E,) AP ().
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Proof: We first show that if E is compact, then x — v{(E,) is Borel
measurable. It follows from Lemma 2.2 that

(12) Vr>0 3e>0C,4(E)=CH(E).

Thus for z € X fixed, the mapping § — Cs(E,) is right-continuous.
Therefore the mapping § — C5(E,) - g(d) is right-continuous at each
point of (right-)continuity of g. So if @ C (0,00) is a dense countable
set and D the set of points of discontinuity of g, then

Vi(E,) = liminf C5(Ex) - 9(0).
§€QUD

As g is nondecreasing, the set D is countable. Therefore z — v{(E,)
obtains from a countable family of mappings of the form

x s O5(Ey) - g(8), §€QUD.

Borel measurability of z — v{(E,) will thus follow if we show that each
of these mappings is Borel measurable. To that end we prove that for
any 0 > 0 and each integer n the set L = {z € X : C5(E;) > n} is Borel,
which is enough, as g(d) is constant and Cs(E,) is integer-valued. For
each ¢ > 0 set

L(e) = {x : there is {y1,Y2,---,Yn} C Ex, gap{y1,y2, ..., yn} =0 +c}.

By (12), L = .~ L(€). Each of the sets L(e) is closed: Let x — x be a
sequence in L(¢) and {yx1, Yr2, - - -, Ykn } C FEy, sets witnessing x, € L(e).
Choosing a subsequence if necessary, for each i < n the sequence (xg, y;)
converges to a point (z,y;) € F; this follows from compactness of E. The
set {y1,Y2,-..,Yn} obviously witnesses € L(g). So L(e) is closed and
therefore L = J,,c,, L(1/m) is F,, and hence Borel.

The next goal is to derive (11) from Lemma 3.1. As E is compact,
replacing X and Y with projections of E we may assume both X, Y com-
pact. Write u = 2%.

We need to show that ,@i’j’O(E) > [sdp for each simple function
s < VJ(E,). Let s =31, ¢;xa, be such a function, with A;’s disjoint
Borel sets and ¢;’s positive. If there is ¢ such that p(A4;) = oo, then
@gho(E) > ¢;ip(A4;) = oo by Lemma 3.1. Otherwise pu(A;) < oo for
all i and thus A;’s may be approximated from within with compact sets,
for X is compact: For any ¢ > 0 and each i there is a compact set
K; C A; such that p(K;) > pu(A;) — = Therefore

m

/sdu - iciu(Ai) < ; q (,u(Ki) + mgc) ey icm(m).

i=1 v




PACKING MEASURES ON CARTESIAN PRODUCTS 405

For each ¢ put E; = EN(K; xY). Apply Lemma 3.1 to E;’s to get
an(Ky) < 2L0(E), i=1,2,....m
Thus [sdp < e+, 2% (E:). As K;’s are disjoint compacta, so are

E;’s. Therefore E;’s, being disjoint, are separated and thus Lemma 2.6(i)
yields

h h m h
Zgzg,o '@ZO(U =1 Ez) < *@i,o(E)-
i=1
Therefore [sdu < e+ WA}TO(E). Since ¢ > 0 and s < v)(E,) were
arbitrary, (11) follows. O

Since the mappings @ — v{(E.), © = v?(E,), v — yj(E;) etc. need
not be Borel measurable, we set up the following theorems in terms of
the upper integral

/fd,u = inf {/ odu: ¢ > f Borel measurable} .

Lemma 3.3. For any set E C X xY

7L0B) > [b(E)ark).

Proof: As all quantities are intrinsic properties of E, mutatis mutandis
we may assume X, Y be complete metric spaces. If 3”%0 (E) = oo, there

is nothing to prove. If 2% (E) < oo, then E is by Lemma 2.9(iv) totally

bounded. Therefore its closure E is compact: for X x Y is complete.
Hence Lemma 3.2 yields, with the aid of Lemma 2.6(ii),

PLE)=2L(B)> [v4((B)) a7h(a)> [ wh(B)dPh(@).  C
Theorem 3.4. Let X, Y be metric spaces. For any set E C X xY
28®)> | 59<Ex>d§zz<x>.

Proof: Let E, /E. By Lemma 3.3, 28'(E,) > [V}(E,), APk (x) for
each n. Therefore Levi’s monotone convergence theorem ylelds

(1) s 2L(B) > [suprd(B). a7k @)= [ 12(E) a7k ()

because (E,,), E, for all z € X. Take the infimum over all sequences

E, /E to get Z3 ((E) > f*gg(E)m d2% (r). By Lemmas 2.6(iii) and
—

2.1(iii), 5”270(E) = P4 (E). O
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The main theorem of this section follows.

Theorem 3.5. Let X, Y be metric spaces. For any set E C X xY
(B)> [ 527" @),
(i) 2(B) > [vr(E.) 42" @),
(i) 2ME) > [ (842" @),

(iv) ZME) > inf y(E,)- Z"(X).

zeX _>

(i 7"

Proof: (i) is a particular case of the above theorem with A = (0, c0).

(ii) Let £ C |J,, En. Use Lemma 3.3 for each n and take infima over
all scales, first on the right and then on the left, to get 29"(E,) >
[V8(E,). d2" (). Thus by Lebesgue Theorem

S opm) = [ S (B2 @) > [ iz @

Take the infimum over all sequences E,, such that £ C |J,, E, to get the
required inequality.

n

(i) Let E, ~E. As above, 29" ( > [V(E,). d2"(z). Now pro-
ceed as in the proof of Theorem 3 4 usmg Levi’s monotone convergence
theorem. (iv) can be proved in the same manner. O

Letting F = X x Y, we get the following estimates for cartesian rect-
angles. The last inequality follows by analysis of the proof of Lemma 3.1.

Corollary 3.6. For any metric spaces X, Y

() Z"(X xY) = Z"(X)- yo(Y),
(i) 29X xY) > 2MX) - yI(Y),
(i) 27X xY) > 2MX)-vI(Y),
(iv) 2(X xY) = 20(X) v)(Y)

A number of consequences can be derived from these theorems. As
a sample we prove an estimate of packing measure of a domain of a
Lipschitz mapping, similar to [15, 7.7].
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Corollary 3.7. Let X, Y be metric spaces and ¢ > 1. Let f: X — Y
be a c-Lipschitz map. For any s,t >0

/—> ) d2°(y) < TP (X),

/ v (L) 42 () < T2 (X),

Proof: Let E = {(z, f(z)) : # € X} C X XY be the graph of f. Switch-
ing the roles of X and Y, Theorem 3.4 yields f*zj (') d7°(y) <
@SH(E). Since the mapping = — (z, f(x)) is ¢-Lipschitz, Lemma 2.15

yields @SH(E) < cSH@SH(X ). The second inequality is proved the
same way. O

Remark 3.8. All of the inequalities of this section remain true if all &’s
are replaced with v’s, with the same proofs, one only has to use uniform
packings in place of packings. In particular, Theorem 3.5 reads

Theorem 3.9. Let X, Y be metric spaces. For any set EC X XY
@) PME) > [ (B, o (a),
(i) w(E) > [ u0(E) e (a),

(i) 17(5)> [ 195w,

(iv) g"(E) > inf 19(E.)- 1"(X).

4. Packing dimensions on cartesian products

In this section we interpret the inequalities of the previous section
in terms of fractal dimensions. We first recall the dimensions and in-
troduce a new one related to the pre-measures gf and 23. General
reference: [15].

Fix E C X. A family C of sets is a d-cover of FE if it covers E and
diam C' < § for each C' € C. In this section we shall make frequent use
of the covering number function

(14) Ns(E) = min{|C| : C is a d-cover of E}, § > 0.
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The well-known lower and upper box dimensions, (also called boz-
counting or Minkowski) of a nonempty set E C X are equivalently de-
fined, respectively, by

log Ns(E log Cs(E
60 |10gT| 6—0 |10gr‘
dimBE - hm sup Lé() = hm sup &6()
5—0 [log r| 550 log 7|
Since
(15) Nos(E) < Cs(E) < Ns(E)

for any set F, the limits in these definitions indeed equal. The upper
and lower packing dimensions are, respectively, defined by, cf. [15],

dimpE = inf{supdimBEn B C UE”}’

dimpFE = inf{supdimBEn B C UE"}

It is easy to check that the upper packing dimension may be equiva-
lently defined by dimpFE = inf{sup,, dimgFE,, : E, "E}. However, this
modification of lower packing dimension gives a rise to a new dimension:

Definition 4.1. dilng = inf{sup,, dimg F,, : F,, "E}.

It is clear that dimpX < di_n;pX < dimgX for any set X. The
following example shows that the three dimensions are distinct: There
is a compact set X C R such that dimp X < dllng < dimg X.

Example 4.2. We will define three sets compact Ky, K1, E C R such
that

(i) @BKO = @BKl =0,

(i) dimpKo U K; = 3,

(iti) dimg P = 1,

(iv) E is countable.
The required set is X = KoUK;UE. Indeed, (i) and (iv) imply dimp X =
0, (ii) and (iv) imply (LIIEPX = % and (iii) implies dimg X = 1.

To define the sets Ky and K; consider the set 2* of all binary se-

quences and also the corresponding tree 2<% of finite binary sequences,
and the canonical mapping of 2* onto [0, 1] given by =" __ 27" 1z (n).

new
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For p € 2<% let [p] = {x € 2¥ : p C x} be the cone determined by p. It
is clear that C), = {Z : 2 € [p]} is a closed binary interval of length 27l
Choose an infinite set D C w such that

1m|Dm n| OadhmM

n—oo n n—o0 n

(16) 1

and set
Ko={z:x(n) =0 for all n € D},
Ky ={Z:2(n) =0 for all n ¢ D}.

Let n € w. There are exactly 2/"\P| binary intervals of length 2~ that
meet K. Hence

(17) Ny (o) = 2P
and likewise
(18) No—n (Ky) = 2I77P1
Therefore (16) yields
log No—n (K D D
dimgKo = lim 28N Bo) _ oy [nADE_ gy DL,
n— oo |10g 2—n| n—o0 n n—0o0 n
and likewise
log Ny—n (K D
dimgK; = lim Og?i(l) = lim M:O.

n—oo [log27"| nooo M
Thus the sets Ky, K7 satisfy (i). To show (ii), we first claim that there
is an infinite set F' C w such that
(19) ol <|nnD| <2

Indeed, (16) yields n arbitrarily large such that lDﬂn‘ but m >

1. Hence |[DN(n+1)| = [DNn|+1 and the two mequahtles imply (19).
Using (17), (18) and (19) it follows that

log(2/P\DIl 4 9In\D|
dimgKo U K, < lim OB T2
n—00 [log 27|

log(2(n+1)/2 4 2n/2) log 91+(n+1)/2 1
lim < lim ———
nekr n ner n 2
and in particular (MPKO UK; < %
To prove the opposite inequality suppose for contradiction that
X, /Ko U K; are such that dimg X, <3 L for all n. With no harm done

we may suppose X,’s closed. By the Balre category argument there is
an open set U that meets both Ky and K and dimgU N (Ko U K1) < 3.
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Suppose without loss of generality that U = Iy U I;, where Iy meets
Ky, I meets K; and Iy and I; are non-overlapping binary intervals
of the same length, say 27"". If n > m, then the number of binary
intervals of length 27" that meet Iy N Ky (I; N K;, respectively) is
exactly 2/4nl (21Bn]) where A, = {i € w\' D : m < i < n} and
B, ={i€cwnD:m < i< mn} Since |4, U B,| = n —m, we have
max(|A,|, |Ba|) = 252, Thus No-n ((Ko U K1) N U) > 2("=™)/2 which
in turn yields dimg(Ko U K1) NU > 1: the desired contradiction. We
conclude that (LignpKo UK > % Thus (ii) holds.

Finally let E = {loén :n € w,n > 2} U{0}. Routine calculation
proves that dimgF = 1. Thus (iii) and (iv) hold. O

Let us now see how the dimensions we described are related to the
measures and pre-measures defined in the previous section. It is easy to
s —s

check that all of the measures &, 7°, £2° v*® and the pre-measures &),

vy, P, vs, 25, y,° are “rarefaction indices”: If £* is any of them,
then

inf{s: Z°(F) =0} =sup{s: Z°(F) = oo}.

Each of these (pre-)measures is linked to one of the above fractal dimen-
sions by a common pattern: Tricot [18] proved that dimgE = inf{s :
,@0( ) = 0} = inf{s : U5(F) = 0} and also that dimpE = inf{s :
Z°(E) =0} = inf{s : 7*(E) = 0}. It is folklore (and very easy to prove)
that dimgF = inf{s : ¥§(E) = 0} and dimpE = inf{s : v*(E) = 0},
cf. e.g. [15]. Combining With Propositions 2.11-2.14 yields a list of equiv-
alent definitions of the dimensions under consideration.

Proposition 4.3. For any set E C X

(i) dimgE = inf{s: Z,(E) = 0} = inf{s : U§(E) = 0},
(ii) dimgF = inf{s: Z{(E) =0} = inf{s: v§(F) = 0},
(ili) dimpE = inf{s: 2" (E) = 0} = inf{s : 7°(E) = 0},
(iv) dimpE = inf{s : £°(E) =0} = inf{s : v*(E) = 0},
(v) dimp £ = inf{s: ZS(E) =0} =inf{s: Z>S(E) =0}

=inf{s:IA P5(F) =0} =inf{s: I A vi(F) =0}.

Straightforward application of these identities to Theorems 3.9, 3.5
and Corollary 3.6 yields the corresponding dimension inequalities:
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Theorem 4.4. Let X, Y be metric spaces and E C X xY. Let AC X
be a set such that E, # 0 for all x € A. Then
(i) dimpE > dimpA + infye 4 dimpE,
(i) dimpE > dimp A + inf e 4 dimp E,,
(iii) (MPE > (MPA +infrea diﬂpEz,
Corollary 4.5. For any nonempty metric spaces X, Y
(i) dimpX x Y > dimp X + di&le,
(ii) diﬂpX xY > CMPX + (MPY,
(iil) dimpX XY > dimpX + dimpY.

5. Solution of the Hu-Taylor problem

The Hu and Taylor [2] definition of aDim (cf. (2)) trivially extends to
subsets of Euclidean spaces: for X C R™ let

aDim X = min{dimpX x Z —dimpZ : Z C R™}.

We employ the idea of Xiao [19] to show that aDim X = (MPX for any
X CR™ and actually for any metric space of finite Assouad dimension.

We make heavy use of the capacity and covering number functions
introduced in (7) and (14). The following elementary estimates will be
needed. If X, Y are metric spaces and r > 0, then

(20) Co(X X V) < No(X) Co(Y),
(21) No(X % Y) < Np(X) No(Y).

Let us recall the notion of Assouad dimension and related material.
The interested reader is referred to J. Luukkainen’s paper [14]. Given
Q@ > 0 and m > 0, a metric space (X,d) is termed (Q, m)-homogeneous
if |A] < Q(b/a)™ whenever a > 0 and b > @ are numbers and A C X a
set with @ < d(z,y) < bif 2,y € A and x # y. Tt is easy to check that
X is (Q, m)-homogeneous if and only if C,.(E) < Q (M%E)m for every
set £ C X and every r < diam F, and that is the definition we shall use.

The space X is termed m-homogeneous if it is (Q,m)-homogeneous
for some Q; and X is termed countably (Q, m)-homogeneous if it is a
countable union of (@, m)-homogeneous subspaces, and likewise count-
ably m-homogeneous if it is a countable union of m-homogeneous sub-
spaces.

P. Assouad [1] defined what is now called Assouad dimension: If X
is a metric space, then

dima X = inf{m > 0: X is m-homogeneous}.
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We also introduce the countably stable modification of dima X:

dimoa X = inf{sqp dima X; : {X;} is a countable cover of X}.

Spaces of finite Assouad dimension are also called 3-spaces or dou-
bling spaces and various other names and similar concepts are in use,
e.g. D. G. Larman’s [13]. J. Luukkainen’s paper [14] is a good source of
information including an ample list of references.

We shall need the following simple lemma.

Lemma 5.1. Let X be a (Q, m)-homogeneous metric space.
(i) If 0 < r < t, then Cp(X)r™ < 2MQ Cy(X)t™,
(if) 75" (X) < 2"QugH(X).
Proof: (i) Suppose C¢(X) < oo and let E C X be a maximal set with

gap E > t. Then the family of balls {B(z,t) : « € E} covers X. There-
fore

<Gl <IEIQ(E)™ <cux)@2m ()"

zeE
(ii) Let 7, J 0 be such that lim C,. (X)r* = v (X). If rppq1 <7 < 1y
then (i) yields C,.(X)r™ < 2™QC,(X)r and (i) follows on letting

n — 00. ]

Theorem 5.2. Let A be a scale and 0 < s < m € w. There is a compact
set Z C R™ such that 7"~ %(2) ="~ S(Z) =1 and

(1) 75" (XxZ) < 2mQu o(X) for every (Q, m)-homogeneous space X,
(ii) ?™(X xZ) <
space X.

2MQ Ui (X) for every countably (Q, m)-homogeneous

Proof: We prove only statement (i), as (ii) is its trivial consequence. If
s =0, put Z = [0,1]". In this case the inequality reduces to T{'(X x
[0,1]™) < 2™Q | X]|, which is trivially satisfied for X both finite or infi-
nite.

If s =m > 0, put Z = {0}. In this case the inequality reduces to
v (X) < 2"QuR o(X), which is nothing but Lemma 5.1. We will thus
suppose that 0 < s < m and let p = % throughout the proof.

We first construct recursively a decreasing sequence r, — 0 in A and
an integer-valued sequence g € w* such that, letting

G(n) =g(0)g(1)...g(n —1),
n = g(n) Tn+1
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we have, for all n,
(22) -1 <GP <1+2,
(23) Tt < Up < T2,

n

Let G(0) = 1, choose any rg € A and recursively choose Tn+1 € A small

. 1- 37 .
p n+1 1
enough so that 7, ; < r, and the interval ( G @ (n)mlﬁﬁ) is long

enough to contain an even integer. Let it be g(n). Thus

j 1+
n+1 n+1
(24) 7;1) <g(n) < 7;11)
G(n)rn—i-l G(n)rn-&-l
and therefore 1 — — < G(n + et <1+ 5, as required. Since

g(n) > 2, we also have 7,41 < u,. Condition T5+1 < ry, in conjunction
with (24) ensures u,, < r,/n.
Next we define the space Z. Let

T={zxew”:¥Ynz(n) <gn)},
T ={rew:32eTrCx},
={reT*:|r|=n}.

For each 7 € T* define intervals I, = [a,,b;] recursively as follows.
Iy = [0,70]. Now suppose n € w, 7 € Ty and I, = [a,, b;] is defined. For
1< g(n) let a;;i = ar + irp41, bri = @ri + 711 = ar + (Z + 1)Tn+1. It
is clear that, for any 7 of length n, the family {I,; : i« < g(n)} consists
of adjacent non-overlapping equally sized intervals of length r,; and
that its union is an interval of length u,,; and since u,, < r,, the union
is contained in I,. Set

K= J{I-:7eT}, Z=K"
new
In order to show that 7™ ~%(Z) = 7" *(Z) =1 it is enough to establish
the following claim. Let u be the evenly distributed Borel probability
measure on Z. In more detail, p is the cartesian power of the Borel
measure A on K that is determined by its values on I, ’s: if 7 € T3, then

A1) =1/G(n).
Lemma 5.3. u(E)=0""%E) for every Borel set ECZ andvy' *(Z)=1.

Proof: For each n € w and every 7 = (1; : ¢ < m) € (T$)™ define
Jr = [Licml@r;s @ri4u, ). Let B C K be Borel. Consider the set S =
{r € (Ty)™: J-NB # 0}. Pick one point of B in every J,, T € S. Thus
chosen points are mutually more than r, — u,, apart and thus witness
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Cr,—u,(B) = |S|. On the other hand, u(B) <> ;cqu(l) =1[5]- G(nﬁ
Therefore
S| Crun(B) D L
B) < < —5— < Crp—u, (B ™ e

and since W — 1 and, by (23), “:—: — 0, we get

w(B) < lim Cy, _y, (B)(rn —u,)™ ° < U7 °(B).
n—o0o
Since this holds for every Borel set B, we get u(E) < 7™ *(E) for
every E C Z Borel.
It remains to show that o' %(Z) < 1. Write §,, = 1+ % Since
obviously N, (K) = G(n), we have, for all r € [up, ry],

(22)

(25) N,.(K)r'™? < N, (K)yrl P = G(n)rt™ < 0,.

1
Now suppose 7 € [ry, 41, u,]. Note first that N, (E) < 92E 4 1 for any
set E C R and therefore N, (K) < N.(K)(% +1) Whenever r <t In
particular,

(26) N,(K) < Ny, (K) (%" + 1) < 2G(n)%,

N (K)r' P<G(n) (% + 1)r' ™ = G(n + )rpqar P + G(n)r'™

1— 1—17(22) l—p
<G+1)r, B+Gn)re (1) 7 < O +0 ()

(27)

Since C(Z) < (N-(K))™ (cf. (15) and (21)) and since 6, — 1 and
Yo < L the estimates (25) and (27) give

Tn

7y (2) < T N2 < T (B 4+ 0,/ )" =1 O

r—0

We proceed with the proof of the theorem. It remains to estimate
v (X x Z) from above. For r € [uy,,r,] we employ Lemma 5.1(i).

Cr(X xZ)r™ < Cp(X)r™ (N (K))™ < 2mQ C,, (X) rG(n)™
(28)
<2"QC,, (X) 13 (G )" S 2 QC, (X) s 0
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For r € [rp41,un] we employ the latter estimate (26).

Cr(X x Z)r™ < Cp(X)r™ (NT(K))

m

<Crp (X))o (ZG(n)unr;’il)m

29 n
(29) < Cpp (XD (260 + D7) 2%)

m

g 2m0:?+107”n+1(X)ri+1'
Since 6, — 1, (28) and (29) yield
TI(X x Z) < Tm 27Q Oy, (X)rs < 2"Qu o(X). O
n—00 ’

The simple proof of the following corollary is omitted.

Corollary 5.4. Let 0 < s < m € w. Let X be a countably m-ho-
mogeneous metric space such that Z>S(X) < oo. There is a compact

set Z C R™ such that U™ %(Z) =1 and v™(X x Z) is o-finite.

Theorem 5.5. Let X be a metric spacQ( and dimsa X < m € w.
There is a compact set Z C R™ such that dimp X x Z = (LHEPX+dimpZ.

Proof: Fix s > di&le. By Proposition 4.3 there is a scale A such that
v3(X) =0. Let Z; be the space Z of Theorem 5.2.

Let € > 0. Thereis a cover X = |J,,, X; such that for each i € w there
is Q; such that X; is (Q;, m+¢)-homogeneous and moreover v} ((X;) <
1. Inspect the estimates (28) and (29): If we use (Q;, m+¢)-homogeneity
of X; instead of (@, m)-homogeneity of X, we get for r € [uy, ry)

Cr(Xi x Zg)r™+e <2m2Qi07 C,. (Xi)ryrs,

and since (29) does not depend on homogeneity of X, we get for r €
[rn+17un]
OT(Xi X zs)""er8 < CT'(Xi X ZS)TmTE < 2m0;n+1 CT

n41 (Xi)r:;-l—luil'

Since 6, — 0, r, — 0, u, — 0 and lim,, o C,. (X;)rS < I/5A70(Xi) <
1, these estimates yield U™ (X; x Zs) = 0 for all i. Consequently
U (X x Z,) = 0 for all € > 0, whence dimpX x Z, < m.

Now let s, = di_n}.:X + % Consider the spaces Zg, . Mutatis mutandis
we may assume Z,, C [27571,27F]. Let Z = (J, o, Zs, U{0}. Tt is clearly
compact and dimpX x Z < supdimpX X Z;, < m. On the other hand,
dimpZ > supm—s;, = meMPX. Thus dimp X x Z < diﬂpX‘Fﬁpz.
The opposite inequality follows from Corollary 4.5. O
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In particular, if X C R™, the above theorem yields a solution to the
problem of Hu and Taylor:

Corollary 5.6. For every set X C R™ there is a compact set Z C R™
such that dimpX x Z — dimpZ = diﬂpX. In particular, aDim X =

Cﬂle.
6. Comments and questions

Other packing measures. The packings we used are sometimes called
weak packings or pseudo-packings. There are other kinds of packing in
use. The most common that we shall call true packing is this: {(x;,r;) :
i € I} is a true packing if the balls B(z;,7;), B(z;,r;) are disjoint for
distinct 4,7 € I. There are also open balls variants. Some definitions of
packing measures are based on diameters of the underlying balls, instead
of radii. Various packing measures and their relations are discussed in
detail e.g. in [5], [6], [4]. Analysis shows that our results are to some
extent valid also for other packing measures.

Hausdorff measures. We intentionally neglected results involving
Hausdorff measure and dimension. The reason is that for any Hausdorff
function h we have J#" < V! where ho(r) = h(r/2) and "2 is the
corresponding Hausdorff measure. (Hint: If {(z;,0)} is a maximal uni-
form packing, then {B(z;,0)} is a 26-cover.) Thus e.g. Howroyd’s [11,
Theorem 13] stating that @gh(X xY) > P°(X) #"(Y) follows at
once from Corollary 3.6.

Upper estimates of cartesian products measures. All inequalities
of Section 3 estimate the measures on a product by means of measures on
coordinate spaces from below. We paid no attention to reverse estimates.
Basic results in this direction are due to Tricot [18] and Howroyd [11],
see also [5]. Howroyd has the following: Let P? denote the upper pack-
ing measure obtained from true packings. Let g, h be right-continuous

Hausdorff functions. Then ﬁgh(X xY) < ﬁg(X)?h(Y) for any met-
ric spaces X, Y, as long as the product on the right is not 0 - co or
00 - 0. Inspection of the proof shows that restricting the admissible radii
to a given scale does not matter. One can thus conclude that, under

the same conditions and with the obvious definitions, 5gAh(X xY) <
52(X)?Z(Y) for any scale % and also P/"(X x V) < Eg(X)ﬁh(Y)
and P9"(X x Y) < RI(X) 7" (V).
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Corresponding inequalities for the box measures can be derived
from (20). Corresponding inequalities for dimensions (due to Tricot [18])
are well-known (except (MPX xY < (MPX +dimpY’). Combining Tri-
cot’s inequalities with the one just mentioned and Corollary 4.5 we thus
have:

Theorem 6.1. For any metric spaces X, Y
dimp X + dimpY < dimp X X Y < dimp X +RPY,

dimp X' + dimpY” < dimp X x Y < dimp X + dimpY
< dimpX x Y < dimp X + dimpY.
Comparison of lower packing and box measures. As is obvious
from Section 2, the measures 2" and V" are closely related, much closer
than their upper counterparts, but we do not really know much about

their relation. We even do not know if they are equal. The following
problems seem interesting.

Question 6.2. Is there a (compact) set X C R and s > 0 such that
(i) v*(X) < 2°(X)?
(ii) »5(X) =0 and £°(X) = 007
(i) »*(X)=0and 0 < Z°(X) < cx?
A related problem, perhaps the most interesting one, is whether one

can replace v9 with 229 in the integrands in Theorem 3.5:

Question 6.3. Is it true that inequalities in Theorem 3.5 improve to
?gh f P9(E,)dP", 27M(E) > ['29(E,)d2" and 29M(E) >
J'29( @h?

A modest variation of this problem:

Question 6.4. Let X, Y be metric spaces and g, h Hausdorff functions.

(i) Suppose £29(X) > 0 and @h(Y) > 0. Does it follow that ?gh(Xx
Y)>0?

(ii) Suppose 229(X) > 0 and 2"(Y) > 0. Does it follow that 229" (X x
Y) > 07

Another interesting problem is that of semifiniteness of the 2" and v".
Recall that a Borel measure is semifinite if every Borel set of infinite mea-
sure contains a Borel subset of finite positive measure. By a theorem

—h
of H. Joyce and D. Preiss [12] the upper packing measure & on an
analytic metric space is semifinite.
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Question 6.5. (i) Under what conditions imposed on X and g are
the measures £ and v9 on X semifinite?
(ii) Is there s > 0 such that £7° is not semifinite on R?

Directed pre-measures. We also do not know if
differ.

g g
L4 and 2 may

Question 6.6. Is there a (compact) set X C R and s > 0 such that
() »*(X) < ZH(X)?

(ii) Kf(X) =0 and ZS(X) =007

(iii) K}S(X) =0and 0 < ZS(X) < 007

Finite Assouad dimension hypothesis. Proofs of Section 5 in-
evitably depend on the finite Assouad dimension of the metric space
under consideration, but there is no clue that this hypothesis is not su-
perfluous.

Question 6.7. Is there a metric space X such that dimpX < oo and
(ji_lQpX < il’lf{di?pX X J — diimPZ : diimpZ < OO}?

Dimensions of Borel measures. Our dimension inequalities have
counterparts for dimensions of finite Borel measures. Recall that if p is
a finite Borel measure in a metric space X and dim is any of the fractal
dimension under consideration, the corresponding dimensions of p are
defined by

dim p = inf{dim E : B C X Borel, u(E) > 0}.
It is easy to check that dimpp = @pu = dimgp and dimpp = dimgp.
Another equivalent definition of the two dimensions is dimpp = sup{s :
< 2%y =sup{s: p < v} and dimpp = sup{s : p < 2} = sup{s :
u < 7’} where < denotes absolute continuity.
The following theorem is a straightforward consequence of Corol-
lary 4.5.
Theorem 6.8. Let i, v be finite Borel measures in metric spaces.
(i) dimpp x v > dimpp + dimpv,
(ii) dimpp X v > dimpp + dimpw.
There is also a measure counterpart to Theorem 5.5.
Theorem 6.9. Let u be a finite Borel measure in a metric space X. If
dimsa X <m € w, then

inf{dimpu x v — dimpv : v is a finite Borel measure in R™} = dimpp.
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Proof in outline: Let € > 0 and s = dimppu+e. Thereisaset £ C X such
that (E) > 0 and dimpE < 5. By Theorem 5.5 and its proof there is a
compact set Z; C R™ such that dimpFE X Z; < m and, by Lemma 5.3,
the corresponding measure pus on Zg satisfies dimppus > m — s. Thus
dimpp X ps < dimpE X Zg < m < dimpps + dimpp + €. O

1]

2]
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