
CHAPTER V

27. Statement of the Result Proved in Chapter V

The following result is proved in this chapter.

THEOREM 27.1. Let © be a minimal simple group of odd order.
Then © satisfies the following conditions:

( i ) p and q are odd primes with p > q. © contains elementary
abelian subgroups 3̂ and Q with \ fy \ = pq, | d | = qp. ty and O are
T.I. sets in ©.

(ii) N(ty) = $PUO*, where $pil and UD* are Frobenius groups with
Frobenius kernels $P, U respectively. |Q* | = q, \VL\ = (p9 — l)/(p — 1),
D * S O and {{p* - l)/(p -l),p-l) = l.

(iii) / / p̂* = C?(Q*), then \ *P* \ = p and ^P*D* is a self-normal-
izing cyclic subgroup of ©. Furthermore, COP*) = Sp£i*, C(d*) =
Q P̂*, and P̂* £ iV(Q).

(iv) C(U) is a cyclic group which is a T.I. se£ in ©. Further-
more, D* C iV(U) = JV(C(U)), i\T(U)/C(U) is a cyclic group of order
pq and N(Vi) is a Frobenius group with Frobenius kernel C(U).

In this chapter we take the results stated in Section 14 as our
starting point. The notation introduced in that section is also used.
There is no reference to any result in Chapter IV which is not con-
tained in Section 14. The theory of group characters plays an es-
sential role in the proof of Theorem 27.1. In particular we use the
material contained in Chapter III.

Sections 28-31 consist of technical results concerning the characters
of various subgroups of ©. In Section 32 the troublesome groups of
type V are eliminated. In Section 33 it is shown that groups of
type I are Frobenius groups. By making use of the main theorem
of [10] it is then easy to show that the first possibility in Theorem
14.1 cannot occur. The rest of the chapter consists of a detailed
study of the groups © and £ until in Section 36 we are able to supply
a proof of Theorem 27.1.

28. Characters of Subgroups of Type I

Hypothesis 28.1.
( i ) H is of Frobenius type with Frobenius kernel £> and comple-

ment G?.
(ii) © = 5133, where 21 is abelian, S3 is cyclic, and (| a |f | SB |) = 1,
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944 SOLVABILITY OF GROUPS OF ODD ORDER

(iii) Gr0 is a subgroup of Gf with the same exponent as Gf such
that Gfoft is a Frobenius group with Frobenius kernel £>.

LEMMA 28.1. Under Hypothesis 28.1, I has an irreducible charac-
ter of degree | Gf01 which does not have fg in its kernel.

Proof. If 21 is cyclic, then X is a Frobenius group and the lemma
is immediate. We may assume that 21 is non cyclic.

Let &//)(§) be a chief factor of 21© with & S £. Let 2IX =
C%(&1ID(§)). Then 21/21! is cyclic. Since £ is of Frobenius type, the
exponent of 21/2^ is the exponent of 21. Hence, | C : St | = | G?o |. Let
% be the normal closure of % in Gf. Then % is abelian. Let fJt be
a non principal linear character of &JD($). Then $(fi) = ftSlf so
Lemma 4.5 completes the proof.

LEMMA 28.2. Suppose 2 is of type I, and 2 = X satisfies Hypo-
thesis 28.1. Suppose further that Z(&) contains an element E such
that C§(E) §£ ft* and C§(E) =£ ft. Then the set £f of irreducible
characters of 2 which do not have ft in their kernel is coherent.

Proof. By Lemmas 28.1 and 4.5, it follows that Hypothesis 11.1
and (11.4) are satisfied if we take ft0 = 1. St = 29 d = | Gr01 and let
Sf play the role of £f.

Since E is in the center of @, it follows that §'C§(E) < 2. Thus,
by assumption, &/.£>' is not a chief factor of 2. Therefore,

(28.1) § : § ' | > 4 | < £ o l ' - H .

Let £*(§') = {\818 = 1, • • •, n<; i = 1, • • •, k}, where the notation
is chosen so that XiB(l) — XJt(l) if and only if i = j , and where
M l ) < • • • < Xfcl(l). By (28.1) we get that (11.5) holds with & = ©'
and by Theorem 11.1 the lemma will follow as soon as it is shown
that c9*W) is coherent.

Set 4 = X»i(l)/d for 1 ^ i g k. Then each ^ is an integer and
1 = ^ < . . . < /hm By Theorem 10.1, the coherence of ^ ( £ ' ) will
follow once inequality (10.2) is established. Suppose (10.2) does not
hold. Then for some m with 1 < m g k,

(28.2) s V t t i ^ 2/m .

Every character in &(&) is a constituent of a character induced
by a linear character of §. Therefore,

(28.3) 4 g | G ? : G f o | .

Let § = §/§' and let & = C5(#), §2 = [f>, # ] . Thus, ft = & x &
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and £< =£ 1, i = 1, 2. If £>* is the inverse image of §* in £>, then
is of Frobenius type and satisfies Hypothesis 28.1. Two applications
of Lemma 28.1 imply that nx ^ 41 @ : @01. Hence, (28.2) does not hold
for any ra, 1 < ra ^ k. The proof is complete.

29. Characters of Subgroups of Type III and IV

The following notation will be used.
@ = @'D* is a subgroup of type II, III, or IV. £}* plays the

role of 2Si in the definition of subgroups of type II, III, and IV
given in Section 14. £>, U, and 2S2 have the same meaning as in these
definitions. Z = 2/aB2 is a subgroup of type II, III, IV, or V whose
existence follows from Theorem 14.1 (ii) (b), (e).

Let 7T(£>) = {plf • • -, pt} and for 1 ^ i ^ t, let % be the SP<-sub-
group of £>. Define

<£. = u n

Let | § I = K IUI = u, | JQ* | = q, \ (£, | = cif 1 ^ t ^ t, and | (£ | = c.
By definition, g is a prime.

S^ is the set of characters of © which are induced by nonprincipal
irreducible characters of ©'/©•

^ is the set of characters of @ which are induced by irreducible
•characters of @' that do not have 4) in their kernel.

The purpose of this section is to prove the following result.

THEOREM 29.1.

(i) If & is of type III then S^ U S^ is coherent except possibly
if I © I = Pq for some prime p and (£ = 1.

(ii) / / @ is of type IV, then S^ \J S% is coherent except possibly
= Vq for some prime p, £ = U' arid ^ is not coherent.

Hypothesis 29.1.
& is a subgroup of type III or IV.

Throughout this section, Hypothesis 29.1 will be assumed. Thus,
by Theorem 14.1 (ii) (d), % is of type II. Consequently, 2B2 has prime
order p. Let p = plf ?p = 5Rf and 2B2 = <$*. Thus, by 3.16 (i),
U g C(^) for 2 ^ t ^ *. Since II £ C(fc)f this yields that U £ C(*P).
As 11 does not act trivially on sp/D(SP), Lemma 4.6 (i) implies that

For any subgroup & of §E, let ^(?>i) denote the set of characters
in S^ U Sf which have the same degree and the same weight as some
character in 6^ U £f that has & in it kernel.
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LEMMA 29.1. Hypothesis 11.1 is satisfied if £f in that hypothesis
is replaced by <S/% U ̂ , & is replaced by §>£, £0 is taken as <1>, 8
is replaced by @, 8 am? SB are replaced by @'f araJ d = 1.

Proo/. By Theorem 14.2, Condition (i) is satisfied. Condition (ii)
follows from the fact that © is a three step group. Condition (iii)
is immediate and Condition (vi) is simply definition (consistent with
the present definition). Since UD* is a Frobenius group, S% contains
an irreducible character of degree q. Hence, Condition (iv) is satisfied.
The group @ satisfies Hypothesis 13.2. Hence, by Theorem 14.2,
Hypothesis 13.3 is satisfied with 8 = @, X = ©, and 8 = St = ©', and
with ^ replaced by £4\J£S. By Lemmas 13.7, 13.9, and 13.10,
Condition (v) of Hypothesis 11.1 is satisfied. The proof is complete.

LEMMA 29.2. / / ^((§E)') is coherent, then S^\J Sf is coherent.

Proof. As 11 g COP), U does not act trivially on 5P/Z>($P). Since
UQ* is a Frobenius group, 3.16 (iii) yields that | %: D($) | ̂  p9. As
either p ^ 3 and ^ 5 or p ^ 5 and g ^ 3, (5.9) yields that

$G : (ftC)' | ^ | * : DOP) I ̂  Pg > 4g2 + 1 = 41 © : & \J + 1 .

Hence, (11.5) is satisfied with & = (£<£).' By Lemma 29.1, Theorem
11.1 may be applied. This implies the required result.

LEMMA 29.3. / / ,$"((©<£)') is not coherent, then @" = $(£.

Proo/. Let 6 = ISC:©"!. We have $* £ ©", as P̂* S ©' and Q*
centralizes sp*. Hence, @/@" is a Frobenius group. Let dx < • • • < dk

be all the degrees of characters in £>*(($&)') and let /m = djq for
1 g m ^ fc. Then for each m, /m is an integer and /x = l. Every
character of @/@" is a constituent of a character induced by a linear
character of § £ . Thus, sm g u/c for 1 g m ^ i . There are at least

irreducible characters of degree q in ^((£>(£)'). Thus, if <Ŝ ((&(£)') is-
not coherent, inequality (10.2) must be violated for some m. In par-
ticular, this implies that

<2/L < 2 —
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Therefore, b - (c/u) ^ 2g, so 6 < 2q + 1, since c < u. As &(£/@" is a
normal subgroup of the Frobenius group @/@", we have 6 = 1 (mod q).
Since 6 and q are both odd, this implies that b = 1 as required.

LEMMA 29.4. / / ^((§£) ' ) is not coherent, then & = $p, sp' =

Proo/. By Lemma 29.3, @" = fcC. If 2 ^ t ^ t, then tt£> C
so that ft 11 ©': @" |. Hence, t = 1 and £ = $ . ff = IT fol-

lows directly from the fact that $C = @" £ $U\ If | ? : !>($) | > p*,
then since Csp(£l*) = p̂* is cyclic, Lemma 4.6 (i) implies that some
non identity element of ^P/#($P) is in the center of spu/JJ(5P). Thus,
p divides | VL&: @" | which is not the case. Since U does not act
trivially on ?$//>($), 3.16 (iii) now implies that | sp: U(«p) | = p\ Since
P̂* has prime order and lies outside Z>(̂ P), we get that Z)($P)U£}* ia

a Frobenius group. Hence, by 3.16 (i), Z)($P)U is nilpotent. Conse-
quently, Z7(?P)/SP' is in the center of $PU/$P\ As the fixed points of
U on Sp/̂ P' are a direct factor of sp/sp*, and since U has no fixed points
on P̂/Z)(̂ P), we have 5p' = D(SP). The lemma is proved.

LEMMA 29.5. / / ^((§E)') is wo£ coherent then $P is aw elementary
abelian p-group of order pq.

Proof. In view of Lemma 29.4 it suffices to show that 5̂' = 1.
By 3.16 (i), U S OT). Thus, if $P' =£ 1, there exists a subgroup P̂&.
of $' such that 5̂0 < SpU and | W : $01 = ft If U acts irreducibly on
P̂/̂ P', then SP'/SR, = Z(̂ P/̂ P0). Hence, /̂̂ Po is an extra special p-group

and | $P: ̂ P' | = p2b for some integer 6 contrary to Lemma 29.4.
Suppose that U acts reducibly on sp/sp*. Since the irreducible

constituents of this representation are conjugate under the action of
iQ*f all constituents have the same dimension. As |$P: $P'| = pq and
q is a prime, this yields that they must all be one dimensional. There-
fore, there exist elements Pu • • •, Pg in P̂ such that

and

U-'PW'U = P;i{U)W , UeU , 1 ^ i ^ (7,

where «lf • • - ,$ , are linear characters of U (modp) with si+1(Z7) =
«i(Q"*E/Q*) for UeVi and a suitably chosen generator Q of Q*. Since
| O*U | is odd, SiS3 =£ 1 for any i, j with l ^ i , j ^ q. Hence, if i, i
are given, there exists UeVL such that Si(U)Sj(U) =̂ 1. For 1 ^ k ^q-
let P& be an element of $P' such that
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Since SF/Sft S Z($/$o), we get that

[pit PA = u-\p
= [Pit PA'

Since s^U^U) * 1, this yields that [Pit Pj]e^0 for 1 ^ i, j ^q.
Since sp = <Plf -.., P9>, we get that ^' ^ 5̂0 contrary to construction.
Thus, Ŝ' = 1 as required.

LEMMA 29.6. / / ,5^((§(£)') is not coherent and (£ ^ 1,
coherent.

Proof. Suppose that (£ =£ 1. Assume that ^ 0 is coherent.
Let Si= S^. Let ^t, • • •, 6^k be the equivalence classes of
£S(($&y) — S^ chosen so that every character in £fm has degree /mq
for 2 ^ m ^ fc, and 4 ^ • • • ^ 4 . Suppose U*=i^t is not coherent.
By Hypothesis 11.1, and Lemma 29.1, all parts of Hypothesis 10.1
are satisfied except possibly inequality (10.2). Since ^((£>£)') is not
coherent, inequality (10.2) must be violated for some m.

Every character in U*=i «5t is a constituent of a character induced
by a linear character of £>£. Thus /m ^ (u/c) for 1 < m ^ k. Hence,
violation of inequality (10.2) yields that

^ 4 £
q c

Since c = 1 (mod 2q) and c =£ 1, this implies that

u - l <; 2 9 ^ = <&±V- u - i i ^ « - i i < u - 1.
c c c c

Hence U*=i^t is coherent. Since ^((§£) ' ) = U?=i^ , the proof is
complete.

The proof of Theorem 29.1 is now immediate. Lemmas 29.2, 29.4
and 29.5 imply statement (i). Lemmas 29.2, 29.4, 29.5, and 29.6
imply statement (ii).

30. Characters of Subgroups of Type II, III and IV

The notation introduced at the beginning of Section 29 is used
in this section. The main purpose of this section is to prove the
following result.
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THEOREM 30.1. Let @ be a subgroup of type II, III or IV.
Then £f is coherent except possibly if @ is of type II, £> is a non
abelian 3-group, £>U/@ is a Frobenius group with Frobenius kernel

u < Sql\ | &: §' | = 3' and X is a subgroup of type V.

All lemmas in this section will be proved under the following as-
sumption.

Hypothesis 30.1.
( i ) & is a subgroup of type II, III, or IV.
(ii) S^ is not coherent except possibly if @ is of type II.
(iii) U/U' has exponent a.

For any subgroup & of @' let <Ŝ (£>i) be the set of characters in
£f which have §x in their kernel. Notice that this notation differs
from that used in Section 29.

LEMMA 30.1. The degree of every character in £f is divisible
by aq.

Proof. Every character in £f is a constituent of a character of
@ induced by a nonprincipal character of £>. For any character 0 of
# let 0 be the character of £>U induced by 0. Set Ux = 3(0) n U.
Let | U: Ux | = 6. If @ is of type II or III, then by Lemma 4.5 it
suffices to show that if 0 ^ 1$, then a \ b.

Let St be the kernel of 0 and let He $ - ft such that flft e Z(©/ft).
Then ft < $1^ and U^HRU = H® for tfe 1 .̂ As (uf *) = 1, if ĈG VLlf

then 17 centralizes some element in fZft. Hence, Hi S @. Let Uo =
{Ub\Ue 11}. Then Uo char IX and Uo S Hi S ©.

Suppose Uo =̂ 1. If @ is of type II, then @ is a T.I. set in ®
by Theorem 14.2. Hence, N(U) S iV(U0) C © contrary to definition.
If @ is of type III, then by Theorem 29.1, UQ* is represented irre-
ducibly on £>. Since UQ < UQ*, Uo is in the kernel of this represen-
tation. Thus, Uo S C(§) contrary to Theorem 29.1. Thus, Uo = 1.
Therefore Ub = 1 for Ue U and so a 16 in case @ is of type II or III.

If @ is of type IV, we will show that Hypothesis 11.1 and (11.2)
are satisfied with £>0 in that hypothesis being taken as our present
iQ, 2 being taken as @/£>, § and 5? being taken as @'/$i a nd 80 being
taken as @'. Certainly (i) is satisfied. Since @/£ is a Frobenius group
with Frobenius kernel ©'/£>, (ii) and (11.2) are satisfied, and the
jemaining conditions follow immediately from the fact that @/§ is a
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Frobenius group. The present S^ plays the role of Sf in Hypothesis
11.1 (iii).

Notice now that Hypothesis 11.2 is satisfied. By Lemma 11.2
and the fact that S^ is not coherent it follows that @'/$ *s a n o n

abelian r-group for some prime r whose derived group and Frattini
subgroup coincide. But U s ©'/$• Since E = IT, U/E is of exponent
r, so a = r. As U has no fixed points on £>', it follows readily that
every non linear character of ©' has degree divisible by r, as required.

LEMMA 30.2. For l^i^t, 15R : /)(*&) | = p? awd !!/(£< fcas ex-
ponent a.

Proof. If @ is of type III or IV, the result follows from Theo-
rem 29.1. Suppose @ is of type II. Then % is a T.I. set in (3 by
Theorem 14.2. Let a{ be the exponent of !!/(£» for 1 g i ^ £. Let
U, = {E7°< | UeU}. Then U, S C, E @ and II, char U. Thus, if II, =£ 1,
then JV(U) S JV(U<) g; ©, contrary to definition of subgroups of type IL

Suppose 15& : D(^) \ > p\ for some i with 1 ^ i ^ t. Since C^(O*)
is cyclic, this implies the existence of a subgroup & with 2B2 S £>! c §•
such that ©/& is a chief factor of @. By 3.16 (i), $U/& is nilpotent.
Thus, U g l and iV(U) S @, contrary to definition.

LEMMA 30.3. For 1 ^i ^t, either a \ (p, — 1) or a \ (pi — 1) and
(a, Pi — 1) = 1. /w f̂ee first case, tyJDityi) is the direct product of q
groups of order pif each of which is normalized by U. In the second
case, Xl/E, is cyclic of order a and acts irreducibly on

Proof. By Lemma 30.2, UD* is represented irreducibly on
As U < UQ*, the restriction of this representation to U breaks up
into a direct sum of irreducible representations all of which have the
same degree d. By Lemma 30.2, d | q and so d = 1 or d = q.

If d = 1, the order of every element in ll/E, divides (Pi — 1)..
Hence, by Lemma 30.2, a | (p{ — 1).

If d = qf then U acts irreducibly on Sft/DOft). Thus, tt/(£f is
cyclic. By Lemma 30.2, | U: G* | = a. Therefore, a | (p? - 1). Let
U/gi = <{/>. Then the characteristic roots of J7 are algebraically
conjugate over GF(p). Hence, this is also the case for every power
of U. If (a, Pi — 1) 9̂  1, then some power I7i =£ 1 of Z7 has its charac-
teristic roots in GF(p) and thus is a scalar. This violates the fact
that UQ* is a Frobenius group.

LEMMA 30.4. Suppose (a, p, — 1) = 1 for some i, 1 ±i i <Lt. Let
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& = *P5 n ^,

and let | SR : ?P51 = p**. Then m\ = m^ for some integer m{. Further-
more, ^(£>i) contains at least

irreducible characters of degree aq and at least (pjli — 1) characters
of weight q and degree aq.

Proof. By Lemma 30.3, !!/£< is cyclic. By Theorem 29.1, @ is
not of type IV, so U is abelian. Hence, ©U/^Ef is a Frobenius group.
By Lemma 30.2, \VL : E< | = a. Furthermore, since U£l* acts irreducibly
on tyilDffii), § = §/§! is the direct product of q cyclic groups of the
same order p?\ Thus, qm{ = m-, and |C$(D*)| = p?\ By 3.16 (iii)
«very non principal irreducible character of tQ&JSQ&i induces an irre-
ducible character of ^U/^G^ of degree a. Since U is abelian, this
implies that every irreducible character of £>£»/£>i which does not have
§ in its kernel induces an irreducible character of £>!!/£>! of degree
a. Hence, §11/^ has at least

a

distinct irreducible characters of degree a.
Since ©/& satisfies Hypothesis 13.2, Lemma 13.7 implies that all

but pmi — 1 non principal irreducible characters of &U/&! induce irre-
ducible characters of @. The result now follows.

LEMMA 30.5. Suppose that a \ (p{ — 1) for some i with 1 ^ i g t.
Let

and let \ ̂  : S$ | = pt
TOi. Then mi = m\\q is an integer and

contains at least

(P?* - 1) u
a au'

irreducible characters of degree aq, where |U'| = u\

Proof. For any subgroup X of @f let X = XJQjfQi. By Lemma
30.3, § contains a cyclic subgroup ^ which is normalized by U such
that
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and such that & = ^ x £>0 for some subgroup £>0 which is normalized
by U. Since HO* acts irreducibly on ^JD^), it follows that m< =
m\\q. Let Ux be the kernel of the representation of U on ̂ {1. Then

is cyclic and so | U : VLX | ̂  a. There are at least

u

distinct linear characters of &Ui/£>0 which do not have tytl in their
kernel. Each of these induces an irreducible character of &U of
degree j U : Uj |. Thus, by Lemma 30.1, | U : Ux | = a and there are at
least

a-a-u'

distinct irreducible characters of £>U of degree a which have & in
their kernel, and as characters of ©' have £>0 in their kernel. If one
of these induced a reducible character of @ or two of these induced
the same character of @, then O* would normalize £>0, contrary to
the fact that UO* acts irreducibly on

LEMMA 30.6. / / Sf contains no irreducible character of degree
aq, then t = 1, ty[ = Z)^) , a = u = (p\ - 1 ) / ^ - 1), and c = c1 = 1.
Furthermore, S^(&) is coherent.

Proof. By Lemmas 30.3 and 30.5, (a, pi — 1) = 1 and a divides
(p\ — l)l(Pi — 1) for 1 ̂  i ^ t. Suppose that for some i,

"~L-(pr*-i)^o.
a

Then

Therefore, c< = 1, m{ = 1, and a = (p? - l)/(p< - 1). Thus,

(30.1) ( p r i - 1)c< - (p?< - 1) = 0 .
a

Now Lemma 30.4 implies that (30.1) holds for 1 ̂  i S t. Thus, t = 1.
Hence, c = cx = 1, ^ = a = (p? — l)/(p — 1), p = plm Also, mx = 1, and
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so «K
If a character 6 in £f U £^ is equivalent to a character in

then its degree is prime to | © |f so £>' S ker 0. Thus, the equivalence
relation in Hypothesis 11.1 has the property that the present set
Sf(&) is a union of equivalence classes. Therefore, £f($f) consists
of (p — 1) reducible characters of degree aq. Theorem 14.2 implies
that Hypothesis 13.3 is satisfied. Hence, Lemma 13.9 implies that

is coherent.

The remaining lemmas in this section will be proved under the
following stronger assumption.

Hypothesis 30.2.
(i) Hypothesis 30.1 is satisfied.
(ii) Sf is not coherent.

LEMMA 30.7. / / £s(fef) is not coherent, then £> = %, Ex = 1,
a = (p — l)/2, p = pl9 u T£ a, and D(^) = ?$[. The degree of every
character in £f(Q) is either aq or uq, and £f(&) contains exactly
2u/a irreducible characters of degree aq.

Proof. Let dx < • • • < dk be all the degrees of characters in
*9*(($&)')m Define < = djaq for 1 ^ i ^ k. By Lemmas 13.10, 30.1
and 30.6, all the assumptions of Theorem 10.1 are satisfied except
possibly inequality (10.2). Every character in <^((§E)') is a constituent
of a character of © which is induced by a linear character of £>£.
Hence, dk ^ qujc, and so 4 ^ u/ac.

Choose the notation so that a \ (pt — 1) for 1 ̂  i ^ t0 and (a, p{ — 1) =
1 for t0 + 1 ^ i ^ t. If S*((&&)') is not coherent then inequality
(10.2) is violated. Lemmas 30.2 and 30.3 imply that for t0 + 1 ^ i ^ t,
Ci = uja. Thus by Lemmas 30.4 and 30.5, there exists m with
1 < m <i k, such that

î u^ m (pr* — i) 4, / u (p?m* — 1) __ (yri — 1)
<=i a an' »=«0+i l a g a Q'

»=«o+1 ^ ca

Therefore,

/on O\ V (Pr{ — 1) , v {P\mi - 1) < 9 / a < 2 < 9
»=i aw t=«0+

1 ^a u c

For
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a

By Theorem 29.1, c ^ u'. Thus, (30.2) implies that

<30.3) t0 S 1- If t0 = 1, then ml = l9 t = 1 .

Assume first that t0 = 0. If £ = 1, then since q < p\ and a ^
(Pi - l)/(Pi - 1), (30.2) yields mx = 1. Thus, every character in
^((£>£)') has degree aq. Therefore the definition of subcoherence
implies directly that ^((£>(£)') is coherent contrary to assumption.
Suppose now that t ^ 2. Then (30.2) yields that (p, - 1) + (p2 - 1) ^
2g. Therefore,

(30.4) Pi & 1 (mod g) , i = 1, 2 .

Further, (30.2) also implies that

<30.5) 1 (U-l)
+

a (2>, - 1) a (p, - 1)
It follows from (30.4) that

Each term on the left of (30.5) is an integer. Hence, if px > p2,
(30.6) yields that

1 (rf ~ 1) ^ q + 1 (PI - 1)^ q + f

a (Pi - 1) a (pa - 1)
contrary to (30.5). Consequently, £0 ̂ = 0.

Now (30.2) and (30.3) imply that t = 1, so that $ = 5ft. We also
conclude that mx = 1, so that Z?(̂ ft) = ty[. Furthermore, c = c1 = u\
and (Px — l)/a ^ 2. Since apx is odd, we have px — 1 = 2a. Finally
we get that 4 = w/ac and so m = &. If fc = m > 2, or if ^((§&)')
contains more than 2u/a irreducible characters of degree qa, then (30.2)
is replaced by a strict inequality which is impossible as (px — l)/a = 2.
Thus, A; = m = 2, and so d2 = uq/c and the degree of a character in
^((&®)') is either a? or uqjc. If © is of type II or III, then (£>£)' =
§' and the result is proved.

Suppose that @ is of type IV. Since the degree of any character
in ^((&£)') is either aq or uq/c, U/E is generated by two elements.
Since K = IT, U is generated by two elements. Thus, if we set £>0 =
£ , replace & and ® by @'/$i a n ( i replace 2 by @ in Hypothesis 11.2,
then by Lemma 29.1, Hypothesis 11.2 holds and by Lemma 11.3 and
Theorem 29.1, we conclude that Sf = £>*($') j s coherent, contrary to
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assumption.

LEMMA 30.8. £S(&) is coherent.

Proof. By Lemma 30.7, it may be assumed that £> = $P is a p-
group for some prime p, that D(ty) = $P', and that £ = 1. Suppose
that ^ ( £ 0 is not coherent. Let S^ be the set of irreducible charac-
ters in £f{$) of degree aq. Then by Lemma 30.7

(30.7) 1̂ 1 = - ^ , a = S^L.
a 2

Let ^ t be the set of irreducible characters in £^(<Q') of degree uq. The
group @/£>' satisfies Hypothesis 13.2. Hence, by Lemmas 13.5, 13.7
and 30.7, there are (p — 1) reducible characters in 6f of weight q
and degree uq which have £>' in their kernel. As the sum of the
squares of degrees of irreducible characters of @/&' is pquq, we get
that

(30.8) uq + | &[ | q2a2 + (p - l)qu* + \St\ q2u* = pquq .

Since U is abelian and is generated by two elements, we also have

(30.9) u ^ a2.

Now (30.7), (30.8) and (30.9) yield that

(30.10) | J< | 2s pQ " {V " 1)U - 2 q a ~ 1

uq

Hence, by (5.8), ^ t is non empty.
Let <$t = {̂ « 11 ̂  s ^ »̂} for i — 1, 2. The character \ u is in-

duced by a linear character of some subgroup @0 of index a in @'.
Define

(30.11) a = (l@0 - \ n ) ,

where l@0 is the character of @ induced by l@0. Since @0 <3 @'» it
follows that l@0 induces /0S,/So on @'. Since O* does not normalize
@0» (30.11) is seen to imply that

Since % is tamely imbedded in © and a vanishes on @ — @, we get
that
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(30.12) \\cr ||a = | |a| |2 = a + 1 + (q - 1 ) ^ - .

Furthermore,

(a% XU - x y = (a, X2i - X3j) = 0

for all values of i and j .
Suppose that (ar, X2i) ̂  0 for some i. Then (ar, XT

2i) ^ o for all
i. Hence (30.10) and (30.12) imply that

^a + 1 + { q 1 )
qa2 aa q u

Thus

(30.13) 2{1 + • • • + p'-1} =
a

Therefore

< 4
p — 1

Hence

Thus q = 3 by (5.1). Now (30.13) becomes

2(1 + p + p2) ^ — (p — ]

Thus

— (1 + p + P2) ^ 4 + p - 1 + A (p - I)2 + -^L (p - 1)

This implies that

4 ^2 <- ^ i 5 2 , 2 o 2
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Therefore (l/2)p2 ^ p(l + (2a2/u))f or equivalents (l/2)p ^ 1 + (2a2lu).
Thus (30.7) yields that

This is impossible since a\u9 a ^ u and both a and w are odd. Thus,

(30.14) (a\ X2\) = 0 for x« e ^ J .

Define /3 = (w/a)Xu - \ai e ^ ( ^ ) . Suppose that (/Sr, X[x) = (u/a) - b.
As r is an isometry on ^(£^), this yields that

(F, XI,) = i t «tt - 6 for all < .
a

Therefore,

(30.15) F = (2- - ft) XI, - b g XI, + T + z/ ,

where F is a linear combination of elements in £%T and J is orthogonal
to 6^x U 6^\ Since (/3r, X2

r
x - xjx) =̂ 0, it follows that | | r | | 2 ^ 1.

Since

(30.16)

(30.7) and (30.16) yield

This implies that

a a

or 62 ^ 6. Since 6 is an integer, 6 = 0 or 1 and A = 0.
Suppose 6 = 1. Then (30.15) becomes

(30.17) p = ( i t - l ) X£ - £ ^ + r .

As a, /S vanish on @ — @, we have

(30.18) (a', 0') = (a, 0) = - i t .
a

Since (aT, XT
n - XI<) = - 1 , we get that
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(30.19) aT = (x - l)XT
n + x £ XU + A o ,

for some integer x and some AQ which is orthogonal to *$t. Now
(30.14), (30.17), (30.18) and (30.19) yield that

a \a 1 \ a

Reading this equality mod u/a, we get

0 3E - (» - 1) + s = 1 (mod —) .
\ a /

Thus u = a, contrary to Lemma 30.7. Hence, 6 = 0. Consequently
/3r = (ula)\T

n + r, and so r = ±XT
2j for some j . Since (,eT, \T

21 - XT
21) * 0,

Xjy = \21 or X,!. This implies directly that £% U *5f is coherent. Lemma
13.10 and Theorem 10.1 now yield that £?{&') is coherent. The proof
is complete.

LEMMA 30.9. © is of type II.

Proo/. If @ is of type III or IV, then Theorem 29.1 yields that
& = 1. Thus, by Lemma 30.8, Sf is coherent. Hence, Hypothesis
30.2 implies that @ is of type II.

LEMMA 30.10. / / Sf contains an irreducible character of degree
aq, then Hypothesis 11.1 is satisfied with £>0 = 1, 8 = @, 8 = @f ^ =
@' and d = a.

Proof. By Theorem 14.2, Condition (i) is satisfied. Condition (ii)
follows from the definition of three step group. Conditions (iii) and
(vi) are immediate, while Condition (iv) holds by assumption. The
group @ satisfies Hypothesis 13.2. Hence, by Theorem 14.2 Hypo-
thesis 13.3 is satisfied with X = ©, 8 = @, 8 = @ and 58 = ©'. By
Lemmas 13.7, 13.9 and 13.10, Hypothesis 10.1 is satisfied. Thus,
Lemma 10.1 yields that Condition (v) of Hypothesis 11.1 is satisfied.
The proof is complete.

LEMMA 30.11. / / £f contains an irreducible character of degree
aq, then

Proof. By Hypothesis 30.2, S? is not coherent. Thus, Lemmas
30.8, 30.9, and 30.10, together with Theorem 11.1 yield the result.
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LEMMA 30.12. For 1 ^ i ^ t, (a, p, - 1) = 1 and Sftl2/(£f is a
Frobenius group.

Proof. Suppose that a | (p< — 1) for some i. Then Lemmas 30.2
and 30.11 yield that p\ ^ 4aV + 1 ^ (Vi - 1)Y + 1. Thus, p?~2 < tf2.
Therefore, (5.1) implies that q — 3. Hence, p* = 5 or 7. Thus, a
divides 4 or 6. As a is odd and (a, q) = 1, this implies that
a = 1 which is not the case. Therefore, by Lemma 30.3, U/E» is
cyclic of order a for 1 ^ i ^ £. If SftU/S; were not a Frobenius
group, then for some b < a, {Z761 C7eU} = Uo would lie in @. Since
Uo =£ 1 and Uo char 12, this implies that JV(U) S JV(120) E @, contrary
to Lemma 30.9.

LEMMA 30.13. t = 1, px = 3, a < 3?/2 awd ?K = #($i).

Proof. By Lemma 30.8, £>' =̂  1. Choose the notation so that
$; ± 1. Let SR = ?u D SR, • • • D %, = ^ 3 SR..+lf where ^W^lii+1 is
a chief factor of @ for 1 ^ i ^ n. Thus, ^Pi/̂ i,n+i is of class two
and so is a regular p-group. By Lemma 4.6 (i) O* centralizes an
element of ^ — SR̂ +i for 1 ^ i ^n. Since C^(Q*) is cyclic, this
implies that ?R/5Piill+1 has exponent pn. Let 12/Ei = <17>. Then the
regularity of ^Pi/sPi,n+i yields that U has the same minimal polynomial
on SRADOR) as on SK/sp^+x. Hence, by Lemma 6.2, a < 39/2. Now
Lemma 30.11 implies that if | 5ft: ?K | = p?q, then

(30.20) pTf fl jfl ^ 4.3'g2 + 1 .
i=2

Since 3 ^ px, (30.20) implies that

pim-i)q n p? ̂  4g2 + 1 .
»=a

Hence, by (5.9), m = 1 and t = 1. Thus, (30.20) becomes

(30.21) p? ̂  4.3V + 1 .

If px ^ 11, (30.21) implies that

Thus, 3<-2 < g2 and so q < 5 by (5.1). Hence q = 3 and (30.21) yields
1331 = II3 < 4.3° + 1 < 1000, which is not the case. If Vi = 7, then
(30.21) and (5.6) imply that q < 7. Thus, q = 5 or q = 3. If g = 3,
then
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57
Pi-I

and a < 39/2 < 9. Since (q, a) = 1 and a | 57, this cannot be the case.
If q = 5, then

2 ± = 2801
ft-1

is a prime. Thus 2801 = a < 3g/2 < 27. Suppose now that p1 = 5.
Then by (5.7), q < 13. Thus, q = 3, 7, or 11. Let r be a prime
factor of a. Then r < 39/2 and 5* = 1 (mod r). Thus, r = 1 (mod 2g).
If g = 3, then r = 1 (mod 6) and r < 33/2, which is impossible. If
q = 7, then r < 37/2 < 50 and r = 1 (mod 14). Thus r = 29 or 43.
Since 57 = — 1 (mod 29) and 57 = — 6 (mod 43), these cases cannot
occur. If q = 11, then r < 311/2 < 437 and r = 1 (mod 22). Thus, r =
23, 67, 89, 199, 331, 353, 397, or 419. Since 511 = 1 (mod r), the quad-
ratic reciprocity theorem implies that (r 15) = 1, so that r = ± 1 (mod 5).
Thus, r = 89, 199, 331 or 419. Since 511 = 55 (mod 89), 511 = 92
(mod 199), 511 = - 2 (mod 331), 511 = - 4 0 (mod 419), these cases cannot
occur. Hence, px = 3, and the lemma is proved.

If £f is not coherent, then Lemmas 30.8 and 30.12 imply that
| SBj | is not a prime. Hence, % is of Type V. The other statements
in Theorem 30.1 follow directly from Lemmas 30.9 and 30.13.

31. Characters of Subgroups of Type V

In this section % = 2/2£2 is a subgroup of type V. Let @ be the
subgroup of © which satisfies condition (ii) of Theorem 14.1. By
Theorem 14.1 (ii) (d) @ is of type II. The notation introduced at
the beginning of Section 29 will be used.

^ is the set of all characters of % which are induced by non
principal irreducible characters of %'. For any class function a of %'
let a be the class function of % induced by a.

For 0 ^ i ^ q — 1, 0 ^ j ^ w2 — 1 let yu be the generalized charac-
ters of & defined by Lemma 13.1 and let vi5 be the characters of %
defined by Lemma 13.3.

Hypothesis 13.2 is satisfied with 8 = 2, ® = X' and 55̂  replaced
by SB2. By Lemma 13.7 2/ has exactly q irreducible characters which
induce reducible characters of X. Denote these by v{ for 0 ^ i S q — 1,
where v0 = 1%>. Let C< == v{ for 0 ^ i ^ q — 1. Since q is a prime
the characters v{ are algebraically conjugate for 1 ^ i g q — 1.
Therefore

vJtX) = Vi(l) for 1 ^ % ^ q - 1 .
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LEMMA 31.1. *9*(Q) contains an irreducible character of @ ex-
cept possibly if w2 is a prime and £>11 is a Frobenius group.

Proof. If @' is not a Frobenius group then there are strictly
more than w2 classes of ©'/£' whose order is not relatively prime to
]$ | . The result now follows from Lemma 13.7.

Suppose that @' is a Frobenius group. By Lemma 6.2 and 3.16
(iii) £> is abelian and | £> | = w\ if the result is false. Then Lemma
13.7 implies that @' contains exactly w2 — 1 conjugate classes which
are in £>'. Therefore

u

Hence

r/f -
This implies that £> is an elementary abelian p-group for some prime
p. Since 2B2 is cyclic w2 is a prime as required.

LEMMA 31.2. Let

<y =̂ 0 /or 1 ^ i ^ g — lf 0 ^ i ^ w;2 - 1.

Proof. Lemma 10.3 implies that by Lemma 9.4

Since %i is rational on S' by Lemma 13.1, a^ = â  is independent of
i. Thus (31.1) implies that

(31.2) %;i£' = fy>r - g

for some integer 6, where a is an integral linear combination of
irreducible characters of £ each of which vanishes on 28.

Let Q G £}*'. Let p be a prime dividing w2, let P be an element
of order p in 2Ba and let p be a prime divisor of p in the ring of
integers of ^ m . Let o)i5 have the same meaning as in Hypothesis
13.1. Thus by Lemmas 13.1 and 13.3

(31.3) VoAPQ) = <ooj(PQ) , a(PQ) = 0 f vi0(PQ) = ea>io(PQ) ,

where e = ±1 is independent of i. Therefore
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(31.4) g vi0(PQ) = s g a>io(PQ) = s S <oi0(Q) = -e .
t = l t = l %=l

In view of Lemma 4.2 (31.3) and (31.4) imply that

VoAQ) = VoiiPQ) = VoAPQ) = o)oj(Q) = 1 (mod*))

(31.5) | U o ( Q ) = ~ £ (modW

= 0 (modp).

Thus (31.2) and (31.5) yield that 1 = eaj (modj>). Thus a ^ O as
required.

The main purpose of this section is to prove that &~ is coherent.
Theorem 12.1 will play an important role in the proof of this fact.
The lemmas in this section will from now on satisfy the following
assumption.

Hypothesis 31.1.
is not coherent.

By Griin's theorem %j%" is a Frobenius group. Hence by Lemma
11.2 2/ = £> is a tf-group. Define

(31.6) | Q : G ' | = qh , \Z:£X\ = w1 = e.

Let 1 = qf° < qfl < • • • be all the integers which are degrees of
irreducible characters of Q. Let

(31.7) 1̂ (1) = qf*, n > 0 .

By Lemma 13.10 Hypothesis 12.1 is satisfied. Let ^ be defined
by (12.3) for 0 ^ s ^ t.

LEMMA 31.3. Suppose that b = 2c for some integer c. Then e
is not a prime power.

Proof. Suppose that e = ph for some prime p. Then by Lemma
11.5 qc + 1 = 2ph, ft = c and D contains a subgroup $\ which is
normal in X and satisfies | C : Di | = q and Q* £ £i — Of. Therefore
n = 1 and ^~ contains 2(gc — 1) irreducible characters \ l f X2, • • • of
degree e. Define

a = 1D - Xi, yS = g% - Ci.

By Lemma 9.4 we have that

(31.8) ||a*|r = e + l f

Furthermore
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Suppose that (ar, \J) =£ 0 for some i with 2 g i g 2(9" - 1). Then
(31.8) and (31.9) imply that

_ 9 l ± l + 1 = e + 1 = ||a* ||' ^ 1 + 2(q< - 1) - 1 .

Hence qc + 3 ^ 4gc — 4, or 7 ^ 3gc which is not the case. Therefore

(31.10) ax = 1@ - XI + r , (/\ XI) = 0 for 1 ^ i ^ 2(qc - 1) .

Equation (31.9) also yields that for some integer x

2(9e-l)

(81.11) /Sr = q'K -x S M + 4 ,
t=l

(\I, J) = 0 for 1 ^ 5 ^ 2(?c - 1) .

Furthermore Lemma 13.8 implies that for 2 ^ 8 ^ g — 1,

(31.12) (J, C.r - CD = (F, C - CD = 08, C. - Ci) = e .
Since /Sr vanishes on ^ and (@T, 1@) = 0 Lemma 13.2 yields that

(31.13) A = % ai0 % Vu + § ow- £ Vu + A ,
t = l i=0 j = l »=0

where (Jo, 37«) = 0 for 0 g i g 9 - 1, 0 ^ i ^ e - 1. Now (31.12) and
(31.13) imply that

0,0 — «io = ± 1 for 2 ^ 8 ^ q — 1 .

Define a = am. Then (31.13) implies that

(31.14) (o ± I)2 + (q- 2)aa + g ojy

+ 2 {(a ± 1 + aM-)» + (ff - 2)(a
l

For any value of j the term in the last summation in (31.14) is non
zero. Furthermore (a ± I)2 + (q - 2)a2 =£ 0. Thus (31.14) implies that
if there are exactly k values of j with aoj =£ 0, then

(31.15) k + e^\\4\\\ k is even.

The last statement follows from the fact that (%>, A) = (yOj, A) since
/Sr and thus A has its values in ^ D ) . By definition

l a - Ci)r = ?C(1D - \)T

Lemma 31.2 implies that for any value of j with 1 ^ j g e — 1
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(31.16) (or,V*)*0 or (p, %,) * 0 .

Now (31.8), (31.11) and (31.15) yield that

{q° - xf + x\2(q° - 1) - 1} ^ ff»

or

2(qe - l)x" ^ 2qex .

Therefore

qc — 1

Suppose that x =£ 0, then x = 1. Now (31.8) and (31.11) imply
that || A ||2 ^ q2e + e - {(qc - l)a + 2(qc - 1) - 1} = e + 2. By (31.15)
this implies f that fc = 0 or k = 2. Assume first that k = 0, then
(31.10) implies that | | r | | 3 ^ e - 1. Hence by (31.16)

B - l

r — v -+- 7)

This implies that (/3r, T) = 0. Consequently (31.8), (31.10) and (31.11)
yield that

-<f = {a\ p) = (-\f, P) = x - <f = 1 - q'

which is not the case.
Assume now that A; = 2. Choose 1', 2' with l ^ l ' < 2 ' ^ e - l

so that a0J * 0 for j = 1', 2'. Thus rjn, = rj^,, aov = aw = ± 1 and by
(31.16)

Since PT has its values in ^JDI and %i' has its values in <^, (̂ Oi» /3r) =£ 0
for any algebraic conjugate Ôi of %i- By Lemma 13.1 r]^, has at
least (p — 1) algebraic conjugates. Hence p = 3, therefore q ^ 3.
Since ar vanishes on 2B Lemma 13.1 implies that for 1 ^ s ^ q — 1

0 = (a% 1@ - .̂o - Vov + 7.i') = 1 + (^o, - V.o + V.v) - (r09 yn.) .

Hence if (r0, yn,) = 0 then

2 = | | r o | | a ; > ( < z - i ) > 2 .

Therefore (r0, %') ?t 0. Hence

r = S ±VOJ .
i=i

Consequently (31.8), (31.10) and (31.11) yield that
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- q e = ( a \ j3T) = ( - X I , / 9 T ) ± 2 = x - q c ± 2 = l - q c ± 2 .

The assumption that x =£ 0 has led to a contradiction in all cases.
Therefore (31.8), (31.11) and (31.15) imply that

Thus aoj = 0 for 1 ^ j ^ e - 1. Thus (31.14) implies that

(a ± lfe + (q - 2)a2e ^ e .

Hence a = 0 or q = 3 and a ± 1 = 0. Thus £r = g%r - G or g = 3
and £T = gc\[ + CJ. In either case this implies that the set of charac-
ters consisting of Xit 1 ^ i ^ 2(qc — 1) and £„ 1 ^ » ^ ^ — 1 is coherent.
This includes all characters in J7~ which have SX in their kernel.
Since | £}: £X \ = q2c+1 > 4p26 the result now follows from Theorem
11.1 with § = 8 = £ = O, & = £>! and 8 = St.

LEMMA 31.4. £f is coherent.

Proof. By Theorem 30.1 w2 is a power of 3 if Sf is not coherent.
By Lemma 31.3 b is odd. Thus the lemma follows from Lemma 11.6.

LEMMA 31.5. For 0 g i ^n — 1 let \{ be an irreducible charac-
ter of X with \i(l) = eqfi. Let DQ be the normal closure of D* in
Z. Let 1 = q°° < • • • < q9* be all the degrees of irreducible characters
of O/DQ. Then S/£i0 is a Frobenius group. For any value ofj with
0 ^ j ^ m let 0j be an irreducible character of 2/Do of degree eq°*.
Define

a = lc-XOt

0i = g/*-/*~i\j_1 - Xi for 1 ^ i ^ n - 1 ,

7, . = q ' i - ' i - i O j - i - 65 f o r l ^ j ^ m .

T h e n

0 8 J . Vot) = 0 f o r O ^ t ^ e - 1 , l g i ^ w - 1 ,

(75, ^Of) = o / o r O ^ ^ e - 1 , l g j ^ m .

Furthermore if e is a prime then one of the following possibilities
must occur:

a* = 1Q-XI + gjfo,

«r = 1© + V + S %« and 2e + 1 = IO: O' I ,
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w i t h ( r , rj9t) = 0 f o r 0 ^ 8 ^ q - 1 , O £ t £ e - I .

Proof. For 1 ^ i ^ n — 1, 1 <; i ^ m let

#r = Ao + 4)0 i 4?I = Ao + diQ , 7j = -Toy + AOj ,

where each An is a linear combination of the generalized characters
r]8t and each riS is orthogonal to each of these generalized characters.
Since for 1 ^ s ^ g — 1, (£, — Q r is orthogonal to a\ ffl and 75 and
all of these vanish on SB, Lemma 13.2 implies that

q-l e - 1 6 - 1 q-1 q-1 « - l

\o±.±() An — dQQjLm. •+• tt ^ j 2^ 'Jut 1 ,2-1 ̂ *ot JL» vtt — ^00 ^ j 2u J»t >
w

 a«=i t=0 t = l «=0 «=1 «=1

where {a} U {a.t} is a set of integers depending on (i, j). Since
(XT

0 - XJ, «r) ^=0, II Aw ||2 ^ e. Since (X\ - X}, 01) ̂  0, (0) - 0), 7}) ^ 0,
Theorem 12.1 implies that

(31.18) WAnW'^e for all (i, j) .

Assume first that (i, j) =£ (0, 0). Then c^ = 0. Thus (31.17) and
(31.18) imply that

(q - I)a2+(q - l ) S ( a + a<»)2 + Sofc ^ e .
i = l t = l

If a T£ 0 then for each value of £ either aot =£ 0 or a + aot ^ 0. Thus
(<7 — l)a2 ^ 1 which is not the case. Hence a = 0 and so

« - l g - l

(31.19) An = S<*OIS??.I •

As ^ ( ^ ) r is orthogonal to ^ ( ^ " ) r Lemma 31.4 yields that for all
(i. 3)

fL 4/) = 0 for 1 ^ fc, fc' ̂  e - 1 .

By (31.19) (da, SI) = ±aokq. Hence

o. = 0 .

Suppose now that aof ^ 0 for some .̂ Then aot ^ 0 for all t with
1 ^ t < e. Hence (31.18) and (31.19) imply that

e - l

q(<& — 1 ) ^ 9 X aot = 6

which is not the case. The result is proved in case (i, j) =£ (0, 0).
Let (i, j) = (0, 0). Then aw = 1. By assumption £fc(l) = £(1) for

l ^ i ^ e - 1 , since e is a prime. By (31.17)
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(4», « ) = ±{a(q - 1) + aokq - a^q - 1)} , for 1 g k ^ e - 1

where the sign is independent of fc. Since (JQOI f J — <fl) = 0 this yields
that aok = a01 for 1 ^ k ^ e - 1. Hence (31.17) and (31.18) imply that

(q - l)a2 + (e - I X + (e - l)(q - l)(a + a01 - 1)' ^ 6 - 1 .

If a01 =£ 0 this yields that a = 0 and a01 = 1 and the result follows.
If a01 = 0 then we get that

(q - l)a2 + (6 - l)(g - l)(a - I)2 ^ e - 1 .

Hence a = 1 and the result is proved also in this case.

LEMMA 31.6. Let X = \n^x have the same meaning as in Lemma
31.5. Define

/3* = 0 = qf*-f»-^ - Ci .

Then (/3r, yM) = 0 for 0 ^ t ^ 6 - 1.

Proo/. Let ^ be the equivalence class in Jf defined by (12.3)
which contains X. If Ci is in ^ 7 then the result follows from the
coherence of J7\. For any i, let aje be the number of characters
of degree qfie in ^\ and define c as in (12.4) by

(31.20) c =

where g/me is the minimum degree of any character in
Let

(31.21) F = Jo + J + r ,

where Joe^(^lT)f A is an integral linear combination of the gener-
alized characters 7]Mt and r is orthogonal to ^\T and to every rjat.
Theorem 12.1 yields that

(31.22) \\A\\*+\\r\\*<2e.

/Sr vanishes on 2B and (/Sr, 1@) = 0. Furthermore (CI - CI, A) = e for
2 ^ s ^ # — 1. Therefore Lemma 13.2 implies that

(31.23) A = e S Vu + a10 g § ?.f + g aot g r).t ,
t=0 »=1 t=0 t=l «»0

where e = ± 1 .
Since ^ C ^ T is orthogonal to ^ ( ^ ~ ) r Lemma 31.4 yields that

Jf J) = 0 for 1 ^ fc, A/ g « - 1 .
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By (31.23)

(fi, A) = ±{e + (q - l)a10 + qaok} ,

where the sign is independent of k. Therefore

f t ( l ) {s + (q — l)#i0 + qo>ok'} = f ib'(l) {̂  + (Q — 1)̂ 10

for 1 ^ fe, fc' g e. By (31.22) and (31.23) we see that

(31.24) S < + faxo + e)a + (9 - 2)aJ0 H

If a10 =£ 0 and a10 + e =£ 0 then for each t at most one of aot, ai0 + aot

£ + a10 + Ooi vanishes. Hence (31.24) yields that

(a10 + e)2 + (g - 2)a?0 ^ 2 .

This is impossible as either a10 or a10 + s is even. If a10 =5t 0 then
(31.24) implies that

2gaJ i + (g - 2) + ((/ - 2)

If q ^ 3, then 2 ao
a« + (g - 2)(a0, - e)2 ^ 2 for 1 ^ t < e. Hence g - 2 ^

2 which is not the case. Thus a10 = 0 or q — 3 and a10 + £ = 0. Thus
we get

(31.25) (£*' J )

( ){ } (l){ } for

Assume that the result is false. Then aot =£ 0 for some value of
t. We will next show that aQt ^ 0 for 1 g t < e. If this is false
then there exists j such that aoi = 0. If 7 is any character in Sf
then (7(l)f5 - ?;(l)7r, A + T) = 0. Thus (31.25) implies that

(31.26) (7% J + D = -=

Thus fy(l)| 7(1) for every 7 in ^ . Let a be the exponent of U. By
Lemmas 30.1, 30.4 and 30.5 ^(1) = aq. Thus &' is in the kernel of
&. Define

By (31.25)

_j_ te-1-\ \ p- /i \i

for 1 g
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Thus (31.22), (31.23) and (31.26) yield that

2e(o«)J 7z 2 7(1)' + i '£ {£,(1) - fid)}1 ^ S Td)1 + 4 S f.d)1,
g1 t=l ga t6<r

where a; = 4/9 if q =£ 3 and x = 16/25 if q = 3, and 7 ranges over
the irreducible characters in Sf. By Lemma 13.7 there exist irre-
ducible characters fit of @' which induce the characters £f for 1 g £ < e.
Consequently

2ea*q ^ £ %(D2 + * S ftM1 ^ * J S Z(Da + S A(

where x ranges over the irreducible characters of @' which are distinct
from all //t and do not have § in their kernel. Therefore C(£>) S §
otherwise since |©| is odd there are at least 2eq characters X of
degree at least a. Furthermore

*q ̂  x{u(h - 1) - aJ(e - 1)} .

This implies that

(31.27) yeqa* ̂  {2*L + e - l)aa ^ w(fe - 1) ,
I x )

where y = 4 if g = 3 and # = 5 otherwise. Let l c f c c § , where
& < @. Let *! = |&| f *, = | $ : ^ | , «x = | Ct(Q*) | and 6a = | CMl(O*) |.
Since @ is of type II aex < 2hx and a s^u. Thus (31.27) implies that
h2 — 1 ^ 2i/ge2. Since Aa ^ p*"1^ for some prime p dividing h2 we get
that p9"1 ^ 22/g. Thus g = 3 by (5.1). Hence p2 g 24 which is not
the case as p ^ 5. Hence no such group & exists. Thus § is an
elementary abelian p-group for some prime. Therefore e — p is a
prime and &(1) = ?i(l) for 1 ^ £ < e. Consequently aot = aoi = 0 for
1 ^ t < e contrary to assumption.

Returning to (31.24) we see that

Therefore aj, = 1 for 1 ^ < ̂  e - 1. Thus

(31.28) o0{ = ± 1 for 1 g i ^ e - 1 .

Now (31.24) implies that

(31.29) (aw + e)1 + (g - 2)a?0

s + a01)' + (g - 2)(aw + a01)
2}
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Suppose that q =£ 3. Thus q ^ 5 and a10 = 0. Then (31.29) im-
plies that (e - l)(q - 2) ^ e + 1. As q ^ 5 this implies that Se - 3 ^
e + 1 or e g 2 which is not the case. Therefore

(31.30) q = 3 .

By (31.29) either a1Q = 0, a01 = — (a10 + e) or a1Q + e = 0, aOi = — a10.
Now (31.23) and (31.28) imply that

{« - l f - l 2 1̂

t=0 t=l »=0 J

or

t=o t=i i=o J

This is equivalent to

(31.31) or

Since (/8r — £T, T) = 0, r is a real valued generalized character. Thus
)| r ||a * 1. By (31.31) || A ||2 = 2e - lf hence by (31.22) r = 0. Now
(31.21) implies that

(31.32) & = g^-/»-ixr - s 2 VJ g^-'-XJy + J ,

where for m ^ i g n — 1, \iS ranges over the characters of degree
eqfi in ^ .

Suppose that S^ contains an irreducible character y. Then by
Lemma 31.4

(7(1)£ - f,(1)7% /3r) = 0 for 1 ^ « ̂  0 - 1 .

As 7r is rational valued on elements of Q, 7r ^ XJy for all i, j . Thus
(31.31) and (31.32) imply that

±27(1) = (7(1)£, )8r) = (̂ (1)7% ^ ) = 0 .

Therefore £f contains no irreducible characters. Hence by Lemma
31.1

(31.33) e = p , p a prime.

Now Lemma 31.3 implies that 6 is odd, where b is defined in
(31.6). As || A ||2 = 2p - 1 > 2p - 2 Theorem 12,1 implies that if c is
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defined in (31.20) then

(31.34) c = 0 (mod q) or c ^ p* .

Assume first that m =£ 0 in (31.32). Let a be defined as in Lemma
31.5. Suppose that

p-i

Then (31.31) and (31.32) yield that

Thus by Lemma 31.5

(31.35) aT = IQJ ± XI + S V* + r0, || To ||
a ^ p - 3 .

Then

(31.36) r0 = ^ + y £ S ^^"^Mi ,

where (r^, My) = 0 f or m ^ i ^ n - 1 , 1 ^ i ^ (a»/p). Suppose that
1/ = 0. Then (31.31), (31.32) and (31.36) yield that 0 = (a\ /3r) = ± 1 .
Hence y * 0. Thus by (31.35) and (31.36)

= V = V

Thus (31.34) yields that

(31.37) c = 0 (mod q) .

Equations (31.31), (31.32), (31.35) and (31.36) imply that

0 = (aT, /3T) = ± 1 + yq'n-fn-iqfn-i-fm - Xy— .

Hence (31.37) implies that 0 = ± 1 (modg). This contradiction arose
from assuming m =fc 0.

Assume now that m = 0. Then

»—i

c = q" - 1 + S a<9J/< .

Hence c m 0 (mod g). Thus (31.34) and 3.15 imply that

(31.38) c^p2 , c + l = 0 (mod q2'*) .

Now (31.31) and (31.32) yield that
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g«/.-/—1> + p = || p ||» = g«/.-/—i) _ 2ag'» + a;
2 —
P

Therefore

(31.39) a2c + p(p - 1) =

By (31.38), (c + 1) > pq'». Thus (31.39) yields that

f(x) = x\pqJ* - 1) - 2»«/«p + p(p - 1 ) < 0 .

It is easily verified that f(x) is a monotone increasing function for
x ^ 2 and /(2) = p(p - 1) - 4 > 0. Thus x < 2. By (31.39) x > 0.
Hence as = 1. Now (31.39) becomes

c + P(P - 1) = 2^-p ,

or equivalently

(31.40) p* - p(l + 2q'*) + c = 0 .

Therefore (1 + 2g'*)2 - 4c ^ 0, hence

4c g 4g2/» + 4g/» + 1

Thus c < 2q2fn. As c is even, (31.38) now yields that c = qif» - 1.
Now (31.40) becomes

or

As p is a prime one of the factors is ± 1 and the other is ±p. As
the factors differ by 2 this implies that p ± 1 = 2. Hence p = 3.
Since p =£ q (31.30) implies that p 4=- 3. This contradiction establishes
the lemma in all cases.

THEOREM 31.1. &~ is coherent.

Proof. Suppose that J7" is not coherent so that Hypothesis 31.1
is assumed. Let a, /3if yjf Xif 0,- have the same meaning as in Lemmas
31.5 and 31.6. Choose Xo = 0Q. Then

(31.41)

(31.42)

(31.43)
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Lemmas 31.2, 31.5 and 31.6 together with (31.41) imply that

ar = 1® - x; + g %t

or

a* = l& + \i + g3?ot

and 2e + 1 = | jQ: jQ' |. If the latter possibility occurs then by Lemma
10.1 it may be assumed after changing notation that in any case

(31.44) ar = 1 a - \J + § %i •

Now Lemma 31.5, (31.43) and (31.44) imply that

(31.45) - ? * = (a\ (q«60 - 0.)')
- 0,)r), for 1 ^ s ^ m .

Since || (q"0o - 0.Y ||" = q>» + 1 and ((q»8Q - 0t)\ (0\ - 0\)) = - 1 , (31.45)
implies that

(31.46) (q°'6o - 0.Y = ĝ '̂ J - 01 for 1 ^ s ^ m .

Lemmas 31.2 and 31.5 and equations (31.42) and (31.44) yield that

(31.47) -</'« = ((ff'-X, - Ci)r, «r) = (te'-Xi, - d)r, ~ XJ) .

By Lemma 13.10 { C i | l ^ i ^ 9 —1} is subcoherent in ^ . Since
Xo - Ci)T IIs = Q*fn + e it follows from (31.47) that

(31.48) (q'*\o - d)T = q'**i - Cir .

Let Do have the same meaning as in Lemma 31.5. Then there
exists a subgroup ^ of Q, such that Qo/Qi is a chief factor of SC
and |Do: Oil = <?. Let ^"(OQ) be the irreducible characters of £ of
degree eq9*, 0 ^ j ^ m. Then (31.46) implies directly that J^(£>0) is
coherent. Hypothesis 11.1 is satisfied with § = 8 = $ = D and £ =
8. If ^~ is not coherent then Theorem 11.1 implies that | O : Co I <
4e2 + 1. As !E/Do is a Frobenius group this implies that OQ = G\
Therefore O/Qi is an extra special g-group. Thus | jQ: D' | = q2c for
some integer c. Define

U {Ci 11 ̂  < ̂  q ~ 1} .

Then ^(£k) consists of all characters in J7~ having the same weight
and degree as some character in ^ which has $\ in its kernel. By
(31.48) ^"(Qi) is coherent. Thus if &~ is not coherent Theorem 11.1
implies that
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(31.49) q*c+1 = | O : SX | ^ 4e* + 1 .

Lemma 13.6 applied to the group 2B2£V&i implies that e \ qe + 1 or
e | qc — 1 and | SB, | = e. As e is odd this yields that 2e ^ qc + 1 in
any case. Thus by (31.49)

This contradiction suffices to prove Theorem 31.1.

COROLLARY 31.1.1. If Xo is an irreducible character of Z of
degree w2 then

(V - \y = l© - xj + g1 %.

Proo/. Let a = 1%, - \ and let at = (ar, %t). By Theorem 31.1

(31.50) (1^)1*' - O r = ^(Da7 + fa

= ^i(l)^ - G

As 3?M is rational on 2', (%«, ̂ o) = 0. By Lemma 13.9 {f]QU CI) = 0.
Thus (31.50) implies that

( M D I r - Ci)T, %) = <Wd) for 1 g t£ w7 - 1 .

Hence by Lemma 31.2 (aT, rjot) ̂  0 for 1 ^ t ^ w3 - 1. As | ̂ " | > 2,
(ar, 1@) = 1, {a\ XI - \J) = - 1 and || a* ||2 = w% + 1 we get that

ar = 1® - x; + S ±rjot .

As ar vanishes on SB Lemma 13.2 now implies the required result.

COROLLARY 31.1.2. @' is a Frobenius group and w2 is a prime.

Proof. Suppose that £f contains an irreducible character 0.
Choose & in &(&). Then (d(l)£T

3 - ^(l)6r) e JRS'). If S? is not
coherent 6 may be chosen in £S(<Q') by Theorem 30.1 and Lemma 31.1.
Hence by Corollary 31.1.1 and Lemmas 13.9 and 30.8,

0 = ( ( ) ^ £ , d ) ,

(%i^Svot) = ±0(1).

Therefore ^ contains no irreducible characters. Lemma 31.1 now
implies that @' is a Frobenius group and w2 is a prime.
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32. Subgroups of Type V

THEOREM 32.1. ® contains no subgroup of type V.

Proof. Suppose that the result is false and % is a subgroup of
type V. 37 is tamely imbedded in © by Theorem 14.2. For 0 ^ i ^ n
let %i have the same meaning as in Definition 9.1 and let 2IZ be
defined by (9.2). Let ©! be the set of elements in © which are
conjugate to some element of 2IZ for Le U?=(&. By Lemma 9.5

(32.1)

Let X be an irreducible character of degree w2 in J7~. By Theo-
rem 31.1 and Lemmas 10.3 and 9.4

(32.2) V(T) = a + \(T) for Te V* ,

where a is independent of T. Now Theorem 31.1 and Corollary 31.1.1
imply that a = 0 in (32.2). Thus V(T) = X(T) for TeV*. Hence
Theorem 31.1 and Lemmas 10.3 and 9.5 imply that

(32.3) - L . 2®, I V(G) |a = - 1 - Sx't I MO la = 1 - T ^ r .

Let 2B be defined by Theorem 14.1 (ii) (a) and let 2B = 2B - 2Ba - O*.
Define

®a = U G-MHJG .

Thus Theorem 14.2 (ii) (a) implies that

(32.4) 1 1 1
w2 q qw2

Let ©3 be the set of elements in © which are conjugate to some
element of £>'. Since $ is a T.I. set in ©,

( 3 2 - 5 )

Define
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Then (32.1), (32.4) and (32.5) imply that

(32.6) (i
qu Qu\§\ / q w2q qu w2\%'\

1 >.L-^---L = -L.
g 3? 3? 3<7

By (32.3)

(32.7) - 1

By Corollary 31.1.2 w2 is a prime and £>U is a Frobenius group.
Hence by Lemma 13.1 yOi, "', Vo, u>2-i are algebraically conjugate
characters whose values lie in &PW%. Every element whose order is
divisible by w2 lies in ©2 U ©3. Thus yOj(G) = yQi{G) is a rational integer
for Ge&0 and 1 ^ j ^ w2 — 1. Now Corollary 31.1.1 implies that
1 - V(G) + (w2 - l)7]Oi(G) = 0 for G e ©0. Hence V(G) = 1 (mod 2) for
G e ©0. Therefore | V(G) | ^ 1 for G e ©0. Now (32.6) and (32.7) imply
that

or

(32.8) 3qw2 > \ V | .

Since 2" ^ 1, (32.8) yields that Sw2 > \ V : X" \ and | Z" \ = g. Thus,
2B2 acts irreducibly on %'j%". Therefore %' is an extra special group.
Let | V : X" | = q2c. Then by Lemma 13.6, w2 ^ (gc + l)/2. Thus (32.8)
implies that q2c < (S/2)(qc + 1 ) < 2qc. Hence q° < 2 which is not the
case. The proof is complete.

COROLLARY 32.1.1. Let @ be a subgroup of type II, III or IV.
Let S^ have the same meaning as in Section 29. Then £^ is
coherent.

Proof. This is an immediate consequence of Theorems 30.1 and
32.1.

33* Subgroups of Type I

LEMMA 33.1. Let 2 be a maximal subgroup of © and let 8 have
the same meaning as in section 14. / / 8 is of type I with Frobenius
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kernel & let J& be the set of all irreducible characters of 3 which
do not have £> in their kernel. If 8 is of type II, III or IV let .9f
be the set of characters of 8 each of which is induced by a non
principal irreducible character of 8' which vanishes outside 8. Let
2i have the same meaning as in section 9 and let 5HZ be defined by
(9.2). If Xe J*f then XT can be defined. Furthermore XT is constant
on %Lfo

Proof. Since |® | is odd Lemmas 10.1 and 13.9 imply that V
can always be defined as {X, X} is coherent.

If L e 80 then 2IZ = {L} and there is nothing to prove. If L e S<
with i =£ 0 let & be a supporting subgroup of 8 such that C(L) Q % =
N(tQi). If Sftt is of type I then the result follows from Lemmas 4.5
and 10.3. By definition % cannot be of type III or IV. If % is of
type II then the result is a simple consequence of Corollary 32.1.1.

The main purpose of this section is to prove

THEOREM 33.1. Every subgroup of type I is a Frobenius group.

All the remaining lemmas in this section will be proved under
the following assumption.

Hypothesis 33.1.
© contains a subgroup of type I which is not a Frobenius group.

If Hypothesis 33.1 is satisfied the following notation will be used.
a is a set of primes defined as follows: p{ea if and only if ©

contains a subgroup 8M4 of type I with Frobenius kernel S< such that
a SPi-subgroup of SSIJ^ is not cyclic.

p = pk is the smallest prime in a. 2W = 9Jifc; $ = $*.
$Po is a Sp-subgroup of 3Ji.
*$ is a Sp-subgroup of © with ^0 S *P.
8 is a maximal subgroup of © such that iV(fii(̂ P0)) £ 8.
J*f has the same meaning as in Lemma 33.1.
If 8 is of type I let U be the Frobenius kernel of 8. Let 8 =

1I(£ with U n B = 1.
If 8 is of type II, III or IV let § be the maximal normal nilpotent

S-subgroup of 8. Let 11 be a complement of § in 8' and let 2&! be
a complement of 8' in 8 with SŜ  £ JV(U).

LEMMA 33.2. 8 is the unique maximal subgroup of © which
contains iV(i2i($p0)). Furthermore 8 is either a Frobenius group or
8 is of type III or IV and ty can be chosen to lie in U.
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Proof. By Theorem 32.1 8 is not of type V. If 8 is of type II,
III or IV then 5po £i 8' since 5po is not cyclic. Since § is a T.I. set
in © it may be assumed that 5po i= U.

There exists P e f l ^ ) such that C(P) S 2K. Thus either $P =
P̂o or Z(5P) is cyclic and Z($) £ 5po. If a Sp-subgroup of U is abelian

then 5po is the Sp-subgroup of U. Hence (̂̂ Po) char U and so JV(U) £
jVOWSft)) S 8. Therefore 8 is of type III or IV and $ = % S 11.
By definition 8 is the unique maximal subgroup which contains
JV"(0iOPo)). If the Sp-subgroup of U is not abelian then 8 is of type
IV and it may be assumed that P̂ g U. Then J ? ^ ) S 8 and in this
case also 8 is the unique maximal subgroup of ® which contains

Suppose that 8 is of type I. Let 5ft be a Sp-subgroup of 8 with
£ *ft. If V e 7T(©), then 5ft is abelian. Thus, Sft = 5ft and so $po =

Hence, 5p is an abelian Sp-subgroup of ©. By construction,
8. Hence, 5p g 8', by Burnside's transfer theorem. Since

| 8 | is odd, if an element of iV(̂ P) induces an automorphism of $P of
prime order q, then q < p. By the minimal nature of p, a Sg-subgroup
of 8 is cyclic. Let $* = 5p n CQ1). Since 8 is of type I, $* is
cyclic. We can now find a prime q such that some element iV(5P)
induces an automorphism of order q on 5p/5p*. Let Q be a S9-subgroup
of © permutable with 5p. Since q < p, O normalizes P̂, and JQ is
cyclic. Since DU is a Frobenius group, fl^D) centralizes 5p/$p*. Let
W = 0 , (^(0)) . Then 5p = 5p*sp»f and [O, W] £ P̂*.

Let 8* be a maximal subgroup containing JV(£i(£i)). The minimal
nature of p implies that D £ 8*'. Hence, by Lemma 8.13, O centralizes
every chief p-factor of 8*, so d centralizes $po*, which is not the
case. We conclude that p $ 7r((£). Therefore pen(U). Hence spgll .
U is not a T.I. set since 5p is not a T.I. set in (3. This yields that
either p e 7t* or m(U) = 2. In either case this implies that every
prime divisor of | (£ | is less than p. The minimal nature of p now
implies that 8 is a Frobenius group.

The previous parts of the lemma imply that if 8X is a maximal
subgroup of © which contains JV(£?i(Spo)) then 8j is a Frobenius group
and p divides the order of the Frobenius kernel of S1B If P̂ is abelian
then 5p = 5p0 and 8 = Sx = N{Q^)). If P̂ is non abelian then 8 =
8X = JV(Z($P)). The uniqueness of 8 is proved.

LEMMA 33.3. There exists an irreducible character X e J*f which
does not have 5p in its kernel such that X(l) | (p — 1) or X(l) | (p + 1).

Proof. Let X be a character of 8 which does not have P̂ in its
kernel and is induced by a linear character of U if 8 is a Frobenius
group and by a linear character of 8' if 8 is of type III or IV.
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Either $P = % and so ra($P) = 2, or Z($P) is cyclic. In either case
this implies that if q e n (Nffl)ICffl))9 g =£ p then g | (p + 1) or g | (p - 1).
If 2 is of type III or IV then X(l) = | SĤ  | is a prime and the result
follows. Suppose that 8 is a Frobenius group. If p e 7cf then | C | =
X(l) has the required properties by assumption. If p g nf then £> is
abelian since § is not a T.I. set in ©. Thus sp = SR, and m(SP) = 2.
Suppose that qlf q2 e 7r(Gf) where qx \ (p — 1) and g21 (P + 1). Then an
element of @ of order ft acts as a scalar on sp. There exists Pety*
such that JV«P» E 9JJ. Thus 2ft contains a Frobenius group of order
pqx which is not the case. Therefore every prime in 7r(@) divides
(p — 1) or every prime in 7r(@) divides (p + 1). Since (p + 1, p — 1) =
2 this yields that 1611 (p + 1) or | 8? 11 (p - 1). The lemma follows
since X(l) =

LEMMA 33.4. Let X be the character defined in Lemma 33.3.
Then

\T(L) = X(L) for L G Sf

Proof. Set 0 = 12:8' |. Observe that if S is a Frobenius group,
then since pen*, it follows that 8' = U, so that X(l) = e. This
equality also holds if 8 is of type III or IV.

Set a = (18, — X) so that aT — \% — V + A, where J is a gener-
alized character of © orthogonal to 1@. Let X = X̂  ••-, X/ be the
characters in £f of degree e. Since e divides (p + l)/2 or (p — l)/2,
it follows that / > e + 1, and so (A, XJ) = 0, 1 g i ^ / .

We next show that £f is coherent. If 8 is a Frobenius group,
the coherence of J*f follows from Lemma 11.1 and the fact that 8
is of type I.

Suppose 8 is of type III or IV. Then Hypothesis 11.1 and (11.2)
are satisfied with the present 8 in the role of 80, § in the role of
£>of and 8'/£> in the role of £>. By Lemma 11.1, we may assume that
| 8 ' : 8 " | ^ 4 | S : S ' | 2 + 1. Hence, |S ' :S"| = P2 and e = (p + l)/2, so
that sp = U. If ?̂ is non abelian, then e divides (p — l)/2. Hence,
we may assume that Sp is abelian of order p2 and 8 is of type III.
By Theorem 29.1 (i), no element of sp1 centralizes £>. This implies
that if /*!, • • •, ftf, are the characters in JSf of degree pe, then / ' ^ 2p.
Hence, (A, ft) = 0, 1 ^ j ^ / ' .

Let /3 = (p\ - /O, so that /9r = pXl - x^Xl - [t{ + Au with
(A19 X}) = 0. If x = 0, the coherence of JZf follows from Theorem
30.1. As || & ||2 = pa + 1, and / = 2(p - 1), it follows that 0 ^ x < 2,
and || 4 H1 ̂  2. Hence, x = 1 and (Alf ft) = 0. But now (aT, /3r) =
(a, fi) = -p = - ( p - 1) + (A, AJ, so that (A, A,) = - 1 . This is not
the case as A and A1 are real valued generalized characters of ®
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orthogonal to 1@. The coherence of & is proved in all cases.
Since (J, V) = 0, the lemma follows from Lemmas 9.4 and 33.1.

LEMMA 33.5. Let X be the character defined in Lemma 33.3. Then

Proof. Let ©0 be the set of all elements in © which are conjugate
to an element of 2IZ for some LeS 1 . Let ®x be the set of all ele-
ments in © which are conjugate to an element of 21* for some Ke$i?.
No subgroup of © can be a supporting subgroup for both 8 and 2Ji.
If 8 were a supporting subgroup of 2Ji then p would not be minimal
in the set a. Thus ©0 is disjoint from ®lm Therefore by Lemmas 9.5,
4.5, 10.3, 33.1 and 33.4

LEMMA 33.6. Let 2M = XBg ii;/i6re g = 3D? n 8. Tfeew there exists
F in ($p0 n Z(g)) f sucfe ^Aa« C^(F) g; ^'. Furthermore 5K satisfies
Hypothesis 28.1.

Proo/. If 8 is of type I, then g £ U. Thus, g is nilpotent and
hence abelian. The result follows from 3.16 (ii) and the fact that
spo is not cyclic.

Suppose 8 is not of type I. If g §£ 12£>, then we may assume
that SDBx £ g. Then 2$MP0 is a Frobenius group and S5MP0 £ g. By
3.16 (ii), 35$! centralizes an element of ffl1. Since 12Bi | is a prime,
this contradicts the fact that 2Ji contains a Frobenius group of order
ISSyi |. Thus, g £ Uft. Let & = g n ft. Since § is a T.I. set in ©,
we get that gx is a cyclic normal S-subgroup of g. If gx = 1, then
g is abelian and the result follows from 3.16 (ii).

Assume now that & =£ 1. We may assume that g = gx(g n U).
If fii(^Po) does not centralize %19 then there exists 5̂* £ Qffio) such
that g ^ * is a Frobenius group. Hence, C®(¥>*) * 1 by 3.16 (ii). But
in this case, P̂* lies in no normal abelian subgroup of g contrary to
the definition of groups of Frobenius type. Thus, Qffio) centralizes gx.
Since g fl U is abelian and g = gx(g n U), this implies that
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. The lemma now follows from 3.16 (ii).

LEMMA 33.7. Let ^ be the set of all irreducible characters of
2Ji which do not have 58 in their kernel. Let X be the character
defined in Lemma 33.3. If ^ is coherent then V is constant on Stf.

Proof. Let ftlf • • • £>, be a set of supporting subgroups of 3Ji in
©, and let % = JV@(ft<). By definition,

Suppose Me$fl* and C&(M) g£ 5K. We will show that Me®. For
otherwise, some power of M is 3K-conjugate to an element A of 3*.
Since 5? is a supporting subgroup of some tamely imbedded subset of
<S, it follows that C&(A) g 3K. Hence, M is in $*.

We next show that 9}< is of type I or II, 1 ^ i ^ s. Suppose %
is not of type I. Then 9J< = ft^SR, n 3K), and we assume that % n 3TC =
<9̂ i D S) (9?i n ??). Since ftt- is a supporting subgroup of 2Ji, we may
choose ikf in 2Ji so that C@(Af) C %, C&(M) £ 5UI. By the first paragraph,
Me fl1. Hence, 5R< n ft =£ 1. If JV̂ W* n f i ) S 9 f̂ then by a well known
property of nilpotent groups, we have $ = 5R» n S, so that 90? S 91*,
which is not the case. Hence, N&(% fl A) ££ 5Tl», so 5Rt is not of type
III or IV; % is of type II.

Let a be the least common multiple of the orders of all elements
of 8. We will show that (a, | St |) = (a, | & |) = 1,1 ^ i ^ s. If S is
of type I, then S is a Frobenius group, so a divides |U|, and we only
need to verify that S is not conjugate to 9Ji or $lit 1 ^ i ^ s. As
none of the groups 9K, 9^, • • •, 9ia is a Frobenius group, this is clear.
Suppose S is of type III of IV, so that 8 = $U8&U 8 = §U, Since
none of 271,9 ,̂ -..,5R. is of type III or IV, we have (|&|,|ffi|) =
(I ft I, I & I) = 1,1 ^ i g s. Since JV@(U) g 8, it is trivial that (| U |, ] 5?|) =

We appeal to Lemma 10.4 and conclude that V is rational on 5?
and on every supporting subgroup of 3#.

Let ft, be a supporting subgroup of 9K and let a be a character
of fti with (a, l$t) = 0. Let ftu p2 be irreducible characters of 91* with
jtij,^ = /£,,̂ f = a. Then ||(ft — f*2)*\\2 = 2 and no irreducible character
of © appearing in (^ - ft)* is rational on ftiB Thus, (\T, (ft - ft)*) = 0.
If 9ii is of type I, then Hypothesis 10.2 is satisfied with our present
1JJI in the role of 8. If % is of type II, then a complement to ft, in
Uii is abelian, and again Hypothesis 10.2 is satisfied. Hence, by Lemma
10.2, V is constant on the cosets of ft, in 91* — ftif and in particular
is constant on all the sets 21*, ikfeSPi. As ^ is assumed coherent,
an appeal to Lemma 10.5 completes the proof of this lemma.
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Theorem 33.1 will now be proved by showing that Hypothesis 33.1
leads to a contradiction.

Choose Pe$J and KeC(P) n W. By Lemmas 33.1 and 33.4

(33.2) X*(KP) = V(P) = \(P) .

Let p be a prime divisor of p in ^J@|. By Lemma 4.2

(33.3) V(JT) = \T(PK) (mod p)

(33.4) \(P) = \(1) (modp).

Now (33.2), (33.3) and (33.4) yield that

\T(K) == V(P#) = \(P) = X(l) (mod p) .

By Lemma 10.4 XT(K) is rational. Thus

Xr(K) = X(l) (mod v) .

Since \(1) ^ (p + l)/2 by Lemma 33.3, we get that

(33.5) | XT(K) | ^ \(1) - 1 for Ke fl»f C?0(iT) ^ 1 .

If every element in $ f commutes with an element of SPS then (33.5)
implies that

(33.6) | \*(K) | ^ \(1) - 1 for Ke ®*.

If not every element in $* commutes with an element of SpS then
V is constant on ®* by Lemmas 28.2, 33.6 and 33.7. As (33.5) holds
for at least one element in $' we get that (33.6) holds in any case.
Now Lemma 33.5 and (33.6) imply that

This can be written as

(3S.7) J « £ L > M L l l L ( ± r L ) \ where e = Ml).

Since | S : S n 9Ji | > 1 andSn2J i i s a complement to $ in 5Ui, (33.7)
yields that

U _ AY >
V eJ -8 |ft | V eJ - \St\

Hence 3 | ft |/4 > | ffl | - 1 or | ft | < 4. Thus | ft | = 3 and a S3-subgroup
of © is cyclic contrary to the simplicity of © and the fact that \®\
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is odd. This contradiction completes the proof of Theorem 33.1.

THEOREM 33.2. © contains a subgroup of type II.

Proof. Suppose false. Then by Theorems 14.1 and 33.1, every
maximal subgroup of © is a Frobenius group. Let 9ft be a maximal
subgroup of © and let @ be a complement to the Frobenius kernel of
13ft. We will show that @ is abelian. Suppose false.

Let a be the set of primes p such that for some maximal subgroup
Utti with Frobenius kernel & and complement ©lf a Sp-subgroup of @! is
not in Z(G?i). Let p be the least prime in a. We may suppose that
a Sp-subgroup P̂ of (£ is not contained in Z(@). Then $ fl E' = 1. Let

be a maximal subgroup of © containing JV(£?iOP)). Since ^(^P) E
£ <i 3ft1# If $p is contained in the Frobenius kernel $ of 2)^,

then so is [̂ P, Gf] =£ 1. This is impossible as © does not centralize 5̂,
while ® is nilpotent. Hence @ n ® = 1. Since 3ft;' E ®, it follows
that P̂ is not contained in 3ftJ, and that a Sp-subgroup of 3fti is cyclic.
Hence, by Burnside's transfer theorem, © is not simple. Since this
is not possible, Gf is abelian.

Let G G ©*. Let 9ft be a maximal subgroup of © containing C(G).
It follows that C(G) is nilpotent. Hence, © is solvable by the main
theorem of [10]. The proof is complete.

34. The Subgroups @ and 2

By Theorems 32.1 and 33.2 © contains two subgroups @ and £,
•each of which is of type II, III or IV and which satisfy Condition
(ii) (b) of Theorem 14.1. The following notation will be used throughout
the rest of this chapter. This differs slightly from that introduced
previously.

§> = £}*©', 2 = ^p*2/ , | £}* | = q , | ̂ P* | = p .

Thus p and q are both primes. Let p̂ be the Sp-subgroup of @ and
let D be the S9-subgroup of 2. Then P̂* E *P, O* E £>. Let

2B = ^P*Q* , 2B = 2B — ̂ P* — D* .

Let U be a complement of $P in @' and let S3 be a complement of Q
in 2'. By 3.16 (i) U and 33 are nilpotent, thus

U c(P) = @,

if © is of type II and

U C(Q) = 2 ,
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if Z is of type II. Let

If @ is of type III or IV let II* =11. If @ is of type II then
a maximal subgroup 2J£ which contains iV(U) is not conjugate to Z
since 3Ji is not g-closed. Hence by Theorem 33.1 SSI is a Frobenius
group. Let U* be the Frobenius kernel of 2R. Thus U S U*. Define
S3* similarly. Let

| <E | = c f 13) | = d , | U | = uc , 13* | = vd ,

|U* | = w*c, 193* | = v*d , |@| =flr.

Sf is the set of characters of @ which are induced by irreducible
characters of @' which do not have $p in their kernel.

^" is the set of characters of Z which are induced by irreducible
characters of Z' which do not have O in their kernel.

The set £f as defined here is a subset of the £f as defined in
Section 29. Thus by Corollary 32.1.1 Sf and J/~ are coherent.

^oi 5̂ o are the sets of irreducible characters of JV(U*)f iV(5?*>
respectively which do not have U*, 35* respectively in their kernel.

For 0 ^ i ^ q — 1, 0 ^ j g p — 1, ^ are the generalized characters,
of © defined by Lemma 13.1; /iia- are the characters of @ defined by
Lemma 13.3; î - are the characters of Z defined by Lemma 13.3. For
0 ^ j ^ p — 1, £j is the character of @ defined by Lemma 13.5. For
0 ^ i ^ q — 1, C» is the character of £ defined by Lemma 13.5.

If ©i S ©a c ©, where ©2 is a maximal subgroup of © and if a
is a class function of ©x then a denotes the class function of ©2 induced
by a. Whenever this notation is used ©2 will be uniquely determined
by the context.

Throughout this section no distinction is made between @ and Z*
Any result in this section about one of these groups is automatically
valid for the other by symmetry.

LEMMA 34.1. Either

Pq-1
u

and U/S is cyclic or U/E is the product of at most q — 1 cyclic groups
and u | (p — I)*"1. For 1 ^ j ^ p — 1 £, is induced by a linear
character of $p(£, £,(1) = uq. Either ?̂U is a Frobenius group with
\%>\=pq and

u=v9-1

p-1
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or £f contains an irreducible character of degree uq which is induced
by a linear character of

Proof. If *p* s D(<$) then by 3.16(i) WID{^) is nilpotent. Thus
is nilpotent contrary to assumption. Hence P̂ contains a subgroup

% such that $P* D ̂ Po = 1 and $P/̂ po is a chief factor of @. Hence
UD* is represented on the elementary abelian group P̂/̂ P0. By 3.16 (i)
P̂0U is nilpotent. Therefore U£}*/£ is faithfully and irreducibly

represented on $P/$po. By 3.16 (iii) | $P : % | = p9.
Let $1% = ty<$*l% x %/%, where O* C N^). By Lemma 4.6 (i)

JVuOPO S ^(^/^Po). Thus JVu(5Pi) g CU(̂ P) = <£. Hence any non principal
linear character of spff/^E induces Si for some j1 with 1 ^ i ^ p — 1.
As p is a prime the characters Si are algebraically conjugate for
1 ^ j ^ P — 1. Thus fj(l) = uq for 1 ^ j ^ p — 1. Let Si — $i ^r
irj a linear character of spE/̂ yiL

Suppose that | ̂ 5E: Z)(Sp<£) | > p9. Then P̂E contains a subgroup
§ =£ p̂0S such that ?PE/ft is a chief factor of @. Let A, be a non
principal linear character of 5pE/§. Then r̂̂ * induces an irreducible
character of @ of degree %g.

Suppose that U is represented reducibly on P̂/̂ P0- Since U < UD*
the irreducible constituents of this representation all have the same
dimension. This dimension is 1 since q is a prime. Thus U/E is the
direct product of k cyclic subgroups for some integer k, each of which
has order dividing (p — 1). No element of U/E is represented as a
scalar as UQ* is a Frobenius group. Therefore fc < q and u | (p — I)9"1.
The irreducible constituents of the representation of U/£ on sp/SR are
distinct since U£l* is irreducibly represented on P̂/̂ P0. Let $P/$P0 =
^ x • • • x $Pff where ^i+1 = Q~*̂ PiQ* for some generator Q of O* and
such that U normalizes each ^ . Let

a

P —

with Px G P̂f, Pa = Q~xPrxQ and Q-^Q* = Pi+1 for 2 ^ i ^ q 1. Sup-
pose UeVL and i/Q^ centralizes Pfor some i. Let U^PtU P?{ then

Then Q^PpQ3 = P2+i. If j ^ q then P2+i is conjugate to Px. Hence
P2°'" is conjugate to Pa"1 which is impossible as | U£l | is odd. Therefore
j = q. Then U^PJJ = P< for 1 ^ i ^ g and so Ue E. This proves
that no element of (UJQ/E)1 leaves P fixed. Let ft be a non principal
linear character of ^P/̂ o with ker ft = SR x • • • x $pff. Let ft = /i?1"1;
then /i = ftftr2ft • • • ft induces an irreducible character of @ of degree
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Assume now that U is irreducibly represented on W%- Then Xt/E
is cyclic since U/E is abelian. If a subgroup of U/E acts reducibly on
$P/$P0 then it is represented by scalar matrices. As UQ* is a Frobenius
group every non identity subgroup of U/E acts irreducibly on W$o.
Thus U/E permutes the subgroups of order p in ?$ffi0 and no element
of (U/E)* leaves any such subgroup fixed. Hence

u
pq -
p-1

Suppose now that Sf contains no irreducible character of degree uq.
By an earlier part of the lemma this implies that | ̂ 5E : Z)(̂ $E) | = p9.
Thus E = 1 and | $ : D(%>) \ = pq. Since D(%>) n ¥>* = 1, we must have
Z)($p) = sp. By 3.16 (i) *P'U is nilpotent. If $' * 1 then there exists
a subgroup ?ft of W such that | $ ' : 5ft | = p. Hence SP'/^ is the center
of 5p/5ft since U acts irreducibly on SP/̂ P'« Thus ^5/^ is an extra special
p-group. This implies that q is even which is not the case. Thus
$P' = 1. Hence $U is a Frobenius group. Consequently 5̂11 contains
(p9 — l)lu irreducible characters of degree u. Lemma 13.7 now implies
that

p 1

LEMMA 34.2. Either 9PU is a Frobenius group with \ ?P | = p" and

u= p-1

or O5S is a Frobenius group with | jQ | = q" and

Proof. If the result is false then Lemma 34.1 implies that S^
contains an irreducible character \ of degree uq and ^~ contains an
irreducible character 6 of degree vp. Every character in _5^r is rational
valued on ty by Lemma 10.4. Since | © | is odd this implies that every
generalized character of weight 1 in Sfx is orthogonal to ^" r . Define

a = \-Gu £ = 9 - Ci •

Then a(l) = /3(1) = 0 and (a% /Sr) = 0. Thus

0 = (V - 6 , 0r - CO = ( ± 2 5?«i, ± g 7i

= ±(Vn, Vn) = ± 1 •
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This proves the lemma.

LEMMA 34.3. For 1 ^ j g p - 1

Proof. Since $P& is a T.I. set in © and ̂  is coherent the Frobenius
reciprocity theorem implies that for 1 ^ j ^ p — 1

a(X)) for

where a: is a generalized character of @'/̂ P, a nd £a = 1. Therefore

This implies that

(34.1) S

By Lemma 34.1, 2n + 1 ^ | $ |f thus

-2fxoj(l)a(l)

The result now follows from (34.1).

LEMMA 34.4. For 1 ^ i ^ g — 1

Proof. Since ^$£ is a T.I. set in © the coherence of Sf and the
Frobenius reciprocity theorem imply that y)iQ{X) = a(X) for Xe 5̂E — E,
where a: is a generalized character of @7*P- Therefore for 1 ̂  i ^ q — 1

(34.2) S |

If PG^P*1, QeQ*1 and q is a prime divisor of q in &pq then by
Lemma 4.2
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VdP) = VdPQ) = 1 (modq).

Thus the expression in (34.2) is non zero. The result now follows
from the fact that

' = 0 (mode).

LEMMA 34.5. Suppose that S^ contains an irreducible character
X of degree uq which is induced by a character of ^?E. Then

2 > uqc | $ | - (uq)2 - 2uq* .

Proof. As p̂(£ is a T.I. set in © the coherence of &s and the
Frobenius reciprocity theorem imply that

XT(X) = X(X) + a(X) for Xe

for some generalized character a of ©7̂ P- Therefore

f

(34.3) + S I «(^) r ^ wgc ISPI - (wg)1 - 2\(l)a(l)

If I a(l) | ^ g then by Lemma 34.1

= 2uq\ a(l) \ ^ 2ua(iy ^ {\ 91 -

Hence the result follows from (34.3) in this case. If | a(l) \ < q then
2\(1)| a(l) | < 2uq2 thus (34.3) also implies the result in this case.

LEMMA 34.6. Let ©0 be the set of elements in © which are not
conjugate to any element of sp(£, JQ or 2B. Suppose that £/* contains
an irreducible character X of degree uq. Define

% = {G\Ge ©0, V(G) ^ 0}
2I2 = { G | G G © O , ^ O ( G ) ^ O }

St3 = {G | G e ©0, %i(G) ^ 0, Voi(G) = 0 (mod (q - 1))} .

®o = sii u a2 u a , .

Proo/. Suppose that G G ®0 - (2^ U %). Let a = £x - \ . Then
- )̂T(G) = 0 and
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Since G e ®0, ^(G) is rational. Thus ^(G) = rju(G) for 1 ^ i ^ q - 1.
As G g Six U 5la we must have that

(34.4) 0 ^ g ^(G) = %(G) + (9 - l)?n(G)

Suppose that Voi(G) = 0. Then since aT(G) = 0 we must have that
Vn(G) = 0 for 0 ^ t ^ q - 1. Hence by Lemma 13.1

0 = (1© - ?io - %i + Vn) (6) = 1 - ?10(G)

contradicting the fact that G g 2l2. Hence %i(G) ^ 0 and by (34.4)
Ge St3 as required.

LEMMA 34.7.

( i ) / / q ^ 5 £/Hm | ̂ P | = pq and u/c > 9p«-V20g.
(ii) If p,q^5 then c = 1 and u ^ (13/20) pf-Vg.
(iii) / / p = 3 and c =̂ 1 tAen w = 121, g = 5, c = 11.
(iv) Ifq = Sthenc = lorc = 7. Furthermoreu > (p* + p + 1)/13.
(v) Ifq = S then ty is an elementary abelian p-group and | $P | =

p3 or p = 7, c = 1 and | ̂ 51 = V.
(vi) If q = 3 and c = 7 tften u >(p 2 + p + l)/2.

Proof. If P̂U is a Frobenius group with | ̂ J | = pq, u — (pq — l)j{p — 1)
then all the statements in the lemma are immediate. Suppose that
this is not the case. Then by Lemma 34.1 S? contains an irreducible
character X which is induced by a linear character of $P£. By Lemma
34.2 O5S is a Frobenius group with | Q | = qp, v = (qp - l)/(q - 1),

, O and S5 are T.I. sets. Let ©0, %, %, % have the same
meaning as in Lemma 34.6. Then

a \ o o va Ig \ p q pq

(34.5)

= i + i _ j i i i i i i
p q pq qu pv quc \ $P | pvq"

Since XT is rational valued on ®0 by Lemma 10.4, Lemma 34.5 implies
that

( }
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If Lemma 34.3 is applied to % then Lemmas 13.1 and 34.4 yield that

9 9 «
<34.7) ^ l - ( l - - l - l + i )

\ p q pq!p q pq! pvq" \ty\iiqc

- 1 . 1 I t> 1 , 1
q pq pqp uq

Lemmas 13.1 and 34.3 also imply that

<34.8)

9 (q- l ) 1 g si,

^ l U _ d _ 1 _ 1 + M
(?-l)a I \ p « p?

(q - D1

Lemma 34.6 and (34.5), (34.6), (34.7) and (34.8) now imply that

! + 1 _L- (q> - 1) + i- - _L _ _i_ ̂  "g
Q PQ QM p|5 c

| H 5 | C ^ ""•

1

+

Since t; = (gp — l)/(g — 1), this can be simplified to

1 ^ (u + 2)g (c - 1) 1 1̂

|5P|c | 5 P | M ? pg* q pq qu

* +

• ( g - 1 ) • 1 ... ^
pq" pq(q-l) qe \ ? | (? - I)1

134 9̂
(^ + 2)g (c-1) u

,. (g + 1) ,. (g - 1)' - 1
pq(q -1) pq'(q -1)
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By Lemma 34.1 u ^ (pq - l)/(p - 1 ) and | %> | ̂  p9; thus (34.9) implies that

1 ^ ft* + 2)g (q + 1) 1
p "" 1 ? I o P<Z(? - l) C(P - l) do - D1

rf4.10)
pqq pq*-1 '

Let | SP | = p*a then

(34.11) » = c = l(mod 2g) .

Suppose first that p, q ^ 5. Then (34.10) implies that

l g f * g H 2 g + 8 r 1 h 2

Hence by (5.2)

V

Therefore

(34.12)

Therefore

(34.13)
20g

Suppose that ca ^ 1. Then by (34.11) ex > 2q. Thus (34.12) implies
that

13 < 1 J L < 1 1
20p 2 p> 2 ( p - 1 ) *

Thus 13(p — 1) < lOp or 3j) < 13 which is not the case. Hence c =
x = 1 and (34.13) completes the proof of statement (ii) of the lemma.

Suppose now that p = 3. Hence (34.10) yields that

(34 14) -1 ^ (u + 2)g + (g + 1) + 1 +-!- + -!-^ + +
3 ~ c*3« 3?(? - 1 ) 2g(g - 1 ) 1

As 9 ^ 5 this implies that

1 ^ Q u 1 1 (2g» + 1) 1
3 ~ c* 3' 10 160 3'q 75 '

Hence by (5.3)
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q u -.
ex 3« "

Thus

<34.15)

This yields that

Hence Aq > ex.
Assume that

, 1
• 3

160

ex =£

1 1
10 16C

-48-3-
480

ex

2q > 9
ex " 10

1. Then (J

-24

3
<

20

3,-i

u

J4.ll

1
20

- 1 0

31
q

^ 3
" 5

L) imiD

1
75

75
480

lies thi

<34.16) ex = 2q + 1 .

Suppose first then q ^ 11. Then (34.14) implies that

1 ^ q u 2 1 1 2g 1 1

3 ~ ex 3' 55 2.103 10.310 ex 310 300

Hence

J L J L > _ L _ _ 2 _ _ _ I _ > J L - J L = _5_
ex 3' 3 55 60 3 54 18 '

Therefore

q -
ex

s 3 '
U

5 v

18 "
. 2.5 N

18 '
s 1

2

contrary to (34.16). Suppose that q = 7. Then ex = 15 by (34.16).
Thus x = 3 and c = 5 since a is a power of 3 and (c, 8) = 1. This
contradicts (34.11). Hence q = 5. Thus by (34.16) ex = 11. Hence
x = 1 and c = 11 since a; is a power of 3. Thus statement (i) of the
lemma follows from (34.15) and statement (ii). If c =£ 1 then q = 5
and c = 11. By (34.15)

<34.17) u > I L ? . > 2* = (p - I)'-1 .

Hence by Lemma 34.1 u | (36 - l) /2 = 121. Thus u = 121 by (34.17).
This completes the proof of statement (iii) of the lemma.

Assume now that q = 3. Let y = (p2 + p + 1)/%. (y is not neces-
sarily integral) Then (34.9) implies that
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3(P2 + P + 1 ) A_ 6 , 1
p cxyp* cxp* 3p3u

2
3p

(p2 + p + l) ., 2

Therefore

or

(34.18)

1 < 37(p2 + p + 1) 6 + 1 |
3p 128 3 3 3

1 < + ^ + +
Acxyp cxp* p*u 2-3p

Suppose that cxy ^ 13. Then (34.18) implies that

37 (pa + p + 1) 1 19 1
52 pJ p2 52 '

Therefore 37(p2 + p + 1) > 51p2 - 52-19, or

1 4 p 2 - 3 7 p - 5 2 . 1 9 - 3 7 < 0 .

Therefore, p < 11. Hence p = 5 or p = 7. Since (6, u) = 1, Lemma
34.1 now implies that u \ p2 + p + 1. Thus w 131 if p = 5 and u \ 57
if p = 7. Hence one of the following must occur:

p = 5, u = 31, y = 1, ca ^ 13

or

p = 7, u = 19, 1/ = 3, ca> ̂  5 .

By (34.11)

ex = 7, p = 7 or ca ̂  13 .

If ex ̂ 13 then by (34.18)

! < 37 (p
2 + p + 1) 19 1

52 p2 13p2 52 '

Hence p < 5, which is not the case. Therefore we have shown that
either cxy < 13 or p = 7, u = 19, y = 3 and c<& = 7. If c<ci/ < 13, then
y < 13, and by (34.11) ex = 7 or ex = 1. Thus in any case

(34.19) u > p2 + ^ + 1 , ex = 1 or c& = 7 .
13

This proves statement (iv) of the lemma.
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If x =£ 1 then (34.19) implies that c = 1 and x = 7, hence p = 7
and | $P | = 7 \ Since (w, 6) = 1, Lemma 34.1 implies that u | 57, thus
u = 19. If D($) =t 1 then U acts irreducibly on ̂ /Z)(^P) and centralizes
D($). If ̂ P is non abelian this implies that D($) = Z(%>). Hence ty
is an extra special p-group contrary to the fact that 15P: D(ty) \ = ps.
Thus Sp is abelian. Hence | sprfl^sp)! ^ p. If Qffl) =£ sp this implies
that HO is represented on Qffi) and so U acts irreducibly on Qffi)
contrary to Dffl) C fl^sp) and U s C(Z)(SP)). Thus 5̂ is elementary
abelian. Statement (v) of the lemma is proved.

Suppose that c = 7 and 2/ ̂  2; then (34.18) implies that

! < 37 (p2 + p + 1) 19 1
56 p2 7pa 54 "

Therefore, p < 5 which is impossible. Hence if c = 7 then i/ < 2.
This proves statement (vi) of the lemma and completes the proof of
Lemma 34.7.

LEMMA 34.8. / / q ̂  5 then $pU/£ is a Frobenius group and
u\(p'-l)l(p-l).

Proof. By Lemma 34.7 (i) | ?p | = pq. Thus if P̂U/E is not a
Frobenius group then by Lemma 34.1 u\[(p — l)/2]g-\ Thus by Lemma
34.7 (i)

Therefore q > 29~2-(9/10) which is not the case, since q ̂  5.

LEMMA 34.9. If p, q ̂  5 tfeen e = l f | 5 P | = p f and either u—
{pq—l)l(p—l) or p = 1 (mod g) and u = 1/g [(p9 — 1)1 (p — 1)].

Proof. By Lemma 34.7(ii) c = 1. Lemma 34.8 implies that | ?P | =
pg and w | (p9 - l)/(p - 1). Let ux = (pq - l)/(p - 1). If p & 1 (mod g>
then

V -
= i (mod 2g).

Thus x = 1 (mod 2q). If p = 1 (mod g) then (p9 - l)/(p - 1 ) = 0 (mod q).
Hence x = 0 (mod q) as (w, q) = 1. Thus in any case x^2q if the
result is false. Now Lemma 34.7 (ii) implies that

pq — 1 13
p - 1 ~~ = = 10

Hence
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Thus 13 > 3p contrary to the fact that p ^ 5.

LEMMA 34.10.
| iV(SS*):SS*C(5?*) | = p or pq if p, q ^ 5 or p = 3, g ^ 7

= 3 or 15 or 33 if p = 3,q = 5
= p, Sp or lp if q = 3.

Proof. Let © be a complement of 5?*C(SS*) in JV(33*) which contains
P̂*. Every Sylow subgroup of @ is cyclic and every subgroup of prime

order is normal in @ by 3.16 (ii) and Theorem 33.1. Thus © g iVOP*) =
O**P&. Hence (£ = 5̂* or | @ | = pq or © S *p*(£. The result now
follows from Lemma 34.7.

By Theorem 33.1 U* is tamely imbedded in © unless U* = U and
Cy(U) =£ 1. By Lemma 34.7 this can only happen if p = 7 and q = 3.
In that case let ^ be the set of characters of @ which are induced
by non principal irreducible characters of ©7̂ P- In all other cases let
^o = ^* Define 5̂ " similarly. Then ^(^)T and ^(5^*)T are always
defined.

LEMMA 34.11. Suppose that y is coherent and p > q. If

dv* -1 v-1

- 1

JV(5S*): S3* | ^ jig. / / furthermore \ JV(SS*): S* | = pq then 1/p ^

Proo/. Let 6 = | JV(SB*): ®* |. Let + e ^ with
a = l r - r̂. Then || aT ||3 = || a \\2 = e + 1. Define

iS@, /3% vanish on © — @lf % — Zt respectively. As @x and 3^ are T.I.
sets in ©

(34.20) ||0$|P = ||iB6|p = JLzL + 2 , ||0* ||« = | |0 t |p = , ± ^ - 1 + 2 .

Furthermore by Lemma 13.8

(34.21) 0* = i@ ± %i + r © , 0 | = i@ ± %o + r%
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where /^~, F% are real valued generalized characters of © which are
orthogonal to 1@. The assumed inequalities and (34.20) imply that
(fT, £ | ) = 0 = (r, £$). Thus if of = 19 ± fT + r% then

0 = (a\ /3|) = 1 + fa, rj (mod 2)
0 = {<x\ £*) = 1 + fa, r%) (mod 2) .

Since P^ is rational valued on 2B this implies that

(Vio, r%) = fa, P%) = 1 (mod 2)

for 1^i ^ q — 1, 1 ̂  j ^ p — 1. Hence by Lemma 13.1

(1© - Vio - Vos + Vih «r) = 1 + (Vio, P®)

+ fa, / y + (la, r%) (mod 2) .

Thus (ftif r̂ g) * 0 for 1 ̂  i g ^ - 1, 1 ̂  j ^ p - 1. Hence

e + 1 = | | a r | | a ^ pq + 1 .

Suppose now that e = pq then

(QA OO\ syT — 1 _l_ «/rr _J_ V 7? -4- V 77 • 4 -
q-1 p - 1 g - 1 p - 1

— — ~̂  V '
1 j=l

Let ©o be the set of elements in © which are conjugate to some
element of 2tr with FeSS**. Since y is coherent by assumption,
(34.22) Lemmas 33.1 and 9.4 imply that fr(VC) = +(V) for

Furthermore Lemma 9.5 and (34.22) imply that

(34.23) i j 1 - i-L.r//3\|i =

By Lemma 9.5

(34.24) i | M = i S

Let ©x be the set of elements in © — ©0 which are not conjugate to
any element of 2B, sp<£ or OS). Now (34.22) implies that if Ge®,.
then -f r(G) is rational and

0 = a*(G) s 1 + <fr(G) (mod 2) .

Thus | f r(G) P ̂  1 for G 6 <&. Hence (34.23) implies that

g pqv*d \ p q pq

pv\£X\d
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Therefore

M ! + ±--L—L+ i i i
v*d P q pq pq pqv*d qu gi

1 1
pv pv | jQ | d *

."Since u > 2q, v >2p and p > q ^ 3

pg pg qu pv ga = g

rthus the required inequality follows.

LEMMA 34.12. / / U* ts cyclic then U* is a T.I. set in ® unless
"tt* = U and iV(U) £ @.

Proof. Since U* is a cyclic S-subgroup in JV(11*), U* is a S-subgroup
-of ©. Suppose that U* is not a T.I. set in & and let 1 =£ U* n G-'U*^ =
Ho £ U*. Then {JV(U*), N(G-m*G)} £ iV(U0). Since A(U*) is a maximal
subgroup of © this implies that {U*, G~m*G} £ AT(U*). Thus G"1U*G =
U* and U* is a T.I. set in ®.

35. Further Results About @ and S

The notation of Section 34 is used in this section. However we
will destroy the symmetry of © and X by choosing the notation so that

><35.1) q < P .

The next three lemmas are restatements of Lemmas 34.7, 34.8,
"34.9 and 34.10.

LEMMA 35.1. If q ^ 5 then c = d=l,v = (q*- l)/(q -1), | $ | = p<
-and | Q | = gp. Either u = (pq — l)/(p — 1) or p = 1 (mod g) and % =
VQ [(Pq ~ 1)/(P — !)]• Furthermore tyU and D3S are Frobenius groups.

| JV(U*): II* ] = g or pg and | JV(«*): ®* I = P or pq .

LEMMA 35.2. Suppose that q = 3. Then | jQ | = 3P,

d 20 p

-and OSS/35 is a Frobenius group with v \ (3P —1)/2. Either d — 1 or
«d = 11, p = 5 and t> = 121. Furthermore 5^ = %" and

:SS* | = P , 3p or lp .
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LEMMA 35.3. Suppose that q = 3. Then

| JV(U*): U*C(U*) | = 3 or 3p if p ^ 7

= 3,15 or 33 if p = 5 .

Furthermore one of the following possibilities occurs:
(i) c = l , u > ( p a + p + 1)/13, Sp is an elementary abelian p-group

with 15p | = pz or \ ty \ = 7\
(ii) c = 7, %>(pa + p + l)/2, 5̂ is an elementary abelian p-group

with | *p | = p8.

LEMMA 35.4. Either q = 3, p = 5, v = 11, u = 31 or

P Q

Proof. By (5.12)

^> p ' m

0 - 1 P

Therefore if t; = (gp - l)/(g - 1) then by Lemma 34.1

V-l _ 1 + • •. + g -̂1 - 1 g ( g ^ -
p p(ff - 1 )

P9-l x
l — 1) ^ p — 1 ^

Q(P-D = flf -

Suppose now that v =£ (gp - l)/(g - 1 ) . Then g = 3 by Lemma 35.1. By
Lemma 35.2 v\(3p - l)/2 and v > 9/20 -(S^/p). Thus if (v - l)/p ^
(u — l)/g then by Lemma 34.2

9 3*-1

20 ' y p* + p
p = 3 '

Hence p < 11. Thus p = 5 or p = 7. If p = 7 then i; | (37 - 1 ) /2 = 1093.
As 1093 is a prime this implies that v = (37 —1)/2 and the result follows
from the first part of the lemma. If p = 5 then v | (38 - l)/2 = 121.
Thus v = 11 and u \ 31. Thus tt = 31. The proof is complete.

LEMMA 35.5. 3^ is coherent.

Proof. Suppose that 9^ is not coherent. Then by Lemma 11.2
v*d is a power of some prime r. As 33/® is cyclic r = 1 (mod p). Thus
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(35.2) r > 2p > 2q .

Let | 33* : 0(33*) | = rw, then n ^ 3 by Lemma 11.3. By Lemma 11.1

(35.3) r* ^ 41 JV(33*): S3* |a + 1 .

Suppose that | JV(33*): S3* | = Ip. Then p =£ 7 and (35.2) and (35.3) imply
that rn S 200p2 ^ 50r3. If n ^ 4 this yields that r ^ 7. Then p = 3
by (35.2) which is not the case as p > q. Hence n = 3. Thus Lemma
11.4 implies that r3 ^ 2r(7p) + 1. Hence by (35.2) r2 ^ 14p < Ir and so
r < 7 which is impossible.

By Lemmas 35.1 and 35.2 we may assume now that | iV(S3*): S3* | S
pq. Thus (35.2) and (35.3) imply that

< r4 ,

thus n = 3. Hence Lemma 11.4 implies that

r3 ^ 2rpq + 1 < — .

This completes the proof in all cases.

LEMMA 35.6. d = 1. If \ N(%*): 53* | g pg */iew v* = t; or p = 5,
9 = 3, v = 11, v* = 121.

Proo/. If | JV(93*): 93* | > M then c * 1. Hence d = 1 by Lemma
34.2. Assume now that | JV(SS*):S5* | ^ pg-.

Assume first that d¥=l. By Lemmas 35.1 and 35.2 d = 11, q =
3, p = 5 and v = 121. By Lemma 34.2 u = (53 -1)/(5 - 1 ) = 31. Thus

dv* - 1 ^ IV - 1 > l l a - 1 _ v - 1
|JV(33*):93*I 15 5 p

and

dv* - 1 > l l a - l > 3 1 - 1 = u-1
|JV(33*):33*| ~ 15 3 q '

Hence by Lemmas 35.5 and 34.11 1/p ^ pqjv*d.
Thus

II8 ^ v*d ^ p'q = 75 .

Therefore d = 1.
Assume now that q = 3, p = 5, v = 11, w = 31. Let v* = w . x =

1 (mod 10) as v = v* = 1 (mod 10). If v* ^ 11 and v* t̂ 121, then
x ^ 21. Thus v* ^ 21.11.
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1 1 -

15

and

_ 21.11 - 1 3 1 - 1 „ u-1
|JV(S3*):S3*| 15 3 q '

Thus Lemmas 35.5 and 34.11 imply that 1/p g pq/v*. Thus 21.11 ^
v* ^ p2q = 75 which is not the case. Therefore v = v* = 11 or v* =
121, and we are done in this case.

By Lemma 35.4 it may now be assumed that (v — l ) /p>(u —
If v* = vx, then x = 1 (mod 2p) since v* = v = 1 (mod 2p). Thus

(35.4) v* = xv, x > 2p > 2q if a; ̂  1 .

Therefore

?;* — 1 ^ v* — 1 ^ 2vq — 1 . v — 1 . w — 1

Hence by Lemmas 35.5 and 34.11 1/p < pg/v*. Hence (35.4) and
Lemmas 35.1 and 35.2 imply that

Thus gp-2 < 2p2. Hence p < 7 by (5.4). Thus p = 5. Hence a; ̂  11^
(/ = 3 and v \ 121. By assumption v =£ 11, hence v = 121. Thus II8 ^.
v* ^ p2g = 75. This completes the proof in all cases.

LEMMA 35.7.

\N(a*):U*CQl*)\ = q or pq .

Proof. This follows directly from Lemmas 35.1, 35.2, 35.3 and 35.6,.

THEOREM 35.1. / / JV(U*) is conjugate to JV(SS*) then the conclusions;
of Theorem 27.1 hold.

Proof. By Lemma 35.6 if 53* ^ S3 then p = 5, q = 3 and v* = 121.
Thus u = 31. Hence u does not divide v*. Thus by Lemmas 35.1
and 35.2, S3* = S3 is cyclic. By Theorem 33.1 JV(5$*) is a Frobenius.
group with Frobenius kernel S3*. Hence by Lemma 34.12 S3* is a.
T.I. set in ®. Since Q* S iV(U*) and p 11 N(%*): S3* | Lemma 35.7
implies that JV(U*)/U* is a cyclic group of order pq. Thus condition
(iv) of Theorem 27.1 holds. Since S3* is cyclic so is 11. Thus £ char
U. Hence if £ =£ 1 then JV(U) £ © which is not the case. Hence
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c = 1. By Lemma 35.6 d = 1. Thus C(Q*) = O%* and COP*) =
Hence condition (iii) of Theorem 27.1 holds. If | $P | =£ pq or | D | =£ qp

9

then JV(U)S@ or JV(SS) £ 2 respectively. This implies that $ is
elementary abelian of order pq and d is elementary abelian of order
qp. Hence condition (i) of Theorem 27.1 holds.

Since U is cyclic and E = lf 3̂U and U&* are Frobenius groups
and N(W = @' = W- Since U* is cyclic every divisor x of | U* |
satisfies x = 1 (mod pq). Thus (| U |, p — 1) = 1. Hence by Lemma 34.1
| U11 (pq - l)/(p - 1). Let (p* - l)(p - 1) = y\ U |. Suppose that
p ^ 1 (mod g). Then 1/ = 1 (mod pq) since

P - 1
|U| =l(modpq) .

Thus if y =£ 1, then 2/ > 2p#. Furthermore Lemma 35.1 implies that
in this case q = 3. Thus by Lemma 35.3 (i)

13 > J£±£±L = „ > 2pq = 6p

which is impossible as p > 3. Thus 2/ = 1 and so | U | = (pq — l)/(p —1). Sup-
pose thatp = l(modq). Thenq\(pq-l)l(p-l). Henceu\llq[(pq-l)l(p-l)]
since (u, q) = 1. As g < p and w = (p' — l)j(p — 1) = 1 (mod p) we see
that u * 1/q [(pq - l)/(p - 1)]. Thus if y * l, Lemma 35.1 yields that
q = 3. Since c = 1, Lemma 35.3 (i) implies that u >(p2 + p +1)/13.
This is impossible since u = 1 (mod 3p). This verifies condition (ii) of
Theorem 27.1 and completes the proof of the theorem.

36. The Proof of Theorem 27.1

In this section the study of the groups @ and % is continued. All
the lemmas in this section will be proved under the following assumption.

Hypothesis 36.1
(i) q < P.
(ii) iV(ll*) is not conjugate to JV(33*).

The following notation is used in addition to that introduced in
Section 34.

and

= | N(H*): U*C(U*) | ,

If & 6 ^ then $\ is defined since | © | is odd. Let <2/x =
Then
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(36
3\x

(36.2) (Igj. - irY = 1« - * ' + /*« + *«

(36.3) ( I ^ Q . - /«„,)* = l(g ± ?„ + F% + 3^ for l^j£p-

(36.4) (I^p. - y«)* = la ± >7.o + T a + S D f or 1 ^ i g « - 1

where S"u, S^ are in ^(^T), ^(VT) respectively, Fn, F^ are orthogonal
to ^", 5^r respectively, -ff̂ , 5"̂  are linear combinations of the
generalized characters i),t and r%, Pa are orthogonal to each t],t.
Then ru, F^, Fy and .To are real valued generalized characters each of
which is orthogonal to 1@. Thus

(36.5) (ru , yB1) + (Fv, p) m 0 (mod 2) ,

(36.6) (Fm, i?01) + (r^, r) * 0 (mod 2) .

(36.7) (r t t, %,) + (rD , ?>') ^ o (mod 2) .

It is a simple consequence of Lemma 13.1 that

(36.8) (Fn, Vox) + (Fyy, %) + (Fn, T)u) & 0 (mod 2) .

(36.9) (Fjg, %t) + (Fsg, r]w) + (F%, T)a) & 0 (mod 2) .

By Hypothesis 36.1 (ii) <%rx is orthogonal to 9̂ "r. Thus

(36.10) (ru , V ) + ( /V ^') m 0 (mod 2) .

Since r is an isometry (36.1), (36.2), (36.3) and (36.4) yield that

(36.11) || Tu |P 2£ | NQ1*): U*C(U*) | - 1

(36.12) ||

(36.13)

(36.14)

Q

= V

LEMMA 36.1. <%s is coherent.

Proof. If @ is of type IV then by Lemmas 35.2 and 35.3 c = 1
or 7 so by Lemma 11.1 the result follows from Theorem 29.1. If @
is of type III then U = U* is abelian and the result follows from
Lemma 11.2. Suppose that ^ is not coherent. Then ^ = ^ 0 and
by Lemma 11.2 U* is an r-group for some prime r. Furthermore @
is of type II. Let e = | N(VL*): 11* | then by Lemmas 11.1,11.3 and
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11.4 II*' = D(VL*) =£ 1,

(36.15) IU*: U*' | = r» with n ^ 3 ,

(36.16) rn ^ 4e2 + 1, n ^ 4 or r3 ^ 2re + 1 and n = 3 .

Suppose first that U is not cyclic. Then by Lemma 35.1 q = 3.
If c ^ 1, then by Lemma 35.3 £ is cyclic and

Thus by Lemma 34.1 U/K is cyclic. Hence U is generated by two
elements. If c = 1 then Lemma 34.1 implies that U is generated by
two elements. Thus U =£ U*. As @ is of type II @ is a T.I. set in
@. Consequently there exists an element R of order r such that
U = CU*(R). Thus Z(U*) is cyclic. Hence r = 1 (mod e). This contradicts
(36.15) and (36.16).

Suppose now that U is cyclic. Thus r = 1 (mod q). By (36.16)
JV(U*)/11* is irreducibly represented on U*//)(U*). Thus D* acts as a
group of scalar matrices on U*/Z)(U*). Hence by Lemma 6.4 U* has
prime exponent. Since U is a cyclic subgroup of U* this implies that

(36.17) | IX | = r .

If q > 3 then Lemmas 35.1, 35.7 and (36.15) and (36.16) imply that

I.9) g i u |8 < 4e2 + 1 ^ 4pV + 1 .
q J

Hence p3q~6 ^ 5q* and so

539-10 ^ g3*-10 .^ p3«-10 < 5 ^

Thus Sq — 10 < 1 which is not the case.
Suppose that q = 3; If n ^ 4 then (36.16) and Lemmas 35.3 and

35.7 imply that

Hence

2>8 < (P2 + V + I)4 < 134(36p2 + 1 ) < 3.13V .

Thus p° < 3.135. Hence p < 13. If n = 3 then (36.16) and Lemmas
35.3 and 35.7 imply that

Hence
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P4 < (p2 + P + I)2 < 132-6p < 133p .

Therefore p < 13 in this case also. Thus p = 5, 7 or 11. By Lemma
34.1 and (36.17) either | U | \{p - 1) or | U | |p2 + p + 1. If | U | \(p - 1)
then p = 11 and | U | = 5 since ( |U| , 6) = 1. However in this case

>i0>ini
13

which is impossible by Lemma 35.1. Thus | U11 p2 + p + 1. Hence by
(36.17) if p = 5, |1X| = 31, if p = 7, |11| = 1 9 and if p = 11 then |H| =
7 or | U | = 19. If p = 5 then (36.16) and (36.17) imply that

313 ^ 36.25 + 1

which is not the case. If p = 7 then (36.16) and (36.17) imply that

193 < 36.49 + K 1800 .

Thus 192 < 100 which is not the case. If p = 11 and | U | = 19 then
(36.16) and (36.17) imply that

15.360 < 193 < 36.121 + 1 < 4800

which is not the case.
Assume now that p = 11 and | U | = r = 7. Then (36.15) and

(36.16) imply that

(36.18) 7* ̂  36.112 + 1 , 7* = 1 (mod 11) .

Since

T > 104 > 5000 > 36.11J + 1

we must have n ^ 4. However

T = 5, 7s = 2, 74 = 3 (mod 11)

contrary to (36.18). The proof is complete.

LEMMA 36.2. q = 3.

Proof. Suppose that q =£ 3. Then by (36.10) either (r u , ^r) =£ 0
or (r%, F) ^=0. If u = 1/q [(pq - l)/(p -1)], then u m 1 (modp). Hence
by Lemmas 35.1, 35.5 and 36.1,

- l or
pq pq

Therefore by (5.11) p*'1 < (pq - l)/(p - 1 ) < p2q\ Hence pq~* < q* < p*
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which is impossible for q ^ 5.

LEMMA 36.3. c = 1, | iV(SS*): S3* | = p or 3p.

Proof. Uc^l then c = 7 and u >(p2 + p + l)/2 by Lemma 35.3.
Since [(p -1)/2]2 < (p2 + p + l)/2 Lemma 34.1 implies that u \ p2 + p + 1.
Thus w = pa + p + 1. By Lemma 34.2 v = (3P - l)/2.

Suppose first that | JV(U*): IX* | = 3. Then by (36.8) T u = ± (%,+%,).
Thus (ru , 3?01) = 0. Hence (r ? , ^T) =̂ 0 by (36.5). Since ^ is coherent
(36.13) implies that

7 u * — 1 < I. r I is. < u —1 < u * - l
3 ^ I I ^ N ^ 3 = 3 '

which is not the case.
Suppose now that | N(VL*): U* | ^ 3. Then by Lemma 35.7

I JV(U*):U* I = Sp. Let cu* = xu = x(l + p + p2). Then x = 1 (mod 6p)
since

ct6* = w = 1 (mod 6p) .

As 1 < c ^ a; this implies that x ^ 6p + 1. Hence by Lemma 35.2
and (36.12)

(36.19) cu* ~ 1 > ^ ^ 2w > Ip -
3p op

Since ^ is coherent this implies that ( r s , ^T) = 0. Thus by (36.10)

(36.20) (Fn, r) * 0.

Since ^ is coherent (36.13) and (36.19) imply that (7^, 0T) = 0. Thus
by (36.5)

(36.21) (rn, %) * 0 (mod 2) .

Since 3^ is coherent (36.11), (36.20) and (36.21) imply that

Hence by Lemma 35.2

Therefore 3P - 3 ^ 28p2. Hence p = 5 by (5.5). Thus u = 31 and
v = 121. If the S7-subgroup of U* has order 7W, then 7n = 1 (mod 5).
Thus n ^ 4. Therefore
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u _ l ^ 1 ^ 1 1 > 24 = v_^
Sp 15 p

Thus the coherence of <%f implies that ( r a , <f>T) = 0. Hence (36.7) yields
that (ru , J?w) ̂  0 (mod 2). Therefore (36.8), (36.11) and (36.21) imply
that

ti j-i HI ?ri

« ± E 7iy ±

contrary to (36.20). Thus c = 1 and consequently | JV(55*): 53* | = p
or 3p.

LEMMA 36.4. | JV(U*): U*C(U*) | = Sp.

Proof. If the result is false then | JV(U*): U*C(U*) | = 3 by Lemma
35.7. Thus (36.8) implies that Tu = ±(7j10 + yn). Therefore by (36.5)
and (36.10) (7^, ̂ r) ̂  0 and (r^, ̂ r) ̂  0. Since u* ^u (36.13) implies
that w* = u and

(36.22) r$ = ± ? ^ '

where & ranges over ^ . Thus by (36.6) ( r s , %i) is odd. Hence by
Lemma 36.3 and (36.12)

/« = &£« ±§%y +4B •

where 6 is odd and J<g is orthogonal to all # , %y. Therefore by (36.22)

0 = ((l^r - AO\ (1«. - ^)r) = 1 ± 1 ± 6 ^ ^ •

Since 6 =£ 0 this implies that 161 (w — l)/3 = 2. Hence w = 7. Thus
by Lemma 35.3 (i) 7 ^ (p2 + p + 1)/13, hence p < 10. Hence p = 5
or p = 7. In either of these cases u \ (p2 + p + 1) by Lemma 34.1
since (u, 6) = 1. Thus 7 | 31 or 7 | 57 which is not the case.

LEMMA 36.5. | ty \ = pq.

Proof. If | $ | =£ pq then N(VL) E @ as 5̂ is a T.I. set in ®. This
contradicts Lemma 36.4.

LEMMA 36.6. 11 is cyclic.

Proof. By Lemma 34.1 if U is not cyclic then U = l^ x U2, where
each U, is cyclic and | U, 11 (p - l)/2. Let | VL{ \ = (p - l ) /2^ for i =
1, 2. If 1̂/2 ̂  4 then Lemma 35.3 (i) implies that
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13
. 2>J

>>*
+ v

13
+ 1 - (p - 1)J ̂ « (P - DJ

16 16

which is not the case. Thus yxy2 < 4. If yxy2 = 2 then p = 1 (mod 4)
and so | U | = (p - l)2/8 is even. If yxy2 = 3 then p = 1 (mod 3) and
so 31 u which is not the case. Thus y±y2 = 1 and u = [(p — l)/2]2.
Therefore ( (p - l ) /2 , 6) = 1. Thus p ^ l l . Furthermore u = 1/4 (mod p).
Since w* = 1 (mod p) by Lemma 36.4 we have that u* = w# and x =
4 (mod p). By Lemma 34.2 v = (3P - l)/2. Hence Lemma 36.3 and
(36.10), (36.11) and (36.12) imply that

(36.23)

The first possibility implies that 3P - 3 ^ 18p2 - 6p. Thus 3P"2 ̂  2p\
Hence p < 7 by (5.4). The second possibility in (36.23) yields that

( p ~~ 1)2 x - 1 ^ 9p2 - Sp .
4

Therefore

- 12p + 4

As p ^ 11 this implies that

(36.24) x < 36 (—£-

Let a; = 4 + zp for some integer z. Then since p ^ 11 (36.24) yields
that z < 4. Furthermore

(36.25) p < 41 ; if z ^ 2 , p < 20 ; if * = 3 , p < 14 .

As p < 41 and ((p - l)/2, 6) = 1, p = 11 or p = 23. If p = 23 then by
(36.25) x = 27 which is impossible as a; = 1 (mod 3). If p = 11, then
JC = 15, 26 or 37. As x = 1 (mod 6) this implies that x = 37. Then
u = 2b and so 37 = 1 (mod 11) by Lemma 36.4 which is not the case.

LEMMA 36.7. u = p2 + p + 1 or u = (p* + p + l)/3 or w =

(p2 + p + l)/7.

Proo/. If u | [(p -1)/2] 2 then by Lemmas 34.1 and 36.6 u \ (p -1 ) /2 .
Thus by Lemma 35.3 (i) (p - l)/2 > (p2 + p + 1)/13. Hence
2p2 — l i p + 15 < 0 which implies that p < 5. Therefore by Lemma
34.1 p2 + p + 1 = uy, y an integer. By Lemma 35.3 (i) y < 13. If
r is a prime such that p2 + p + 1 = 0 (mod r) then either r = 3 or



1008 SOLVABILITY OF GROUPS OF ODD ORDER

r = 1 (mod 3). Hence y = 1, 3, 7 or 9. If y = 9 then p2 + p + 1 = 0
(mod 9). Hence p = 1 (mod 3). Thus p = 1, 4 or 7 (mod 9). In none
of these cases is p* + p + 1 = 0 (mod 9). Hence y = 1, 3 or 7.

LEMMA 36.8. u = u* = j? + p + l.

Proof. Let u* = ux. Assume that x =£ 1. w* E= 1 (mod 6p) by
Lemma 36.4. If u = pa + P + 1, then w = w* = 1 (mod 6p), thus
a; = 1 (mod 6p) and so x ^ 1 + 6p. Ifu = (p* + p + l)/3, then x = 3
(mod p). Furthermore a; = 1 (mod 6) since u = u* = 1 (mod 6) and
p = 1 (mod 6) since p2 + p + 1 = 0 (mod 3). Thus if x = 3 + zp then
1 = 3 + z (mod 6). Hence x ^ 3 + 4p. If w = (p2 + p + l)/7 then
a; = 7 (mod p). If x = 7 then by Lemma 36.6 the S7-subgroup of
U* is generated by two elements. Hence 72 — 1 = 0 (mod p) by
Lemma 36.4. However 72 - 1 = 48 and (p, 48) = 1. Thus x ^ 7. Let
x = 7 + zp. Then p2 + p + l = u=l (mod6). Hence p = 5 (mod6).
Thus 1 = x = 7 + 5z (mod 6), hence z = 0 (mod 6). Therefore x ^
7 + %p. Thus in any case

(36.26) u* = ux , a; ̂  4p + 3 .

Therefore (u* -l)l3p>(u-l)/3. Hence by (36.13) and the coherence
o f <%r

(36.27) (*'f />) = 0 .

Assume first that (0r, rffi) =£ 0, then by (36.12) and the coherence
o f <%f

(36.28) u* -1 ^ 3p _ x ,
3p

Suppose now that (̂ r, T^) = 0. Then by (36.10) (^r, Tu) ^ 0.
Hence the coherence of 9̂ " and (36.11) imply that

(36.29) *̂ ~ 1 ^ 8p - 1 .
op

By (36.27) and (36.5) (%i, Tu) * 0 (mod 2). If also (%,, Tu) were odd
then by (36.8) (rjiif ru) * 0 for 1 g i ^ g - 1, 1 ^ i ^ P - 1. Thus
by (36.11) (^T, r u ) = 0 contrary to what has been proved. Therefore
fa, rn) = 0 (mod 2). Hence by (36.7) ( r c , 0r) ^ 0. Thus by (36.14)
and (36.29)

tt*-l ^ j ^ l ^ v*-l < 9 f f 3

Now (36.28) implies that in any case
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U* -1 ^ gp j

For any prime r let Ur be the Sr-subgroup of U*.
Suppose first that u = p2 + p + 1, then x > 6p. Hence (36.30)

implies that

6(p2 + p + 1) - 1 ^ 27p - 9 .

Therefore 2p2 — Ip + 4 ^ 0 which is impossible for p ^ 5.
Suppose now that u = (p2 + p + l)/3 then x ^ 4p + 3 by (36.26).

Hence (36.30) implies that

Thus 4p < 81 or p < 22. Since p = 1 (mod 3) this yields that p = 7,
p = 13 or p = 19.

If p = 7 then w = 19. If 1^1 = 19" then n ^ 6 as |U ig| = l
(mod 7). Thus (36.30) implies that 196 ^ 27.72 ^ 194. If p = 13 then
^ = 61. Let | U811 = 61n, then n ^ 3 as | U^ | = 1 (mod 13). Hence
(36.30) implies that 618 ^ 27.132 < 61s. If p = 19 then u = 127. Let
| U1271 = 127n, then n ^ 3 as | Uia71 = 1 (mod 19). Hence (36.30) implies
that 1273 ^ 27.192 < 1273.

Assume finally that u = (p2 + P + l)/7 then x ^ 6p + 1. Thus
(36.30) implies that

Therefore 6p < 27.7, so p < 32. Since p2 + p + 1 = 0 (mod 7),
p = 2 (mod 7) or p = 4 (mod 7). Thus p = 11 or p = 23.

If p = 11 then w = 19. Let |U19| = 19"; then n ^ 3 as |U19| = 1
(mod 11). Hence (36.30) implies that 193 ^ 27.112 = 287.11 < 193. If
p = 23 then u = 79. As | U* | s 1 (mod 23), | ̂  | S 793. Hence (36.30)
implies that 793 ^ 27.232 < 793.

Therefore u = u* in all cases. Hence u = 1 (mod p) by Lemmas
36.4 and 36.5. Since (p, 6) = 1, 7 =£ 1 (mod p) and 3 ^ 1 (mod p).
Hence by Lemma 36.7 u = p2 + p + 1.

The proof of Theorem 27.1 under Hypothesis 36.1 is now im-
mediate.

Let q = 3 and p have the same meaning as in the earlier part
of this section. By Lemma 35.2 | D | = qp. By Lemma 36.5 | ̂ 31 = pq.
The other properties of Condition (i) follow from the structure of @
and £ and Theorem 14.1. Thus Condition (i) is verified. By Lemma
35.6 C(D) S O. Hence C(O*) = $*£>. By Lemma 36.3 C(?P) E ? f

hence C(̂ 5*) = P̂iQ* by Lemma 36.5. The other properties of Condi-
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tion (iii) follow from the structure of @ and Z. Thus Condition (iii)
is verified. Lemmas 36.6 and 36.8 imply that U = C(U) is cyclic. By
Lemmas 34.12 and 36.4 U = U* is a T.I. set in ®. Hence Lemma
36.4 completes the verification of Condition (iv).

Lemmas 34.1, 36.3, 36.5 and 36.8 imply that $PU is a Frobenius
group. Lemma 36.8 implies that |U| = (pg — l)/(p — 1). Lemmas 36.4,
36.6 and 36.8 imply that if u0 \ | U | then u0 = 1 (mod pq). Thus
(| U |, p — 1) = 1. The other statements in Condition (ii) follow from
the structure of @ and £.

By Theorem 35.1 this completes the proof of Theorem 27.1 in
all cases.


