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BESOV CAPACITY AND HAUSDORFF MEASURES IN
METRIC MEASURE SPACES

SERBAN COSTEA

Abstract

This paper studies Besov p-capacities as well as their relation-
ship to Hausdorff measures in Ahlfors regular metric spaces of
dimension @ for 1 < Q < p < co. Lower estimates of the Besov
p-capacities are obtained in terms of the Hausdorff content as-
sociated with gauge functions h satisfying the decay condition
J hY DAt < o

1. Introduction

In this paper (X,d,u) is a proper (that is, closed bounded subsets
of X are compact) and unbounded metric space. In addition, it is Ahlfors
Q-regular for some () > 1. That is, there exists a constant C' = ¢, such
that, for each z € X and all r > 0,

C 1?9 < u(B(z,7)) < Cre.
For 1 < @,p < oo we define
Bp(X) = {u € LP(X) : |[ul|B,(x) < o0},
where
(1) lullB,(x) = llullLe(x) + [ulB, (x)
with

(2) [u]B,(x) = </X /X % du(z) du(y)> 1/p'

The expressions |[ul|p,(x) and [u]p, (x) from (1) and (2) are called
the Besov norm and the Besov seminorm of u respectively. We have

(3) [u] B,(x) = 0 if and only if u is constant p-a.e.
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Besov spaces were studied extensively on Ahlfors Q-regular subsets
of R™ by Jonsson and Wallin in [JW84]. In [JW84] the authors studied
mainly trace and extension results. Embeddings of homogeneous Besov
spaces have recently been studied by Xiao in [Xia086].

Recently Besov spaces have been used in the study of quasiconformal
mappings in metric spaces and in geometric group theory. See [BP03]
and [Bou07].

Capacities associated with Besov spaces were studied by Netrusov
in [Net92] and [Net96], by Adams and Xiao in [AX03], and by Adams
and Hurri-Syrjanen in [AHS03]. Bourdon in [Bou07] studied Besov
B,-capacity in the metric setting under the assumption that X is com-
pact. He worked with functions from A4, (X), the algebra of continuous
functions that are in B,(X). The algebra A,(X) does not separate in
general the points of X when 1 < p < Q) < oo. See [Bou07], [BP03],
and [Bou04].

In this paper we assume that 1 < Q < p < oo unless stated otherwise.
Under the assumption 1 < @ < p < oo we develop a theory of Besov
B,-capacity on X and prove that this capacity is a Choquet set function.
We also obtain lower bounds for the relative Besov capacity in terms
of the Hausdorff content associated with gauge functions h satisfying
a certain integrability condition under the additional hypothesis that
X admits a weak (1,p)-Poincaré inequality with 1 < p < Q < p <
0o. Some of the ideas used here follow [KM96]|, [KMO00|, [BP03],
and [Bou07].

2. Preliminaries

In this section we present the standard notation to be used throughout
this paper. Here and throughout this paper B(z,r) = {y € X : d(z,y) <
r} is the open ball with center z € X and radius r > 0, B(x,r) = {y €
X :d(z,y) < r} is the closed ball with center z € X and radius r > 0,
while S(z,r) = {y € X : d(z,y) = r} is the closed sphere with center x €
X and radius r > 0. For a positive number A, AB(a,r) = B(a, Ar) and
AB(a,r) = B(a, \r).

Under the hypothesis of Ahlfors regularity, it is known that the metric
measure space (X, d, u) is proper if and only if it is complete. Through-
out this paper (X,d,u) is assumed to be a complete and unbounded
Ahlfors Q-regular metric space for some @ > 1.

Throughout this paper, C will denote a positive constant whose value
is not necessarily the same at each occurrence; it may vary even within
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a line. Cf(a,b,...) is a constant that depends only on the parame-
ters a,b,... . Here Q will denote a nonempty open subset of X. For
E C X, the boundary, the closure, and the complement of F with re-
spect to X will be denoted by OF, E, and X \ E, respectively; diam E is
the diameter of E with respect to the metric d and F € F means that
E is a compact subset of F.

For two sets A, B C X, we define dist(A, B), the distance between A
and B, by

dist(A,B) = inf d(a,b).
acA,beB

For Q C X, C(Q) is the set of all continuous functions u: & — R.
Moreover, for a measurable u: Q@ — R, suppwu is the smallest closed
set such that u vanishes on the complement of suppu. We also use the
spaces

Co() = {p € C(Q) : suppy € 0},
Lip(Q) = {¢: @ — R : ¢ is Lipschitz},
Lip;,.(2) = {¢: @ = R : ¢ is locally Lipschitz},
Lipo(©) = Lip(2) N Co(©).

Let f:  — R be integrable. For E C ) measurable with 0 < u(F) <

oo, we define
1
—E) [E f(@) dp(x)

We say that a locally integrable function u: X — R belongs to
BMO(X), the space of functions of bounded mean oscillation, if

1

= sup sup ——— () — UB(q.r| du(z) < 00.
blasiows) = Sopaup oy [ 10(0) ()

3. Besov spaces

In this section we prove some basic properties of the Besov
spaces B,(X) and their closed subspaces B,,(Q2) and B)(Q2), where Q C
X is an open set. We also present standard lemmas needed for the proofs
of our main results.

We know that in the Euclidean case B,(R") is a reflexive Banach
space and moreover, S is dense in Bp(R"™) where § = S(R") is the
Schwartz class. See [AH96, Theorem 4.1.3] and [Pee76, Chapter 3.
We would like to prove similar results about reflexivity and density when
(X,d, p) is an Ahlfors Q-regular metric space with @ > 1. Tt is easy to
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see that every Lipschitz function with compact support belongs to By(X)
whenever X is proper and 1 < Q < p < o0.

We have the following lemmas regarding the reflexivity of B,(X) and
the embedding of B,(X) into BMO(X) whenever (X, d, 1) is an Ahlfors
@-regular metric space with 1 < Q,p < co.

Lemma 3.1. Suppose 1 < Q,p < oo and that X is an Ahlfors Q-regular
metric space. Then By(X) is a reflexive space.

Proof: Let v be a measure on the product space X x X given by

dv(z,y) = d(z,y) 2 dp(x) du(y).

We endow the product space LP (X, u) X LP(X x X, v) with the product
norm. Namely, for (u,g) € LP(X,u) x LP(X x X,v) we let

||(uag)”LP(X,u)xLP(XXX,V) = ||u||LP(X,u) + ||g||LT’(X><X,u)-

Clearly this product space is reflexive because it is a product of two re-
flexive spaces. Since B,(X) embeds isometrically into a closed subspace
of this reflexive product space, we have that B,(X) is itself a reflexive
space. This finishes the proof. O

Lemma 3.2. Suppose 1 < Q,p < oo and that X is an Ahlfors Q-reg-
ular metric space. There exists a constant C = C(Q,p,c,) such that
[ulpmo(x) < Clulp,(x) whenever u € L, (X).

Proof: Indeed, let u € L _(X) be such that [u]B,(x) < 0o. Suppose

loc

that B = B(a, R) is a ball in X. It is easy to see that there exists a
constant C' = C(Q, ¢,,) such that

1 : . u(x)—u(y)|? du(z

[u(z) —u(y)|?
SC/B/Bid(x’y)QQ du() du(y).

Therefore,
(5) [ulBmo(x) < C(Q,p; cu)ulB, (x)
and the claim follows. O

Remark 3.3. We notice that in the above two lemmas the claims hold
for general @ and p in (1, c0).

From now on throughout the remainder of the paper it will be assumed
that 1 < Q < p < 0.
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For an open set 2 C X we define
B,(2) ={u € Bp(X) :u=0 prae. in X\ Q}.

For a function u € B,(R2) we let ||ul|p, o) = ||ullB,(x)-

We notice that B, () is a closed subspace of B,(X) with respect to
the Besov norm, hence it is itself a reflexive space.

We define B)(Q2) as the closure of Lipy(€2) in B,,(X). Since Lipy(Q2) C
By, (Q), it follows that BY(€2) C B,(€2), so we can say that Bp(€) is the
closure of Lipy(Q2) in B, ().

Lemma 3.4. B,(2) is closed under truncations. In particular, bounded
functions in B,(Q2) are dense in Bp(Q).

Proof: As in the proof of [Cos07, Lemma 2.1], it is not difficult to
see that v(y) = min(v,A) € B,(R2) for every A > 0. Indeed, we have
llooyllzex) < lvllze(x) and (v, @) < [V]B,@)-

To prove the second assertion, for positive integers k& we define the
function v, by vy = max(—k, min(v,k)). From the first assertion it
follows that vy, € B,(Q2) with ||vk]|p, @) < |[v]|B, (@) Furthermore, we
have |vg(x)| < |v(z)| for every z € X and from the Lebesgue Dominated
Convergence Theorem it follows that |[vx —v||zr() — 0. We also notice
that vk (2) — vk (y)| < |v(z) —v(y)| for every x,y € X and since |(vg(z) —
ve(y))—(v(z)—v(y))| — 0 for almost every (z,y) € X x X, it follows from
the Lebesgue Dominated Convergence Theorem that [vx — v]p, ) — 0
as k — oo.

For a measurable function u: @ — R, we let ™ = max(u,0) and
u~ = min(u, 0).
Lemma 3.5. Ifu; —u in By(Q) and v; —v in Byp(Q2), then min(u;,v;) —
min(u,v) in Bp(2).
Proof: The proof is similar to the proof of [Cos07, Lemma 2.2] and
omitted. O
Next we show that the space BY(€2) is a lattice.

Lemma 3.6. Ifu,ve B)(Q), then min(u, v) and max(u, v) are in BY(Q).
Moreover, if u € BS(Q) is nonnegative, then there is a sequence of non-
negative functions @; € Lipy(§2) converging to u in By(2).

Proof: It is enough to show, due to Lemma 3.5, that u™ is in B)(€)
whenever u is in Lip,(£2). But this is immediate, because v € Lip,(Q)
whenever u € Lip(£2). This finishes the proof. O



146 S. COSTEA

Lemma 3.7. Let ¢ be a Lipschitz function with compact support in X.
If u € By(X), then up € By(X) with

llupll,(x) < Cllull,x)

where C' depends on Q, p, cu, the Lipschitz constant of ¢, and the di-
ameter of supp .

Proof: We can assume without loss of generality that ¢ # 0. Let R be
the diameter of supp . We choose zy € supp ¢ such that suppy C B,
where B = B(zo, R). Let L > 0 be a constant such that |¢(z) — ¢(y)] <
Ld(x,y) for every x,y € X. Note that |[p|[p~(x) < 2LR. We also
notice that

llupl e x)y < [l@llLexyllullLex),
hence ug € LP( ) Observe that

/ / u(x o) y)z(g)w(y)lp () du(y) = I + 21,

where
(6) n=/ |u(x>¢(;l,_yu2%wy>|p du() du(y)
and
_ u(@)p(@) —uly)e@I” ,
@  n= [ i ) ),

For every x,y € X we have

lu(@)p(z) —u(y)p(y)] < Ju(@) —u(y)|le(@)] + lu(y)|[e() — oY)l
Therefore

(8) Il < 2p(||90||Loo(X [ ]Zl)gp(x) +Ill)v
where |p| ()P
‘P — Py
I —/ / d(z,y) 2@ dp(z) dp(y).

From the definition of I;; we have, since ¢ is Lipschitz with constant L,

Ii < / / lez o pdu(:v) dp(y)
2 [ ot ([ e aute) ) dua)
We have

(10) / da P dula) < CQup.c )
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for every y € 2B, where we recall that R is the radius of B. From (9)
and (10) we get

Ly < C(Q. py e, ) LPRP € / ()PP duy)
(11) 2B
< C(Q,p, cu) LPRPCul [, 5

Since ¢ is supported in B, it follows from the definition of I that

uPlew) |
I, ‘//X\w L (o) dut).

I < [lpll7 oo (x) //X\wdx » 2Qd p(@) dp(y)

d(z 0)

Hence

and since d(z,y) > whenever x € X \ 2B and y € B, we get
1

I < 2%9|plf /u rd / ———— dpu().
2 eell7 oo () BI ()" du(y) rop A7) ()

Hence

< CQ.p el B2 [ Juw) duty)

(12) b

< C@Q P eIl (xy R Hull]n -
From (8), (11), (12), and the fact that I = I + 25, we get that

uyp € Bp(X) with

(13) lluells,x) < Cllulls, (x),

where the constant C is as required. This finishes the proof. O

Lemma 3.8. Let ¢ be a Lipschitz function with compact support in X .
Suppose uy, is a sequence in By(X) converging to w in B,(X). Then
upp converges to up in By(X).

Proof: From Lemma 3.7, we have that upp € B,(X) for every k > 1
and ug € By(X). Moreover, Lemma 3.7 implies

(14) lurp — up||B,(x) < Cllur — ullB, (x)

for every k > 1, and since up — u in By(X), it follows that urp — uep
in B,(X). This finishes the proof. O
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Remark 3.9. Let €, Q be bounded and open subsets of X with (2 €
Q. Suppose that ¢ is a function in LlpO(Q) with Lipschitz constant

C(Q,cp)/ dist(2, X\ Q) such that
(15) 0<p<land p=11in Q.

By an argument similar to the one from Lemma 3.7, one can show
that up € B,() whenever u € B,(X) and ¢ € Lip, () satisfies (15).
Moreover, in this case

luellp, @) < Cllulls,x)
for all u € B,(X) and the constant C' > 0 can be chosen to depend only
on @, p, ¢, dist(, X \ ), and the diameter of 2.

Remark 3.10. It is easy to see that up € Bp(X) whenever u, ¢ are
bounded functions in B,(X). Moreover,
llwellLe(x) < min(||ull Lo o llell e x)s el e oo llull e x)
and
[uelp, (x) < l[ullLex)lels, (x) + ll@llnex)[ulB, x)-
Lemma 3.11. Let B = B(zo,R) C X and n be a C(c,)/R-Lipschitz
function supported in 2B such that 0 < n < 1. Then there exists a
constant C = C(Q, p,c,) such that
(v —vB)lB,x) < ClvlB,(x)
whenever v € L, (X) with [v]p, (x) < cc.
Proof: Let v € L, (X) such that [v]p,(x) < co. Then v € L, (X) and

this implies, since 1 € Lipy(2B), that n(v —vp) € LP(X). We repeat to
some extent the argument of Lemma 3.7 with ¢ = n and v = v — vp.

We can choose L = C(C“) and we note that ||n||z~(x) < 1. Hence
u(@)n(z) — uly)n(y)|”
(16) / / FTCRNES dp(x) du(y) = I + 21,
e uente) — )P
uw(x)n(x) — u(y)n(y
L= / / dp() dp(y)
4B JAB d(z,y)??
and

z)u(z) —n(y)uly)
b= / /X\4B d(z,y)*?@ dulw) duly).

We notice that Iy < 2P(I1o + 111) where

Lo —/ / —uw)l” dp(z) dp(y)

nyQ
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Iy —/ /43 d(z.y) 2g(y))| dp(x) du(y).
We have

(17) Lo < /43/ [ul= xy2Q| du(z) du(y) < []BP(X)

since ||n]|p(x) < 1. Asin (11) we get with L = —C(};“)

and

(18) hlscXQqu»R*{ABw@o—vBWduwy

Because 7 is supported in 2B, it follows from the definition of I that

in fact
—vg["In(y)|
b= / /X\4B d(z,y)>?@ () diuly)-

As in Lemma 3.7 we get

(19) bSC@mwMHQA;Mw—WWW@)

From (16), (17), (18), (19), and the fact that Iy < 2P(I1o + 2I11), we
have that n(v —vp) € Bp(X) with

(v — o), ) < Qp@LAB/ P duta) duty)

C(Q,p, cu)lv ]B (X))
This finishes the proof. O

We now show that every function in B,(X) can be approximated by
locally Lipschitz functions in Bp(X).

Proposition 3.12. Lip,,.(X) N By(X) is dense in B,(X). More pre-
cisely, if uw € L}, .(X) has finite Besov p-seminorm, then there exists a
sequence ug, € > 0, in Lipy,.(X) such that:

(i) [ue — u]BP(X) —0ase—0,
(ii) |[ue —ullzr(x) — 0 as € — 0.
Proof: For every ¢ > 0 we construct a family of balls B(z;,¢) with

bounded overlap that cover X and we form a ¢q/e-Lipschitz partition
of unity associated with the cover {B(x;,e)} as in [KLO02]. Here ¢; =
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c1(cy). More precisely, we choose a family of balls B(z;,¢), ¢ =1,2,...
such that

X C [j B(z;,¢)
and -
(20) ZXGB(mi,a) <o = co(Q,cp)-
i=1
Now we choose a sequence of ¢; /e-Lipschitz functions ¢;, i = 1,2,...,

such that 0 < ¢; <1, ¢; =0 on X \ 6B(x;,¢), ¢; > 1/co on 3B(x;,¢€),
where ¢ is the constant from (20) and such that

Z%‘ =1
i=1

on X. We define the approximation by setting

E </71 U3B (x,€)

for every x € X. Then u. is a locally Lipschitz function.

(i) We note that

(21) Ue Z ©i(x U3B (zi,e) — u(w))

for every x € X. We notice from (20) that for every x € X at most ¢
nonzero terms appear in (21). Therefore

ue(w) — u(x) — (ue(y) —u(y))
=3 [#i(@)(usB(a,,e) — (@) = 0i (V) (UsB(a,.c) — uy))]
=1

with at most 2¢y nonzero terms appearing in the infinite sum for every
(z,y) € X x X. Consequently, we obtain

o0

(22) [ue — uly () < (207 Y [@iluspiese) — W, (x);
i=1

where ¢q is the bounded overlap constant appearing in (20). However,
from Lemma 3.11 there exists a constant C' = C(Q p, ¢u) such that

|u u(y)[”
©i(UsB(z;,e < C'/ / du(x) du(y
[pi(usB(z,e)~ W], (x) ST O i y)zg () du(y)
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for every i = 1,2,... . From this and (22) we obtain

(23) [u—ul'y L) S CZ/ B(%E)/mB (50.8) fulz d(x y)z(Q)| dp(x) du(y),

where C = C(Q,p,cy). If we let
Ac ={(z,y) € X x X 1 d(z,y) < 24e},
we have from (20) and (23) that

e = 0 < CQuen) [ [ =S o) o) o)

An application of Lebesgue Dominated Convergence Theorem yields
[ue — u]p,(x) — 0 as ¢ — 0. Moreover, we also notice that [uc|p,x) <

C(Q,p, cu)[ul B, (x) for every e > 0. B

(ii) By using (20) and the fact that ¢; forms a partition of unity we
obtain, via an argument similar to the one from Lemma 3.2

l[ue — u”Lp(X Z [0 ( U3B(xi,e) u)”ip(x)

(24) <d Z/ — U3B(z;,0) " dp()

6B(z;,e

2@ |u(z) — uy)[”
< C(Q,p,cu)e / / (7,922 du(z) du(y),
where ¢q is the constant from (20). This implies immediately that ||u. —
ul[z»(x) — 0 as € — 0. This finishes the proof. O
Proposition 3.13. Lipy(X) is dense in B,(X).

Proof: Let u € B,y(X). Without loss of generality we can assume that u
is bounded and locally Lipschitz. We fix o € X. For every integer k > 2,
we define ¢r: X — R by

1 if 0 <d(x,z0) <k,
or(z) = (log W) Jloghk if k < d(z, z0) < k2,
0 if d(x,z0) > k2.

Then ¢y, € B,(X) and moreover, [cpk]%p(x) < C(logk)=P. (See (25).)
Let up = ug. Then uy, € Lipy(X) and

lu —ukl|Lo(x) < |[uxx\Bao.p|lLr(x) — 0 as k — oo.
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We also have

— Plu(z) —u(y)P 1/p
o=l < ([ [ LT = W0 ) )

y)*@

+[|ull Lo x)[¢k] B, (x) — O

as k — oo. This finishes the proof. O

Lemma 3.14. Let v € By(Q).
(i) If suppv € Q, then v € BY(Q).
(i) Ifue B)(Q) and 0 < v <w in X, then v € B)(Q).

Proof: The proof is similar to the proof of [Cos07, Lemma 2.10]. We
present it for the convenience of the reader.

For the proof of (i), let ¢ € Lip,(£2) be such that ) = 1 on the support
of v. If a sequence v; € Lipy(X) converges to v in B,(X), then from
Lemma 3.8 we see that ¢v; € Lipy(Q?) converges to ¢v = v in B,(X),
therefore v € BY(Q).

As to assertion (ii), let ¢; € Lipy(€2) be an approximating sequence
foru e Bg (©). From Lemma 3.6 we can assume that the functions ¢; are
nonnegative. We can assume without loss of generality that v = u =0
everywhere on X \ Q. Then min(v, ¢,) has as support a compact subset
of  and hence belongs to B)(€). Moreover, since min(v, ;) converges
to min(u,v) = v in By(Q) (see Lemma 3.5), we have v € B)(€2). O

Lemma 3.15. Suppose that Q@ € X. Let u € Bp(2) be such that uw =0
on X \ Q and limgs, .y u(z) =0 for all y € 9. Then u € B)(Q).

Proof: Recalling that u = «™ — u~, we may assume as in [Cos07, Lem-
ma 2.11] that u is nonnegative. The function v, = max(u — ¢,0) is in
B,(Q) for ¢ > 0 and has compact support in Q. Thus u. € B)(Q),
l[uellB, @) < l[ullB, ) for every e > 0 and ue — u both in LP(X) and
pointwise as ¢ — 0. The convexity and reflexivity of Bp(€2) together
with Mazur’s lemma [Yos80, p. 120] imply that u € BJ(Q). O

4. Relative Besov capacity

In this section, we establish a general theory of the relative Besov
capacity and study how this capacity is related to Hausdorff measures.
For E C Q2 we define

BA(E,Q) ={u € B)(9) : u > 1 on a neighborhood of E}.
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We call BA(E,Q) the set of admissible functions for the con-
denser (E,Q). The relative Besov p-capacity of the pair (F,Q) is de-
noted by

capp, (E,Q) = inf{[u]’ép( :u € BA(E,Q)}.

Q)
If BA(E,Q) =0, we set capp (E,Q) = oo.

Since B)(Q) is closed under truncations from below by 0 and from
above by 1 and since these truncations do not increase the Besov p-semi-

norm, we may restrict ourselves to those admissible functions u for which
0<u<l.

Remark 4.1. If K is a compact subset of the bounded and open set 2 C
X, we get the same Besov B),-capacity for (K, ) if we restrict ourselves
to a smaller set of admissible functions, namely

BW (K, ) = {u € Lipy(2) : uw =1 in a neighborhood of K}.

Indeed, let u € BA(K,Q); we may clearly assume that « = 1 in a neigh-
borhood U € 2 of K. Then we choose a cut-off Lipschitz function 7,
0<n<lsuchthatn=1in X\U and n = 0 in a neighborhood U of K
U € U. Now, if @; € Lipy(2) is a sequence converging to u in Bp(£2),
then ¢; = 1—n(1—¢;) is a sequence belonging to BW (K, ) which con-
verges to 1 —n(1—u) in Bp(). (See Lemma 3.8.) But 1 —n(1 —u) = u.
This establishes the assertion, since BW(K,) C BA(K,). In fact,
it is easy to see that if K C 2 is compact we get the same Besov B,-
capacity if we consider

BW(K,) = {u € Lipy() :u=1on K}.

It is also useful to observe that if ) € B)(€) is such that ¢ — 1) €
BY(Q\ K) for some € BW (K, ), then

cappg, (K,Q) < [‘/’]%p(sz)'

4.1. Basic properties of the relative Besov capacity. A capacity is
a monotone, subadditive set function. The following theorem expresses,
among other things, that this is true for the relative Besov p-capacity.



154 S. COSTEA

Theorem 4.2. Suppose (X,d,u) is a proper and unbounded Ahlfors
Q-regular metric space with 1 < Q < p < 0o. Let Q C X be a bounded
open set. The set function E — cappg (E,Q), E CQ, enjoys the follow-
ing properties:

(i) If Ex C E, then capp, (E1,Q) < capp (E2, Q).
(ii) If Q1 C Qo are open, bounded, and E C €1, then
Capo (Ea QQ) < Capo (Ev Ql)
(ili) capp, (£,€) =inf{capp (U,Q): ECU C Q, U open}.
(iv) If K; is a decreasing sequence of compact subsets of Q with K =
Mooy K, then

capp, (K,Q) = lim capp, (K5, Q).

(V) IfEl C By C "'CE:U?ilEi C Q, then
capp (E£,Q) = lim capp (E;,Q).

(vi) If E=;2, E; C Q, then

capp (F,Q) < anpo (E;, Q).
i=1
Proof: The proof is very similar to the proof of [Cos07, Theorem 3.1]
and is therefore omitted. o

A set function that satisfies properties (i), (iv) and (v) is called a
Choquet capacity (relative to ). We may thus invoke an important
capacitability theorem of Choquet and state the following result. See
[Doo84, Appendix II].

Theorem 4.3. Suppose (X,d, ) is a metric measure space as in The-
orem 4.2. Suppose that 2 is a bounded open set in X. The set function
E — capp (E,Q), E C Q, is a Choquet capacity. In particular, all Borel
subsets (in fact, all analytic) subsets E of Q are capacitable, i.e.,

capp, (E,Q) = sup{capp (K,Q): K C E compact}
whenever E C ) is Borel (or analytic).

4.2. Upper estimates for the relative Besov capacity. Next we
derive some upper estimates for the relative Besov capacity. Similar
estimates have been obtained earlier by Bourdon in [Bou07]. We follow
his methods.
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Theorem 4.4. Let (X,d,u) be a metric measure space as in Theo-
rem 4.2. There exists a constant C = C(Q,p,c,) > 0 depending only
on Q, p and ¢, such that

1-p
(25) capp, (B(zo,7), B(zo, R)) < C (log %)

for every 0 < r < % and every xg € X.

Proof: We use the function u: X — R,
1 if 0 <d(x,z9) <r
(log = zo)) (log %) if r < d(z,z0) < R,
0 if d(z,z9) > R.

Then u € Bp(X) because it is Lipschitz with compact support. Since
u is continuous on X and 0 outside B(xg, R), we have in fact from
Lemma 3.15 that u € B)(B(zo, R)). In fact u € BA(B(xo,r), B(zo, R))
since u = 1 on B(zo,r). Let v(z) = u(z)log £. We will get an upper
bound for [v]g, (B(ze,r))- Let k > 3 be the smallest integer such that
2k=1r > R. For i = 1,...,k we define B, = B(z¢,2r) \ B(xo,2!"'r).
We also define By = B(zg,r) and Bi.1 = X \ B(zo,2*r). We have

0%, (5aory = D i

0<i,j<k+1
S e ) )

Obviously we have I; ; = I; ;. We majorize I; ; by distinguishing a few
cases. For j <k and 0 <i < j — 2 we have from the definition of v that
|v(z) —v(y)] < j—1i+ 1 whenever z € B; and y € By, hence

Lij < Co(j — i+ 1)P (27r) 729 (2'r)@ (271)9,

that is I; ; < C1(j —)P20~9)Q. For 0 < i < j < k we notice, since v is
s1=-Lipschitz on U;>; Bj that

L < (271 / / — 5= du(x) du(y).

Moreover, we have

1
s . o
/B d(x,1)2Q-P dp(z) < Co(diam Bj)P

J

0<4,j<k+1
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for every y € B(zg,2'r), where C depends only on p, Q and c,,. Hence
for 0 <i < j < k we have
L, < 03(Qi—lr)—p(QiT)Q(QjT)p—Q < 0, 20-D(P-Q)

In particular, for j —1 < ¢ < j < k, the integral I; ; is bounded by a
constant that depends only on p, ) and c,,. Now we have to bound I; ;
when j = k£ + 1. Since v is constant on By U By11, we have I; 11 =0
for i € {k,k+1}. For 0 <i <k — 1 we have

1
I gk—z’+1p// — = du(z) duly).
k+1 ( ) B B d($,y)2Q ,U,( ) :u’(y)

But there exists C5 > 0 such that
1
———du(x) < C5(2F1r) =@
~/Bk+1 d(z,y)*@

for every y € X with d(y,x9) < 28", Hence I, x11 < Cs(k — i+
1)P20=k=DQ  Finally we have
(V1% (B(zo,r)) < C7k + Cs Z (j — 20 =9e,
0<i<j<k+1
The last sum is equal to
k+1

> (k+2-1nr2e.

=1

But k+2—1< k+1 and there exists a > 1 such that P27!Q < Cya~*
for [ > 1. Hence

R
[0)5, (B(wo,R) < Crolog
and )
R -p
p
[ul5, (520, R)) < C10 <1°g 7) '
The claim follows with C' = Cjg. O

For a fixed r > 0 we construct the dyadic partition of X as in [Chr90,
Theorem 11]. That is, a family of open sets D, = {Ky, ., : m € Z, a €
I,,} such that

) wX\Uq Krp) =0, Vi
(ii) If I > m then either K’ C K&, or K’ NKg . =0.

(iii) For each (m,«) and each I < m there is a unique [ such that
KS, C K]
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(iv) For every (m,a) there exists a ball By, . = B(zy, ., 107™r) such
that
= B, .CK; . C3B;
10 mr m,r m,r

We call these open sets “dyadic cubes”.
Two distinct dyadic cubes K, K’ in D, are adjacent if there exists an
integer k such that either

(i) K, K’ are in generation k and K N K’ # (), or
(ii) one of the cubes K, K’ is in generation k, the other one is in
generation k + 1 the one in generation k contains the other one.

Similarly, if Ky C X is a dyadic cube in D,., we denote by D,.(Kj) the
dyadic subcubes of Kj.
For two adjacent cubes K, K’ € D,. we have

po |l e dute) —
i~ Il = | [ A@ )~ [ s anty

If y)I”

A7) 2@ dp() dp(y),

I/\
\N
\\

where C' is a constant that depends only on the Ahlfors regularity of X.
For the following lemma see [BP03, Lemma 3.5].

Lemma 4.5. There ezists a constant C' depending only on the Ahlfors
reqularity of X such that

Cld(n, )29 < XWX (€) _ oy ()@
(n C) a K,K/Euztldjacent M(K)M(K/) a (n C)

or p-a.e. n,{ € X.

We also have (see [BP03, Theorem 3.4]):
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Lemma 4.6. There exists a constant C depending only on p and on the
Abhlfors reqularity of X such that

1 1
Oil 4 < —_— XT)— pd X d
Mos X [ 1@t dute) duto)
< C[f]%p(x)
for every f € Bp(X).
This implies (see [BP03, Lemma 3.5)):

Lemma 4.7. There exists a constant C depending only on p and on the
Ahlfors reqularity of X such that

(26) > e — ferl? < CUTS, )
K,K'€D, adjacent
for every f € Bp(X).

4.3. Hausdorff measure and relative Besov capacity. Now we ex-
amine the relationship between Hausdorff measures and the B,-capacity.
Let h be a real-valued and increasing function on [0,00) such that
lim¢ o h(t) = h(0) = 0 and lim;_,o h(t) = oo. Such a function h is
called a measure function. Let 0 < § < co. Suppose 2 C X is open. For
E c Q we define

A) 5(E) =inf Y h(ry),

where the infimum is taken over all coverings of E by open sets G; in

with diameter r; not exceeding §. The set function Azoﬁ is called the
h-Hausdorff content relative to Q. Clearly A? — is an outer measure

h,Q
for every § € (0,00] and every open set 2 C X. We write AJ(E) for
Af < (B). )
Moreover, for every E C €, there exists a Borel set £ such that
D -0 s _AS (T s : :
ECFEcCQand Ah,ﬁ(E) = /X}lﬁ(E’).(s Clearly Ah;;ﬁ(E) is a decreasing
function of . It is easy to see that Ah)Q—Q(E) < Ahﬂ—l(E) for every 5_6
(0, o0] whenever 7 and Qo are open sets in X such that £ C Qp C Q.
This allows us to define the h-Hausdorff measure relative to Q of E C Q
by
_ 0 1 1
Ay o(E) = sup Ay g(E) = lim Ay 5(E).

The measure A, g is Borel regular; that is, it is an additive measure on
Borel sets of Q and for each E C Q there is a Borel set G such that
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ECGcCQand A, 5(E) = A, 5(G). (See [Fed69, p. 170] and [Mat95,
Chapter 4].) If h(t) = t°, we write Ag for Ay x. It is immediate from
the definition that As(E) < oo implies A, (E) = 0 for all w > s. The
smallest s > 0 that satisfies A,(E) = 0 for all u > s is called the
Hausdorff dimension of E.

There are many excellent books on Hausdorff measures, including
Federer [Fed69], Mattila [Mat95], and Rogers [Rog70].

For © C X open and § > 0 the set function A‘; g has the following
property: 7

(i) If K; is a decreasing sequence of compact sets in €2, then

o0
5 . 5
A () Ki) = lim A7 o (K).
i=1
Moreover, if 2 € X and h is a continuous measure function, then

A‘; 5 satisfies the following additional properties:

(i) If E; is an increasing sequence of arbitrary sets in Q, then

A 5(U B = lim A9 5(E)).

) i—00
=1

(iii) Ai_ﬁ(E) = sup{Ai_ﬁ(K) : K C E compact} whenever E C Q is a

Borel set. (See [Rog70, Chapter 2.6].)
We have the following proposition:

Proposition 4.8. Suppose (X, d, ) is an Ahlfors Q-regular metric space
with @ > 1. Let h: [0,00) — [0,00) be a measure function.

(a) If iminf,_o h(t)t=@ =0, then AJ(X) = 0.

(b) If liminf, o h(t)t~9 > 0, then there is an increasing function
h*:[0,00) — [0,00) such that h*(0) = 0, h* is continuous, t —
h(t)t=Q, 0 <t < oo, is decreasing and there exists a constant C =
C(Q, cy) such that for all E C X and all 6 >0

CTA)(E) < AS.(E) < CAY(E).
Proof: The proof is similar to the proof of [AH96, Proposition 5.1.8]
and omitted. o

If h: [0,00) — [0, 00) is a continuous increasing measure function such
that t — h(t)t=9, 0 < t < oo, is decreasing, we know that Aj,(E) = 0 if
and only if A7°(E) = 0. (See [AH96, Proposition 5.1.5].) If h(t) = t*,
0 < s < oo, we write AZ® for AfY y.
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Theorem 4.9. Suppose 1 < p < Q < p < oco. Let (X,d,p) be a
complete and unbounded Ahlfors Q-regular metric space that supports a
weak (1,p)-Poincaré inequality. Suppose h: [0,00) — [0,00) is a contin-
uous increasing measure function such that t — h(t)t=9, 0 < t < oo,
is decreasing. Let Ko, € D, be a dyadic cube of generation 0 and let
xo € X be such that B(xo,r/10) C Koy ,. There exists a positive con-
stant C7 = C1(Q, p,cu) such that

AZO (E N Fk,r)
10~kr i p
(S nieyr—142)

for every E C X, every k > 1, r > 0, and for every Ky, € D,(Ko,)
cube of generation k such that B(zo,107%r) N Ky, # 0.

(27) — < C{kpflcapo (EN Ky, B(zo,7/10))

Proof: We fix r > 0 and k > 1. Suppose Kj, € D,(Ko) is a dyadic
subcube of Ky, of generation k such that Ky, N B(zg, 107%r) # (.

Let E C X. From the fact that there exists a Borel set E such
that E ¢ E C X and capp, (E N Ky, B(zg,7/10)) = capBP(E N
Ky, B(xo,7/10)), we can assume that F is a Borel set. All the sets EN
K}, considered here lie in 7B(z¢, 10~%7) € B(zq,7/10) whenever k > 2.
Indeed, K}, which is contained in a ball of radius 10~*%3r, was chosen
such that Ky, N B(zg,107%r) # (. From this observation, the discus-
sion before Proposition 4.8, and the fact that capp (-, B(zo,7/10)) is a
Choquet capacity, it follows that it is enough to consider only compact
sets F in order to prove the theorem.

There is nothing to prove if either AZ??W (ENKg,) = 0 or if

—k ’
folo "h(t)P' 14 = 0o, So we can assume without loss of generality

— -k ,
that a = A>%  (ENKp,) > 0 and that 50 TR < oo,

For every ¢ € S(zo,7/10) there exists an increasing sequence (K ¢)s<o
of dyadic subcubes of Ky, such that K¢ is a cube of generation s for
every integer s < 0 and

m KS,C = {C}
s<0
We denote by s¢ the sequence (K ¢)s<o-

For every n € Fk,r there exists a decreasing sequence (Kixn)s>0
of dyadic subcubes of K}, such that K, is of generation s + k for
every s > 0 and

ﬂ Fs+k,77 = {77}

s>0
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We denote by 5717 the sequence (Ksik)s>0- Let I = {Kqr,...,Kg,} be
a shortest decreasing sequence of cubes connecting Ky, and K ,.
For (¢,n) € S(zg,7/10) x Ky, we define ¢, = (Ky.¢.n)scz, where

Ks¢ ifs<0
Keen=Ks, if0<s<k
K, ifs>k.

For K, K' € D, we define

C(Kv K/) = {(Cﬂ?) S (ZE(), 1_2)) X ?k,r K = Ks,{,nv
K' = Kgi1.¢, for some s € Z} .

We notice that C(K, K’) = 0 if K, K’ are not adjacent or if they are
adjacent but of the same generation.

Since X is an Ahlfors Q-regular complete metric space that satisfies
a weak (1,p)-Poincaré inequality with 1 < p < @, there exists (see
[Kor07, Theorem 4.2]) a constant C' depending only on p and on the
data of X such that

C 1P < AF_5(S(x,t) < Ct9P

for all closed spheres S(z,t) of radius ¢ in X. We also have a = Af°(EN
Kj,) > 0. Therefore, by applying Frostman’s lemma (see [Mat95,
Theorem 8.8]), there exists a constant C' > 0 and probability measures
vp on S(wg,7/10) and v; on EN K, such that for every ball B(z,t) of
radius ¢ in X we have

Q-p
28) w(Blx,t) <C (;) and 11 (B(x,1)) < c%.

For K, K' € D, we define
m(K,K') = vy x v1(C(K, K")).

We notice that m(K, K')m(K', K) = 0 for every pair of cubes K, K’ €
D,.. Moreover, if m(K, K’) # 0, then this implies that K and K’ are
adjacent but of different generations.

Let f be in BW(E, B(xo,7/10)). Then, since f is continuous, we
have that

fz, — )

v
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for every y € X for every nested sequence K, of r-dyadic cubes contain-
ing y and converging to y. It follows that

1= f(77) - f(C) < Z(f?erl,{,n - f?s,c,n)
seZ

henever n € EN Ky, and ¢ € S(zg,7/10).
We obtain with the definition of m (K, K’) and by Holder’s inequality,
that

1 S /S(mo,r/lo)/E Z fKS+1 ¢,n stcn)dl/l( )dl/Q(C)

ﬂK" T s€Z

< i — I®, . ldvi(n)do(C
Lo o T, S )

k.r s€Z

= > s Iem@®R)

K,K’'eD, adjacent

1/p 1/p’
< 3 |\ = frrl? > o mEE)Y
K,K'€D, adjacent K,K'€D, adjacent
1/p’
< Clfl,x) > o mERERY|

K,K'eD, adjacent

where we used (26) for the last inequality. Here the constant C' depends
only on p and on the Ahlfors regularity of X. For a nonnegative integer s
we let

Fos={(K,K") €Dy x Dyt K = K_y_1,
K' = K_, . for some ¢ € S(zo,7/10)}
and similarly
B ={(K,K') € Dy x Dy : K = Kyypp,
K' = Ky i1, for some n € K, }.

We notice that we can break Y = > 1 rrcp m(K, K')? into 3 parts,
namely

=3 Y mER e EEY S m

s=0(K,K’)EFEy,s K,K'el s=0(K,K’)EF1 s
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We recall that I = {Ko, ..., Ky} is a shortest decreasing sequence of
cubes in D, connecting Ky, and Kj ,. Thus, the sum in the middle is
exactly k. We get upper bounds for the first and the third term in the
sum. We notice that for every s > 0 we have

Z m(K,K') =1
(K,K")€E,,

since vy X v is a probability measure. On the other hand, there exists a
constant C’ depending only on p and on the Hausdorff dimension of X
such that

h(1075ky)

«

m(K,K') <C’ for every (K,K') € Fy 5
for every integer s > 0 and

m(K,K’) < C'10%=9 for every (K, K') € Ey

for every integer s > 0.
Therefore

oy mER)Y

s=0 (K,K")€E s

m(K, K')" "'m(K, K’

o
M

Il
=]

S (K)K/)EELS

< Ca' Py h(107 ket > m(EK)

5>0 (K,K')EE1

But there exists a constant Cp = Cp(Q,p) > 1 such that

1 10~k . dt , 107 % . dt
—/ h(t)P Tt — <> (10T < co/ h(t)P —1=
OO 0 t 5>0 0 t

for every r > 0, every integer £k > 1 and every continuous increasing
measure function h: [0, 00) — [0,00) such that t — h(t)t~9, 0 < t < oo,
is decreasing. Hence

Z Z m(K, K’

s=0 (K,K')€E

_ydt

10~ *r
e A
0 t
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From a similar computation we get

ooy mEER)Y

s=0 (K,K')€Eo,s

<C 10~ @' -D(Q-P)s Z m(?, F) =C.
s>0 (K,K")eEoy,s

So we get

, 107k . dt
Y <c al—l’/ P S k1)
0

It is easy to see that there exists a constant C' depending only on p and
on the Hausdorff dimension of X such that

AP (K,r)
10— Fkr ,_
(" ey =15t)

for every r > 0, every integer kK > 1 and every continuous increasing
measure function h: [0, 00) — [0,00) such that t — h(t)t~?, 0 < t < oo,
is decreasing. Hence

, pLo7Fr . dt
S <Ckalr / O
0

Therefore we obtain

107 % 1/p
—p’ r_qdt
1< C[f]Bp(B(xo,r/w)) (k al™P / h(t)? 1?>
0

for every integer k > 1 and for every f € BW(E N K., B(xg,7/10)).
This implies that there exists a constant C] depending only on p and on
the Hausdorff dimension of X such that

Aszo,r (E M Kk,r)

10—Fr ’_ p—1
(Jo" " iy —4t)
This finishes the proof since Af°(E N Ki,) < A;L’o? (ENKg,). O

s 20,7

p—1 — 7

TP < Cy capp (E N Kk, B(xo,7/10)).

As a consequence of Theorem 4.9, we obtain the following theorem.
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Theorem 4.10. Suppose (X, d, ) is a metric measure space as in Theo-
rem 4.9. Suppose h: [0,00) — [0,00) is a continuous increasing measure
function such that t — h(t)t~%, 0 < t < oo, is decreasing. There erists
a positive constant C1 = C1(Q, p,c,) such that

A (ENB(z,T))
(g ey =14

for every E C X, every x € X, and every pair of positive numbers r, R
such that r < %.

R\"!
< (log ?> capg (EN B(z,r), B(z, R))

Proof: Fix x € X and r, R such that 0 < r < %. Without loss of
generality we can assume that B(z,100R) C Ko 1000r. We choose k >
3 integer such that 102~*R < r < 103~*R. From the construction of the
dyadic cubes and the fact that X is a Q-Ahlfors regular space with Q > 1,
it follows that there exists a constant C' = C(Q,c,) independent of k
such that every ball of radius 102~*R intersects with at most C' dyadic
subcubes of K¢ 1000r from the kth generation. We leave the rest of the
details to the reader. O

It follows easily that if X is a complete and unbounded Ahlfors
@-regular metric space as in Theorem 4.9, then there exists a constant
C =C(Q,p,p,c.) such that

AS°(E N B(a, R))
R

whenever £ C X, R >0, and a € X.
As a corollary we have the following.

(29)

S Ocapo (E n B(CL, R)v B(av ZR))

Corollary 4.11. Suppose (X, d, u) is a metric measure space as in The-
orem 4.9. There exists a positive constant Cy = Ca2(Q, p, D, cu) such that

1-p
(30) o (1o ) < ca, (Bla.r). Bl )

. ag e R
Jor every x € X and every pair of positive numbers r, R such that r < 5.

Proof: We apply Theorem 4.10 for h(t) = t?~P. We notice (see [Kor07,
Theorem 4.2]) that there exists a constant C5 = C5(Q, p, p, ¢,,) such that

L AgBen)

31 —
(3D Cy ~ (fomp'—l)(@fm%)p‘l -

for every x € X and every r > 0. The rest is routine. O
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Theorem 4.4 and Corollary 4.11 easily yield the following theorem,
(cf. [BouOT]).

Theorem 4.12. Suppose (X, d, i) is a metric measure space as in The-
orem 4.9. There exists Co = Co(Q,p,cu) > 0 such that

1-p

(32) cio <1og g) o < capp, (B(x,r), B(z, R)) < Co (log %)

. ag e R
for every x € X and every pair of positive numbers v, R such thatr < 5.

A set E C X is said to be of Besov By-capacity zero if capg, (EN
Q,Q) = 0 for all open and bounded © C X. In this case we write
capp, (E) = 0. The following lemma is obvious.

Lemma 4.13. A countable union of sets of Besov By-capacity zero has
Besov By,-capacity zero.

The next lemma shows that, if £ is bounded, one needs to test only
a single bounded open set {2 containing E in showing that E has zero
Besov B,-capacity.

Lemma 4.14. Suppose that E is bounded and that there is a bounded
neighborhood 1 of E with capg (E,Q) = 0. Then capg (E) = 0.

Proof: The proof is similar to the proof of [Cos07, Lemma 3.13] and
omitted. (|

Corollary 4.15. Suppose (X,d, u) is a metric measure space as in The-
orem 4.9. Let E C X be such that capg (E) =0. Then Ap(E) =0 for
every measure function h: [0,00) — [0,00) such that

1
(33) /O h(t)p/_l% < 0.

In particular, the Hausdorff dimension of E is zero and X \ E is con-
nected.

Note that for every € > 0 we can take h = h.: [0,00) — [0,00) in
Corollary 4.15, where he(t) = |logt|'~P~¢ for every t € (0,1/2).

Proof: To prove the first claim, it is enough to assume, without loss
of generality, that h: [0,00) — [0,00) is a continuous measure function
such that t — h(t)t~%, 0 < t < oo, is decreasing. (See Proposition 4.8.)

If capp (E) = 0, then there exists a Borel set £ such that £ C E

and capp (E) =0, hence we can assume without loss of generality that
E is itself Borel. Since A}° is a countably subadditive set function and
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Ap(E) = 01if and only if A;°(E) = 0 whenever h is a continuous measure
function, it is enough to assume that F is bounded. Moreover, the
discussion before Proposition 4.8 shows that it is enough to assume that
F is in fact compact. For E compact the first claim follows obviously
from Theorem 4.10. The second claim is a consequence of the first claim
because for every s € (0,Q), the function hs: [0,00) — [0,00) defined
by hs(t) = t° has the property (33). The third claim is a consequence of
the Poincaré inequality. O

We also get upper bounds of the relative Besov p-capacity in terms of
a certain Hausdorff measure.

Proposition 4.16. Let h: [0,00) — [0,00) be an increasing homeomor-
phism such that h(t) = (log $)*7P for all t € (0, 3). Suppose (X,d,p) is
a proper and unbounded Ahlfors Q-reqular metric space. Let E be a com-
pact subset of X. There exists a constant C depending only on p and on
the Ahlfors regularity of X such that capp (E,Q) < CAp(E) for every
bounded and open set Q) containing E.

Proof: The proof is similar to the proof of [Cos07, Proposition 3.17].
We present it for the convenience of the reader. We can assume without
loss of generality that Aj,(F) < co. Let Q be a bounded open set con-
taining . We denote by 4 the distance from F to the complement of 2.
Without loss of generality we can assume that 0 < § < 1. We fix 0 <
e <lsuchthat 0 <e < %. Then r < € implies log (%) > %log (%) We
cover E by finitely many open balls B(z;,r;) such that r; < 5. Since we
may assume that the balls B(z;,r;) intersect E, we have B(z;, %) C Q.
As in [HKM93, p. 48] we obtain

Capo (Ea Q) < Z Capo (B(Ilv Ti)v Q)

< anpo (B(wi,ri), B(xi,6/2))

<)Y (m%)lp.

i

In the last step we also used formula (32) for the Besov B,-capacity of
spherical condensers together with our choice of . Taking the infimum
over all such coverings and letting ¢ — 0, we conclude capp (E,€2) <
CAp(F). This finishes the proof of the proposition. O
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Proposition 4.16 gives another sufficient condition to obtain sets of
Besov p-capacity zero.

Theorem 4.17. Let h: [0,00) — [0,00) be an increasing homeomor-
phism such that h(t) = (log 1)'=P for all t € (0,%). Then An(E) < oo
implies capg (E) =0 for every £ C X.

Proof: The proof is similar to the proof of [Cos07, Theorem 3.16]. Since
Ay is a Borel regular measure, we may assume that F is a Borel set and
furthermore, in light of the Choquet capacitability theorem, we may as-
sume that F is compact. We let M = C'Ap(F), where C' is the constant
from Proposition 4.16. Since Ap(E) < oo, we have that u(E) = 0, while
Proposition 4.16 implies that capg, (E,Q) < M for every bounded and
open set € containing E. Let 2 C X be a bounded open set contain-
ing E. From Lemma 4.14 it is enough to show that capg (E,€) = 0.
We choose a descending sequence of bounded open sets

Q=053 ---5nN;Q0;, =F
and a sequence ¢; € BW(E, ;) with [goi]%p(ﬂi) < M + 1. Then y; is
a bounded sequence in B,(€). Because ¢; converges pointwise to a
function ¢ which is 0 in X \ E and 1 on E, we have from Mazur’s lemma
and the reflexivity of BJ(Q) that ¢ € BJ(Q). That is, there exists a

subsequence denoted again by ¢; such that ¢; — 1 weakly in Bg Q)
and a sequence @; of convex combinations of ¢;,

Ji Ji
QZZ' = Z)\i’jwj’ )\i,j > O, and Z)\i’j = 1,

j=i j=i
such that @; — ¢ in B)(Q). Without loss of generality we can assume
that ¢; — 1 pointwise in X as ¢ — oo. The convexity of the Besov
seminorm and the choice of the sequence ; imply, together with the
closedness of BW(FE,€);) under finite convex combinations, that @; €
BW(E,Q;) for every integer ¢ > 1. Since u(E) =0, ¢ = 0in X \ E,
and @; — v in B)(Q), it follows that [|¢)||, o) = 0. This implies
|2l B, () — 0 as i — oo, hence

0 < capp, (E,Q) < ililg[@]%p =0.

()
This finishes the proof. O
5. Besov capacity and quasicontinuous functions

In this section we study a global Besov capacity and quasicontinuous
functions in Besov spaces.
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5.1. Besov Capacity.
Definition 5.1. For a set £ C X define
Capgs, (B) = inf{|[ul[, ., + [ul}y . : u € S(E)},
where v runs through the set
S(E)={u € By(X) :u=1 in a neighborhood of E}.

Since Bp(X) is closed under truncations from below by 0 and from
above by 1 and since these truncations do not increase the Besov p-norm,
we may restrict ourselves to those functions u € S(E) for which 0 <u <1.
We get the same capacity if we consider the apparently larger set of
admissible functions, namely

S(E) ={ue Bp(X) :u>1 p-a.e. in a neighborhood of E}.
Moreover, we have the following lemma:
Lemma 5.2. If K is compact, then
Capp, (K) = int{[ulll, ) + [u]}y (. u € So(K)}
where So(K) = S(K) N Lipy(X).

Proof: Let u € S(K). Since B,(X) = B)(X), we may choose a sequence
of functions ¢; € Lipy(X) converging to u in B,(X). Let U be a bounded
and open neighborhood of K such that u = 1 in U. Let ¥ € Lip(X),
0 <4 < 1besuch that y = 1in X \U and ¢ = 0in U € U, an
open neighborhood of K. From Lemma 3.8 we see that the functions
¥; =1—(1— ;)9 converge to 1 — (1 —u)y in B,(X). This establishes
the assertion since 1 — (1 — u)y = u. O

We have a result similar to Theorem 4.2, namely:

Theorem 5.3. The set function E — Capp (E), E C X is a Choquet
capacity. In particular

(i) If Ex C Es, then Cappg (E1) < Capp (E2).

(i) If E =\, E;, then

CaPBp (E) < Z CaPBp (Ei).-

We have introduced two different capacities, and it is next shown that
they have the same zero sets.
Let €, Q2 be bounded and open subsets of X such that Q € Q. Let

n € Lipy(R?) be a cut-off function as in Remark 3.9. Suppose K is a



170 S. COSTEA

compact subset of 2. Then, if u € So(K), we have that un is admissible
for the condenser (K,€). Therefore

(39 capg, (K,9) < nft, o < lunlll, o < Cllully, )

where C' depends only on Q, p, ¢, diam  and dist(Q, X \ €). (See
Remark 3.9.) Since |[u|g,(x) = |[ul|zr(x) + [u]B,(x), We have
(35) ||“||%p(x) < 2p(||“||§p(x) + [“]Z];p(x))-

From (34) and (35) we get, by taking the infimum over all u € Sy(K),
that

(36) capp, (K,Q) < 2P C Capy (K),
where C' is the constant from (34).

Since both capp (-,2) and Capp (-) are Choquet capacities, we ob-
tain:

Theorem §.4. There eNm'sts C > 0 depending only on Q, p, cu,
dist(Q, X \ Q) and diam Q such that
(37) capp, (E, ?2) < CCapg (E)
for every E C Q.
Corollary 5.5. If Capg (E) =0, then capp (E) = 0.
We also have a converse result, namely:

Theorem 5.6. If capp (E) =0, then Capp (E) = 0.

Proof: The proof is similar to the proof of [Cos07, Theorem 4.6] and
omitted. O

Remark 5.7. For E C X compact we see from the proof of Lemma 4.14
and Theorem 5.6 that it is enough to have capg (E£,€2) = 0 for one
bounded open set 2 C X with £/ C € in order to have Capg (E) = 0.

It is desirable to know when a set is negligible for a Besov space. If
there is an isometric isomorphism between two normed spaces X and Y
we write X =Y. In particular, if E is relatively closed subset of €2, then
by

By(Q\ E) = B)(Q)
we mean that each function u € Bg (Q) can be approximated in By-norm
by functions from Lipy(Q \ E).
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Theorem 5.8. Suppose that E is a relatively closed subset of Q2. Then
0 _ o
if and only Capg (E) = 0.

Proof: Suppose that Capp (E) = 0. Let ¢ € Lip,(Q2) and choose a
sequence u; of functions in B,(X) such that 0 < w; <1, u; =1ina
neighborhood of E and u; — 0 in B,(X). For every j > 1 we define
w; = (1 — uj)e. Then from Remark 3.10 and the properties of the
functions ¢ and w;, it follows that w; is a bounded sequence of functions
in Bp(X), compactly supported in Q \ E. Lemma 3.14 implies that
w; is a sequence in BS(Q \ E). Moreover, Lemma 3.8 implies, since
p—wj = ujp for every j > 1 and since ||u;||p,(x) — 0, that w; converges
to ¢ in By(X). Since w; is a sequence in BY(Q\ E), it follows that
¢ € BY(Q\ E). Hence

B)(Q) C B)(Q\ E)

and since the reverse inclusion is trivial, the sufficiency is established.

For the only if part, let K C E be compact. It suffices to show that
Capp, (K) = 0. Choose ¢ € Lipy(2) with ¢ = 1 in a neighborhood
of K. Since BY)(Q\ E) = B)(Q), we may choose a sequence of functions
@; € Lipy(Q2\ K) such that p; — ¢ in By(€2). Consequently

Cag, (1) < (Jim lles = ol + o5 = el ) =0
and the theorem follows. O

5.2. Quasicontinuous functions. We show that for each u € B,(X)
there is a function v such that v = v p-a.e. and that v is Bj,-quasicon-
tinuous, i.e. v is continuous when restricted to a set whose complement
has arbitrarily small Besov B,-capacity. Moreover, this quasicontinuous
representative is unique up to a set of Besov Bj-capacity zero.

Definition 5.9. A function u: X — R is Bp-quasicontinuous if for
every € > 0 there is an open set G C X such that Capp (G) < € and
the restriction of u to X \ G is continuous.

A sequence of functions ¢;: X — R converges B,-quasiuniformly
in X to a function v if for every € > 0 there is an open set G such that
Capp, (G) < € and 1; — ¢ uniformly in X \ G.

We say that a property holds B,-quasieverywhere, or simply q.e., if it
holds except on a set of Besov Bj-capacity zero.



172 S. COSTEA

Theorem 5.10. Let ¢; € C(X)NBy(X) be a Cauchy sequence in By(X).
Then there is a subsequence ;. which converges B, -quasiuniformly in X
to a function u € Bp(X). In particular, u is Bp-quasicontinuous and
v — u Bp-quasieverywhere in X .

Proof: The proof is similar to the proof of [HKM93, Theorem 4.3] and
omitted. (|

Theorem 5.10 implies the following corollary.

Corollary 5.11. Suppose that v € Bp(X). Then there exists a Bp-qua-
sicontinuous Borel function v € By(X) such that u = v u-a.e.

Proof: Since u € B,(X), from Theorem 3.13 there exists a sequence of
functions ¢; in Lip,(X) converging to u in B,(X). Passing to subse-
quences if necessary, we can assume that ¢; — v pointwise p-a.e. in X
and that

297 (1lps41 = @il + o541 = o3lls, o)) <27

for every j = 1,2,... . Defining E; = {z € X : |¢j41 — ;| > 277}
and letting &' = N2, Uj—x E;, the proof of Theorem 5.10 yields the
existence of a function v € Bp(X), such that ¢; — v in B,(X) and
pointwise in X \ E. Since F is a Borel set of Besov B,-capacity zero and
the functions ¢, are continuous, this finishes the proof. O

Theorem 5.12. Let u € By(X). Then u € By(QY) if and only if there
exists a By,-quasicontinuous function v in X such that u = v p-a.e. in
and v =0 g.e. in X \ Q.

Proof: Fix u € BJ(Q) and let ¢; € Lip,(Q2) be a sequence converging
to w in B,(Q). By Theorem 5.10 there is a subsequence of ¢; which
converges Bp-quasieverywhere in X to a Bj,-quasicontinuous function v
in X such that u = v p-a.e. in Q and v = 0 g.e. in X \ Q. Hence v is the
desired function.

To prove the converse, we assume first that 2 is bounded. Because the
truncations of v converge to v in B, (£2), we can assume that v is bounded.
Without loss of generality, since v is Bp-quasicontinuous and v =0 g.e.
outside €2 we can assume that in fact v = 0 everywhere in X \ Q. Choose
open sets (G; such that v is continuous on X \ G; and Capp (G;) — 0.
By passing to a subsequence, we may pick a sequence ¢; in B,(X) such
that 0 < ¢; <1, ¢; =1 everywhere in G, ¢; — 0 p-a.e. in X, and

||<Pj||ZL)p(X) + [S"j]%p(x) — 0.
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Then from Remark 3.10 we have that w; = (1 — ¢;)v is a bounded se-
quence in B, (€2). Moreover, for every j > 1, we have lim,_,y zco w;(x) =
0 for all y € 9€2. Thus, from Lemma 3.15, we have that w; is a sequence
in BY(Q). Clearly w; — v in LP(X) and pointwise p-a.e. in X. This,
together with the boundedness of the sequence w; in Bg(Q), implies via
Mazur’s lemma that v € Bp(€2). The proof is complete in case Q is
bounded.

Assume that € is unbounded. We can assume again, without loss
of generality, that v is bounded and that v = 0 everywhere in X \ .
We fix 29 € X. For every k > 2 let o5, € Lipy(B(zo,k?)) be such that
0 <¢r <1, o =1o0n B(xo, k) and [¢x]p,(x) < C(lnk)' . (See (25).)
Then v, = vy, € B)(QN B(xo, k*)) C Bp(Q) for every k > 2 and like
in Theorem 3.13, we get

[[v —vkllB,(x) — 0,

hich implies that v € B)(€?). This finishes the proof. O

We denote by
QP = QP (X)
the set of all functions u € B, (X) such that there exists a sequence g; €
C(X) N By(X) converging to u both in B,(X) and Bp-quasiuniformly.
It follows immediately from Theorem 5.10 that the functions in QB> are
B,-quasicontinuous and for each v € B,(X) there is u € QP» such that

u = v p-a.e. We soon show that, conversely, each B,-quasicontinuous
function v of B,(X) belongs to QPr.

Theorem 5.13. Let u € QB». If u > 1 B,-quasieverywhere on E, then
Capo (B) < ||u||]zp(X) + [U]Z])gp(x)-

Proof: The proof is similar to the proof of [HKM93, Lemma 4.7] and
omitted. O

This result has the following corollary.

Corollary 5.14. Suppose that Q0 is open and bounded and let E € §.
Let u € QPB». Suppose that v > 1 quasieverywhere on E and that u has
compact support in Q. Then

capp, (E,Q) < [u]%p(sz)'

We know that Capp is an outer capacity. It satisfies the following
compatibility condition (see [Kil98]):
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Theorem 5.15. Suppose that G is open and u(E) =0. Then

(38) Capo (G) = CaPBp (G\ E).

Proof: The proof is similar to the proof of [Cos07, Theorem 4.15].
We present it for the convenience of the reader. Obviously we have
Capp (G \ E) < Capg (G). Conversely, we can assume without loss of
generality that Capp (G \ E) < co. We fix € > 0. There exists a func-

tion u. € By(X) and an open neighborhood W of G\ E such that v, =1
on W and

||us||;zp(x) + [us]po()Q < Capo(G \ E) +e.

Since u(E) = 0, we can assume without loss of generality that in fact
ue = 1 on E. But then u. = 1 on W UG which is an open neighborhood
of GG, hence

Capo (G) < ||us||;zp(x) + [us]po()Q < Capo (G \ E) +e.
The desired conclusion follows by letting ¢ — 0. O
We state now the uniqueness of a Bj-quasicontinuous representative.

Theorem 5.16. Let f and g be By-quasicontinuous functions on X such
that

p{z: f(x) # g(x)}) = 0.
Then f = g Bp-quasieverywhere on X.

Proof: The proof is verbatim the proof from [Kil98, p. 262]. O

Combining Theorem 5.13 and Theorem 5.16 we obtain the following
corollary.

Corollary 5.17. Suppose that E C X. Then
Capp, (B) = inf{|lulll, ) + [l 1)),

where the infimum is taken over all By-quasicontinuous u € Bp(X) such
that u = 1 By-quasieverywhere on E.

Corollary 5.11 and Theorem 5.16 imply that each u € B,(X) has a
“unique” quasicontinuous version.

Corollary 5.18. Suppose that u € B,(X). Then there exists a Bp-qua-
sicontinuous function v such that w = v p-a.e. Moreover, if U is an-
other Bp-quasicontinuous function such that w = v p-a.e., then v =70
B, -quasieverywhere.
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We have a result similar to Corollary 5.18 for locally integrable func-
tions with finite Bj,-seminorm.

Corollary 5.19. Suppose that u € Li,(X) such that [u]p, x) < oc.
Then there exists a B,-quasicontinuous Borel function v such that u = v
p-a.e. Moreover, if U is another By -quasicontinuous Borel function such

that w =0 p-a.e., then v = v Bp-quasieverywhere.

Proof: We prove the “uniqueness” first. Suppose v, v are two Bj,-qua-
sicontinuous Borel functions such that v = u p-a.e. and v = u p-a.e.
Let w = v —v. We notice that w is Bj,-quasicontinuous and belongs
to Bp(X) because w = 0 p-a.e. in X. Hence from Corollary 5.18 we
have that w = 0 Bj,-quasieverywhere. The “uniqueness” is proved.

We prove now the existence. Fix z¢p € X. For every integer k > 1 we
choose a 2! ~F-Lipschitz function 7, supported in B(zg,2**!) such that
nr = 1 on B(zo,2%). We have

(39) Mkt 1Mk = Mk

for every integer £ > 1. For a fixed integer £ > 1, we define u; = npu.
Then ur € LP(X) because u € L (X) and ny € Lipy(B(zo,2"1)).
Moreover, from Lemma 3.11, it follows that [nru — NkUp(ay,28)] B, (x) <
oo. From this and the fact that n, € B,(X) it follows that uy € Bp(X).
Therefore, from Corollary 5.11 it follows that there exists uy € B,(X)
a Bp-quasicontinuous Borel function such that @ = ur p-a.e. in X.
In particular, since 7, = 1 in B(wg,2F), this implies that u; = u
p-a.e. in B(wg,2%). So, for every integer & > 1 we have that i, is
a Bjp-quasicontinous Borel representative of nyiiu, hence npury1 is a
B,-quasicontinuous Borel representative of npnr+1u = ux, where the
equality follows from the definition of uy and (39). This implies that
both 7, uk4+1 and uy, are two By-quasicontinuous Borel representatives of
uy, € Bp(X), hence from Corollary 5.18 we can assume that ug = 95 Uk4+1
in B(xo,2"). Since ny = 1 on B(xo,2"), this means in particular that
we can assume that U (z) = U1 (z) for every x in B(xo, 2F).

So, we constructed a sequence of Bp-quasicontinuous Borel func-
tions uy in Bp(X) satisfying the following properties:

u(z) = u(z) for p-a.e. x in B(xg,2")
uy(z) = ug(x) for every x in B(wg,2F) and [ > k > 1.

We define : X — R by

u(x) = lim ag(x).
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Thus, u is a Bjp-quasicontinuous Borel function and v = u p-a.e. This
proves the existence of a Bj,-quasicontinuous Borel representative of .
The claim follows. o
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