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ON THE UNITARY INVARIANCE
OF THE NUMERICAL RADIUS

IvaN FILIPPENKO AND MARVIN MARCUS

A characterization is obtained of scalar multiples of unitary
matrices in terms of the unitary invariance of a generalized
numerical radius. The method of proof involves some rather
delicate combinatorial considerations.

1. Introduction. Let n and m be positive integers, 1 =m =
n, and denote by M, ,.(C) (M,(C)) the vector space of all n-by-m
(n-square) complex matrices. For a matrix A € M, (C), define the mth
decomposable numerical range of A to be the set

0 Wi(A) = {det(X*AX)| X EM,,,.(C),det (X*X) = 1}

in the complex plane (the reason for this choice of terminology will
become apparent in the next section). It is not difficult to verify that
W.(A) is compact, so it makes sense to define the mth decomposable
numerical radius of A by

@) ri{A)= max |z]|.

2EWR(A)

When m =1, Wi(A) is simply the classical numerical range
) W(A)={(Axx)[x€C|x =1}

(here (-,-) denotes the stardard inner product in the space C* of
complex n-tuples), and ri(A) is the classical numerical radius

@) r(A)= max |z |.

ZEW(A)
The numerical radius r(A ) satisfies the interesting power inequality
) r(A)sr(A), k=1,2,3,--

[2, §176]. In general, the number r)(A) is an important function of the
matrix A. For example, it is a bound for the moduli of all products of m
eigenvalues of A. This is an immediate consequence of Proposition
1. Another easy consequence (Corollary 2) of Proposition 1 is that if A
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is a scalar multiple of a unitary matrix, then r,(A) remains invariant
under pre- and postmultiplication of A by arbitrary unitary
matrices. The purpose of the present paper is to prove that in fact this
invariance property characterizes scalar multiples of unitary matrices
(Theorem 1).

2. Preliminary notions. The mth Grassmann space over

C", denoted by A™C", provides an appropriate setting for our investiga-
tion of the mth decomposable numerical radius. The standard inner
product in C" induces an inner product in A™C", given on decomposable
symmetrized tensors

A

X =x,/\---/\x,,,,y‘=y,/\---/\y,,,E}"\C"
by

(x",y ") = det[(x, y,)].

The Grassmannian manifold G, (C") is the set of all unit length
decomposable symmetrized tensors in A™C":

G,,,(C")={x“€ Acr

= l=1}.

Let A € M,(C), and let C,(A) be the m th compound of A, so that
for x,, -+, x,, € C" we have

Cu(A)X A AXy = AXi A" AAX,.
If the columns of a matrix X € M, (C) are x,, - -, x,, in order, then
det(X*AX) = (Co(A)X A" " AXppy X1 A" * A Xy ).

Furthermore, det(X*X)=1if and only if x,A-- - Ax, € G,(C"). Thus
from (1),

6 Wi(A)={(C.(A)x" x")|x "€ G.(C")}.
Given x*=x,A - * A X, € G,(C"), it may in fact be assumed that
the vectors x,, -+, x,, € C" are orthonormal [4, p. 1]. Choose, then, a

unitary matrix U € M, (C) such that

Ue,=x, k=1,--,m,
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where {e,, - -, e,} is the standard orthonormal basis of C*, and compute
that
(C.(A)x ", x)=(C.(A)C,.(U)eyn---rew Ca(U)er A~ Aew)
=(C.(U*AU)e;A " Aegm, €A Aey)
=det(U*AU)[1, --,m|1,--:,m],
where (U*AU)[1,---,m|1,---,m] indicates the submatrix of U*AU
lying in rows and columns 1,- - -, m. In view of (6), this yields yet another

formulation of the mth decomposable numerical range: denoting by
U,(C) the multiplicative group of n-square unitary matrices, we have

(7))  WxA)={det(U*AU)[1,--,m|1,---,m]| U € U,(C)}

From (6) we obtain

®) W (A)CW(C.(A))
and hence
) r(A)=r(C.(A)).

Strict inequality may hold in (9); e.g., consider
0 0 1 0]
_10 0 0 1
A=10 0 0 0|SMO
0 0 00

with m =2 [1].

We define P,(A), the mth decomposable eigenpolygon of A, to be
the convex polygon in the complex plane spanned by all products of m
eigenvalues of A. Thus

(10) PiA)= %({ kﬁ . ' ©E om,n}),

where Ay,- -+, A, are the eigenvalues of A, # denotes convex hull, and
Q... is the set of all strictly increasing sequences of m integers chosen
from {1,---,n}. When m =1, P}(A) is simply written P(A) and called
the eigenpolygon of A. 1t should be observed that the sets W,(A) and
P,(A) are both invariant under transformation of A by a unitary
similarity, that is,
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WH(U*AU)= W, (A)
and

P (U*AU)=P.(A)
for any U € U, (C).

ProrosiTioN 1. Let A € M, (C) have eigenvalues A,," - -, A,, and let
m€{l,---,n}. Then

(11) kl——-Il Am(k) € er;l(A ), wE Qm,n-

Moreover, if A is normal then
(12) WL(A)CP,(A).

Proof. Fix o € Q,,,. By the Schur triangularization theorem,
there exists a matrix U € U, (C) such that U*AU is an upper triangular
matrix with first m main diagonal elements A,q)," - *, Aumy- Then

l_m[/\w(k) = det(U*AU)[l,' ,m ' 1,' vy, m].
k=1

In view of (7), (11) is established.
Next, assume A € M, (C) is normal. Let {u;,"--,u,} be an or-
thonormal basis of C" such that

Au,=Au, i=1,-- n

Then
{Us= thyyA*** Alym) € G (C") |0 € Q. 3

is an orthonormal basis of A™C" {3, p. 132]. Given x "€ G,(C"), we
have
(Ca(A)x ", x ") = <Cm(A) > (xrulul, % (x “,u.“..)u;>
@EQmn WE Qm,n
(13)
= 2

@€Qmn

2. m
(x A, u:,) ’1:[1 Aw(k)-

Since N

>

wEQm,n

2

(x%ul)| =lx"P=1,
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(13) expresses the element (C,(A)x",x") of W)(A) as a convex

combination of all products of m eigenvalues of A. This establishes
(12).

CoroLLARY 1. Let AEM,(C) be normal and me
{1,---,n}. Then r,(A) is the maximum modulus of a product of m
eigenvalues of A.

COROLLARY 2. Let A =cZ € M,(C), where Z € U,(C) andc €C,
and let m €{1,---,n}. Then

rm(UAV)=r/(A)
for all U, V € U,(C).
3. Some lemmas. In the following discussion let A € M, (C)
be a fixed matrix, m € {1,- - -, n} a fixed positive integer, and assume the

rank of A is at least m. Denote the singular values of A by a;, - -, a,,
arranged so that

az--Za, 20,
and set

D = diag(a,," * *, a,) € M, (C).
It is well known that there exist matrices U, V, € U,(C) such that
A =U,DV,
Suppose momentarily that
(14) ro(UAV)=ry(A)
for all U,V € U,(C). Then clearly
(15) ro(UDV)=ry(D)
for all U, V € U,(C):

ro(UDV)=r(UUtAV1V)
=rxA) (by (14))
=r.(UTAVT)  (by (14)
= r.{D).
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Fix U, € U,(C) and choose x; € G,(C") so that

(16) ro(UsD) =[(Crn(UsD)x 3, x5)|.
Set
(17) yo= Gu(UDxs € G.(C).

Let {e;, - -, e.} be the standard orthonormal basis of C"; then
{e,:= ComA: " A e‘,,(,,,)E G,,,(C")lw e Qm,,.}

is the induced orthonormal basis of A™C". Write

(18) xﬁ: 2 X”ez”xw EC,w e Qm,n
wWEQm,n

and

(19)

Vo= 2 M EC,0 € Q.

©WEQmn

Lemma 1. Assume
ro(UyD)=r (D).
Then
QL U = oy * Ay
for every w € Q,,,, for which x,#0. Moreover,
Xo =110, 0 € Qun
Proof. Notice that
a;ca, >0
since A has rank at least m. We compute

a; Ay =ryD) (by Corollary 1)
=rn(U,D) (by hypothesis)
= | (Ga(UsD)x3, x5)| (by (16))
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D AuXolle (@ = auey " * Auim)

W€ Qmn

> ulxellmal

©&EQm,n

1

(20)

IA

fiA

(23 I/ 2 ,Xw”nwl
@€ Qmn

coal 3 V()

@E€EQmn

Xo

=a1"'am”x6””y6”

Rl ¢ ST ¢ J

The last inequality in (20) is the Cauchy-Schwarz inequality. Since
equality holds throughout, @; - - - a,, >0, and x}, y 5 # 0, we conclude that

[Xol=¢| N, 0 € Qun
for some ¢ >0. But then ||x§[|=1=]ys| implies ¢ =1. Thus
IXo | =170 |, 0 € Qe
It follows from equality in the second inequality in (20) that
Q1 Uy = Cugy” Qg
for-every w € Q,,, for which y,# 0.

Suppose now that ¢ is a permutation in S,, the symmetric group of
degree n, and U§ € U,(C) is the permutation matrix corresponding to o:

Ut =P(0) =[8.)

In this situation, continuing with the above notation, we have

yo= Cu(P(a))x}

= 3 xCulP@)e
W€ Qmn
(21) = mE% Xweaw(l)/\ A ea-w(m) (Since P(O')e, = e,,-(,), i= 1, ttey, n)
= D Xl

WEQmn
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Here o, € Q... is the strictly increasing rearrangement of the sequence
(ow(1),- - -, ow(m)),
and €, = =1 is the sign of the permutation

oo(l)---ow(m)
w0 (1) - ws(m) |’

The mapping

0P, €Q,,

is clearly a bijection of Q... Hence from (19) and (21),

yo= D M.l

©@E€EQmn

= D Nuel

©@EQmn

= > X

WEQm,n

so that
(22) Naw = €uXor @ € Qpr
LEMMA 2. Assume

ri(P(a)'D)=ri(D).

Then
@1 U = Q) o)

for every o € Q,,,, for which x.,# 0. Moreover,

[ Xoo | = | Xa |, @ € Qn

Proof. The first assertion is immediate from Lemma 1, as is the
second:

[X ol = [ 00l
=lex.|  (by (22)
=|Xo |, ® € Qpn
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4. The main result.

THEOREM 1. Let A € M,(C) and let m be a positive integer, 1 =
m <n. Assume the rank of A is at least m. Then

(23) ra(UAV)=riA)

for all U,V € U,(C) if and only if A is a scalar multiple of a unitary
matrix.

Proof. We have observed in Corollary 2 that the condition is
sufficient.
To see that the condition is necessary, assume (23) holds for all
U,V € U,(C). Since there exist matrices U,, V; € U,(C) such that
A=UDV,
where
D = diag(a,," -+, a,) € M, (C)
and
aZ = a,
are the singular values of A, it suffices to show that
a; = a,.
Consider the full cycle
p=(12---n)€ES.
Choose x5 € G,(C") so that
ra(P(¢)'D) = [(Ca(P(¢)"D)x3, x0)|
and write
X5= 2 Xo€ o Xo EC, 0 € Q.

©EQmn

Since

> x P=lxslF=1,
WEQmn
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there exists w € Q,,, for which

(24) X.7# 0.
Set
(25) Y = wpn—w(l)-*l € Qm,n-

By (15) and Lemma 2 (with o = ¢"*®*"), | x, | = | x.. | and hence by (24)
(26) X, #0.

Also observe that

" Mu(l)=¢(e(1)+n - w(1)

=¢(n)

=1
implies @ ,,-om+1(1)=1, i.e.,

y(1)=1.

The argument now splits into two cases.
Case 1. y(m)<n. Apply the permutation ¢" "™ to

y=1,7v@), -, v(m))
to obtain

¢" "™y =(l+n=y(m),y@)+n=y(m), -, y(m—1)+n—y(m),n)

27
27) = Y en-y(m)

Since y(m)<n, we have

2=1+n~-y(m),
3=2y@)+n-y(m),

m=ym-1)+n—y(m).
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Therefore

(28) 003" * Ol = A tin-y(m)@ y@+n-y(m) " " * & yom=1)rn=y(m)-

By (15) and Lemma 2 (with o = ¢"™), | x,_._...,| = | x, | and hence by
(26)

X Yen—v(m) % O'

Then Lemma 2 together with (27) implies
(29) Q103" " By = A 14n—y(m)A y@)+n—y(m) " ° X y(m-1)+n—y(m)Cn-

Since ;- @, >0 (A has rank at least m), it follows from (28) and (29)
that

a; = a,.
Case 1I. y(m)=n. In this case
y=(1, 7(2)" cy(m = 1)’ n)'

Now m <n by hypothesis, so there exists a least positive integer
k €42, -+, m} such that

k <y(k).
Apply the permutation ¢'™* to
y=Q0,-k-1,y(k), -, y(m—1),n)
to obtain
" *y=n—-k+2,n—k+3, - ,n-1,nyk)-k+1,--,
ym-1)—-k+1,n—k +1).
Then

Yor =(y(k)—k+1, -, y(m—-1)—k+1,n—-k+1,n—-k+2,

30
(30) n—k+3,--,n—1,n).

Since k < y(k), we have
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2=y(k)—k +1,
3=y(k+1)—k+1,

m—-k+1=sy(m-1)—-k+1,
m—-—k+2=n-k+1,
m—-k+3=n-k+2,

m=n-1.

Therefore

(31) Q203" * " Oy Z Oly(y—k+1 ykt1yks1 " " O

By (15) and Lemma 2 (with ¢ = ¢'™*), | x,....| = | x, | and hence by (26)
X yar 7 0.

Then Lemma 2 together with (30) implies

(32) Q005" " " Oy = Oyt 1@ (ke 1)-k+1 * * * Ope1Clpe

Once again, since a; - - a, >0 it follows from (31) and (32) that
a; = Q.

This completes the proof.

We remark that the restriction m#n in Theorem 1 is
inevitable. Indeed, for any matrix A € M, (C),
ri(A)=|det(A)|
= |det(UAV)|
=ry(UAV)

for all U,V € U,(C). The hypothesis that A have rank at least m is
equally essential, since any matrix A € M,(C) of rank less than m
satisfies

rn(A)=0=r(UAV)

for all U,V € U,(C).
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