
CHAPTER II

6. Preliminary Lemmas of Lie Type

Hypothesis 6.1.
( i ) p is a prime, ^ is a normal Sp-subgroup of tyU, and U is

a non identity cyclic p'-group.
(ii) CUCP) = 1.
(iii) $P' is elementary abelian and P̂' S Z($).
(iv) \W\ is odd.

Let U = <tf>, |U| = u, and |5(S: D(SP)| = p \ Let ^ be the Lie ring
associated to *P ([12] p. 328). Then Sf= -Sf*© J2f where JSf* and
-Sf correspond to W and 5p' respectively. Let jgf = Jg? 7p_2f *. For
i = 1,2, let 17* be the linear transformation induced by U on -£?.

LEMMA 6.1. Assume that Hypothesis 6.1 is satisfied. Let slf • • •,
sn 6e £/&e characteristic roots of Ulm Then the characteristic roots of
U2 are found among the elements £<£,- with 1 ^ i < j ^ n.

Proof. Suppose the field is extended so as to include elf • • •, en.
Since U is a p'-group, it is possible to find a basis xu • • •, xn of -Sf
such that XiUx = etxi9 X ̂ i g w . Therefore, xJI^XiUx = 6^0^-0?/. As
U induces an automorphism of j£ff this yields that

Since the vectors XrXj with i < j span .Sf, the lemma follows.

By using a method which differs from that used below, M. Hall
proved a variant of Lemma 6.2. We are indebted to him for showing
us his proof.

LEMMA 6.2. Assume that Hypothesis 6.1 is satisfied, and that
Ui acts irreducibly on -Sf. Assume further that n = q is an odd
prime and that Ux and U2 have the same characteristic polynomial.
Then q > 3 and

u < 3«/a

Proof. Let epi be the characteristic roots of Ul9 0 ^ i < n. By
Lemma 6.1 there exist integers i, j , k such that e»*e»y = £**. Raising
this equation to a suitable power yields the existence of integers a
and b with 0 ^ a < b < q such that s"a+p6-1 = 1. By Hypothesis 6.1 (ii),
the preceding equality implies pa + pb — 1 = 0(mod u). Since UX acts
irreducibly, we also have pq — 1 = 0(mod u). Since U is a p'-group,
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790 SOLVABILITY OF GROUPS OF ODD ORDER

ab =£ 0. Consequently,

Pa + Pb - l = 0(mod u),
p9 - 1 = 0(mod u), 0 < a < b < q .

Let d be the resultant of the polynomials / = xa + xb — 1 and g —
xq — 1. Since q is a prime, the two polynomials are relatively prime,
so d is a nonzero integer. Also, by a basic property of resultants,

(6.2) d = hf+kg

for suitable integral polynomials h and k.
Let eg be a primitive gth root of unity over «^, so that we also-

have

ej' + ej* - 1) jGt (spfl + sp6 - 1)
;

= I I {3 + e;(a"6) +

For g = 3, this yields that d3 = (3 - 1 + l + l ) 2 = 42, so that d = ± 4 .
Since it is odd (6.1) and (6.2) imply that u = l. This is not the case,
so q > 3.

Each term on the right hand side of (6.3) is non negative. As.
the geometric mean of non negative numbers is at most the arith-
metic mean, (6.3) implies that

The algebraic trace of a primitive gth root of unity is —1, hence

d21' ̂  3 .

Now (6.1) and (6.2) imply that

u^ \d\ ^&12.

Since 39/2 is irrational, equality cannot hold.

LEMMA 6.3. If ^ is a p-group and W = D($), then Cn(^)/CH

is elementary abelian for all n.

Proof. The assertion follows from the congruence

[Au • • -, An]p = [Au • • . , An.u Ap
n](mod C.+l(SP)) ,

valid for all Al9 • • •, An in ̂ P.

LEMMA 6.4. Suppose that a is a fixed point free p'-automorphism-
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of the p-group 5̂, sp' = D(ty) and A" = Ax (mod sp') for some integer
x independent of A. Then $P is of exponent p.

Proof. Let A°" = A* • A* so that A* is in ?P' for all A in sp.
Then

[Af-Af, • •., Ax
n-At]

^ [A?, • • •, A*n] EE [Alf •. •, A.]-"(mod C.

Since o1 is regular on ?Pf a is also regular on each CJCn+1. As the
order of a divides p — 1 the above congruences now imply that clOP) g
p — 1 and so ?p is a regular p-group. If £T($P) =£ 1, then the mapping
A >AP induces a non zero linear map of P̂/Z>OP) to
for suitable n. Namely, choose n so that eT(^) S ^(^P) but tf
CW+1(̂ P), and use the regularity of Ŝ to guarantee linearity. Notice
that n ^ 2, since by hypothesis ff2(^P) C ̂ P'. We find that x = a;" (mod p),
and so xn~l = l(modp) and a has a fixed point on Cn-JCn, contrary to
assumption. Hence, V1^) = 1.

7* Preliminary Lemmas of Hall*Higman Type

Theorem B of Hall and Higman [21] is used frequently and will
be referred to as (B).

LEMMA 7.1. If H is a p-solvable linear group of odd order over
a field of characteristic p, then OP{H) contains every element whose
minimal polynomial is (x — I)2.

Proof. Let 3^ be the space on which X acts. The hypotheses
of the lemma, together with (B), guarantee that either Op(£) ̂ 1 or
3E contains no element whose minimal polynomial is (x — I)2.

Let X be an element of X with minimal polynomial (a; — I)2. Then
OP(X) ^ 1, and the subspace % which is element wise fixed by OP(S)
is proper and is X-invariant. Since OP{H) is a p-group, ^ =£ 0. Let

So = ker (X > Aut %) , ft, = ker (X > Aut ( 3*7 3^)) .

By induction on dim 3*", XeOp(H mod$<), i = 0,1. Since

OP(X mod So) 0 OP(X mod ftj

is a p-group, the lemma follows.

LEMMA 7.2. Let H be a p-solvable group of odd order, and SI a
p-subgroup of X. Any one of the following conditions guarantees
that 21S Op/,P(X):
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1. 21 is abelian and | X : iV(2l)| is prime to p .
2. p ^ 5 and [ty, 21, 21, 21, 21] = 1 for some Sp~subgroup *p of X.
3. PP, 21, 21] = 1 for some Sp-subgroup ^ of X.
4. 21 acts trivially on the factor OPtP Am)IOp,,p(Tll).

Proof. Conditions 1, 2, or 3 imply that each element of 21 has a
minimal polynomial dividing (x — I)*"1 on Op'>P(X)/2), where 2) =
D(Op,,p(l)mod Op,{-$)). Thus (B) and the oddness of |X| yield 1, 2, and
3. Lemma 1.2.3 of [21] implies 4.

LEMMA 7.3. If X is p-solvable, and $ is a Sp-subgroup of X,
then MOP) is a lattice whose maximal element is Or("$).

Proof. Since 0P,(X) < X and $ n OP,{H) = 1, Or(JL) is in
Thus it suffices to show that if fteM($), then ftS0,,(I). Since
is a group of order |5P|-|ft| and P̂ is a Sp-subgroup of X, £> is a p'-
group, as is 4>0p>(X). In proving the lemma, we can therefore assume
that OP/(X) = 1, and try to show that £> = 1. In this case, § is faith-
fully represented as automorphisms of OP(X), by Lemma 1.2.3 of [21].
Since Op(X)g^, we see that [£>, Op(X)]S£n «Pf and & = 1 follows.

LEMMA 7.4. Suppose ^ is a SP~subgroup of X and 21
M(2I) contains only pf-groups. If in addition, X is p-solvable,

then M(2I) is a lattice whose maximal element is OP,(H).

Proof. Suppose 21 normalizes © and 21 n § = <1>. Let 21* be a
Sp-subgroup of 2I£> containing 21. By Sylow's theorem, SR = 21* n &
is a Sp-subgroup of £>. It is clearly normalized by 21, and 21 fl P̂i =<1>.
If p̂x zfr <1>; a basic property of ^-groups implies that 21 centralizes
some non identity element of P̂x, contrary to 3.10. Thus, ^ = <1>
and § is a p'-group. Hence we can assume that X is p-solvable and
that 0p,(X) = <1> and try to show that § = <1>.

Let Xx = Op(X)§2I. Then OP(X)2I is a Sp-subgroup of Xlf and
a e ^ j f . ^ - ( O f ( I ) a ) . If XxcX, then by induction §<^OP{^ and so
[Op(X), &] ̂ 0P(X) n Op'(X0 = 1 and £ = 1. We can suppose that Xx =
X.

If 21 centralizes £>, then clearly 21 < X, and so ker (X > Aut 21) =
21 x £ l f by 3.10 where § S &. Hence, & char 21 x & < X, and
& < X, so that §i = l. We suppose that 21 does not centralize £>,
and that § is an elementary g-group on which 21 acts irreducibly.
Let 53 = OP{H)ID(OP(H)) = ^ x 9S2, where ^ = Ca($) and 552 = [53, ©].
Let FeS32 and l e F, so that [X, 2l]g2I. Hence, [X, 21] maps into
3Slf since [[X, 21], ft] S © fl OP(X) = 1. But 532 is X-invariant, so [X, 21]
maps into ^ D 532 = 1. Thus, 21 g ker (X > Aut 532), and so [21, §]
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centralizes 9S2. As 21 acts irreducibly on ft, we have § = [£, 21], so
SS2 = 1. Thus, £> centralizes 55 and so centralizes OP(X), so § = 1, as
required.

LEMMA 7.5. Suppose £> and £>! are Sp,g-subgroups of the solvable
group @. 7/ 23 S O,(&) n ft, tfcen S3 S O,(ft).

Proof. We proceed by induction on |@|. We can suppose that
@ has no non identity normal subgroup of order prime to pq. Suppose
that @ possesses a non identity normal p-subgroup 3« Then

Let @ = 6/3, 8 = S33/3, ft = ft/3, & = &/3. By induction, 8 a 0,(5),
so 33 S Op (§ mod 3) = 0P(§), and we are done. Hence, we can assume
that OP(@) = <1>. In this case, F(@) is a g-group, and F(@)SftL
By hypothesis, 8aO,(ftO, and so S3 centralizes F(@). By 3.3, we
see that S3 = <1>, so S3S0P(&) as desired.

The next two lemmas deal with a Sp-subgroup ?̂ of the ^-solvable
group 3E and with the set

Sf = {ft|l. § is a subgroup of I .

2. 3 ? S £ .
3. The p-length of § is at most two .
4. |ft| is not divisible by three distinct primes .}

LEMMA 7.6. I =

Proo/. Let £ = < f t | § € ^ > . It suffices to show that |3Ex|f = | I | f

for every prime q. This is clear if q — p, so suppose q ^ p. Since
X is p-solvable, I satisfies £> g, so we can suppose that X is a p, g-
group. By induction, we can suppose that 3EX contains every proper
subgroup of I which contains $p. Since $POg(£)e^, we see that
0,(1) a £ . If JV(SP n Og P(X)) c X, then iV(^ n 0,(1)) a £ . Since X =
0ff(X)-JV(?Pn0gp(X))f we have X = X1B Thus, we can assume that
0P(X) = % n Og p(X). Since ?0,if(X) e ^ , we see that 0,lf(X) aSx. If
¥0p f(X) = X, we are done, so suppose not. Then iV0P n OP), P(X)) c X,
so that Xj contains N($ n 0Pj7 P(X))0P ,(X) = X, as required.

LEMMA 7.7. Suppose 501,5ft are subgroups of X which contain ty
such that § = (ft n SW)(ft n 5R) /or aZI ft in ^ T/̂ en X = 2K5R.

Proof. It suffices to show that 13K5R |g ^ | X \q for every prime g.
This is clear if q = p, so suppose q =£ p. Let Dx be a Sg-subgroup of
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3JI n 31 permutable with $P, which exists by Ep>q in 3JI n 31. Since X
satisfies Dp g, there is a Sg-subgroup Q of I which contains Qx and
is permutable with sp, Set 9t = 5pQ. We next show that

91 = (SR n 2Ji)(5R n 31) .

If 5 R G ^ this is the case by hypothesis, so we can suppose the p-
length of 5R is at least 3. Let SR = sp n O,ifi,(R), and 8 = J V ^ ) .
Then 8 is a proper subgroup of SR so by induction on |X|, we have
8 = (8 n 2Ji)(8 fl 31). Let ft = $-OP,g ,(3t) = WP,,(5R). Since ft is in
*5? we have S = (Sfl 3tt)(ft n sJi). Furthermore, by Sylow's theorem,
5R = ft8. LetiJeSR. Then R = KL with JTeft, Le2. Then if = PJTlf

with P in sp, 1£ in Op,.(3*). Also, L = M2ST, ilf in 8 n 3Jl9 N in 8 n %
and so i? = KL = PKXMN = PMK»N. Since Kx* e O,lf(«)f we have
# * = JfiiVi with Ml in 5K n ft, 2Vi in 91 n ft. Hence, i2 = PMM^N.N
with Pi lf^ in 5K n SW, iViiNT in 31 n » .

Since SR = (» n 5K)(5R fl 91), we have

By construction, | SR n 9R n 91 |ff = | SK n 91 |f. Furthermore, 13t n 3R \q ^
|2»|f and | » n 9!|f ^ |9l|ff so

completing the proof.

LEMMA 7.8. Let X be a finite group and § a p'-subgroup of X
which is normalized by the p-subgroup 21 of X. Set % = C^^)).
Suppose 2 is a p-solvable subgroup ofH containing 2I& and § g OP'(8).
Then there is a p-solvable subgroup ft of 2K72(2Ii) which contains

Proof. Let g = OP,,p(8)/OP,(8). Then § does not centralize g.
Let 35 be a subgroup of g which is minimal with respect to being
21§-invariant and not centralized by ©. Then S3 = pB, §] , and [S3, 21J S
!>(»), while [Z)(93), §] = 1. Hence, [»f 2Ilf ft] = [21^ ft, S3] = 1, and so
[&, S3, 2Ii] = 1. Since [£>, S3] = S3, 2tx centralizes S3. Since S3 is a sub-
group of g, we have S3 = 80/Op,(8) for suitable 8o. As Or (8) is a
p'-group and S3 is a p-group, we can find an 2I-invariant p-subgroup
% of 80 incident with S3. Hence, 2lx centralizes %• Set

ft = <a, P̂o, §> s s .

As 8 is p-solvable so is ft. If § S OP,(ft), then
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[%, § ] S 8 f l f l OA®) £ 0P,(8)

and § centralizes 93, contrary to construction. Thus, §gOp /(^), as
required.

LEMMA 7.9. Let fg be a p-solvable subgroup of the finite group
3E, and let ^ be a SP-subgroup of £>. Assume that one of the follow-
ing conditions holds:

(a) [361 is odd.
(b) p ^ 5 .
(c ) p = 3 and a S2-subgroup of £> is abelian.

Let $P0 = Op>,p(iQ) fl ?* and let 5̂* be a p-subgroup of X containing $P.
If ty is a Sp-subgroup of iVx(

s$0), then ty0 contains every element of

Proof. Let 2te.$*£fL^0P*). By (B) and (a), (b), (c), it follows
that 21 n SP = 21 PI % = 2*i, say. If 2IX c 21, then there is a ^-invariant
subgroup S such that Sx c 33 e 21, 133: 2tx | = p. Hence, [%, S3] £ 2^ g
sp0, so 33SJVs0P0)n^P*. Hence, <33, ̂ p> is a p-subgroup of iVsOPo),
so 93S$P. Hence, 33S21 n P̂ = 21̂  which is not the case, so 21 = 2tlf

as required.

8. Miscellaneous Preliminary Lemmas

LEMMA 8.1. If X is a n-group, and ^ is a chain X = £„ 3
#! 2 • • • 3 £B = 1, then the stability group 21 of ^ is a n-group.

Proof. We proceed by induction on n. Let A e 21. By induction,
there is a 7r-number m such that B = Am centralizes 3 .̂ Let XeJL;
then XB = XY with Y in Xlf and by induction, X»T = XYr. It fol-
lows that B1^1 = 1.

LEMMA 8.2. If P̂ is a p-group, then 5̂ possesses a characteristic
subgroup £ such that

( i ) cl (£) ^ 2, and &/Z(£) is elementary.
(ii) ker (Aut $P—^-»Aut(£) is a p-group. (res is tffte homomor-

phism induced by restricting A in Aut P̂ to £.)
(iii) PP,<£]SZ(£) and

Proof. Suppose E can be found to satisfy ( i ) and (iii). Let
5? = ker res. In commutator notation, [5B, (£] = 1, and so [58, E, P̂] = 1.
Since [(£, ? ] S E , we also have [£, P̂, SJ] = 1 and 3.1 implies [$, S, E] =
1, so that [? ,S ]gZ(E) . Thus, $ stabilizes the chain ^ 2 E 3 1 so
is a p-group by Lemma 8.1.
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If now some element of S^f^y(^) is characteristic in sp, then
( i ) and (iii) are satisfied and we are done. Otherwise, let 21 be a
maximal characteristic abelian subgroup of 5̂, and let & be the group
generated by all subgroups 35 of sp such that 21 c 35, | 35: 211 = p,
35 ̂ Z OP mod 21), SgC(2l) . By construction, 2leZ((£), and (£ is seen
to be characteristic. The maximal nature of 21 implies that 21 = Z((£).
Also by construction HP, (£] S 21 = Z(£), so in particular, [©, (£] E Z(£)
and c l ( £ ) ^ 2 . By construction, &/Z(£) is elementary.

We next show that C(£) = Z(E). This statement is of course
equivalent to the statement that C(E) iE . Suppose by way of con-
tradiction that C((£)§££. Let © be a subgroup of C(S) of minimal
order subject to (a) & < s£, and (b) E g E . Since C(£) satisfies (a)
and (b), © exists. By the minimality of @, we see that [̂ p, ©] g £
and />(©) S S. Since © centralizes S, so do [̂ , ©] and /)(©), so we
have [sp, ©] 5 21 and /)(©) £ 21. The minimal nature of © guarantees
that ©/© n E is of order p. Since © n & = © n 21, ©/© n 21 is of
order p, so ©21/21 is of order p. By construction of E, we find ©21S
E, so © £ (E, in conflict with (b). Hence, C(C) = Z(©), and ( i ) and
(iii) are proved.

LEMMA 8.3. Let X be a p-group, p odd, and among all elements
of £*&l4r(£), choose 21 to maximize m(2I). Then Q^

REMARK. The oddness of p is required, as the dihedral group
of order 16 shows.

Proof. We must show that whenever an element of X of order
p centralizes £?i(2I), then the element lies in i2i(2I).

If Xe aQW)) and Xp = 1, let ®(X) = S3, = ^(21), X>, and let
S3,, c S32 c • • • c 93n = <2I, X> be an ascending chain of subgroups, each
of index p in its successor. We wish to show that S3X < 33n. Suppose
S3! < S3m for some m ^ n — 1. Then 33TO is generated by its normal
abelian subgroups S3! and S3m n 21, so S3m is of class at most two, so
is regular. Let ZeS3m, Z of order p. Then Z= XkA, A in 21, k an
integer. Since S3W is regular, X~kZ is of order 1 or p. Hence,
A G ̂ (21), and Z e S3!. Hence, S3X = fi^SSJ char S3W < S3m+1, and S3X < S3,
follows. In particular, X stabilizes the chain 213 J2i(2t) 2 <1>.

It follows that if 3) = QX{C(QM))), then ®' centralizes 21. Since
2le^g^^^(X), ®'^2I. We next show that ® is of exponent p.
Since [®, ®] s 21, we see that [®, ®, ®] G ̂ (21), and so

[®, 3), ®, SB] = 1 ,

and cl(35) ^ 3 . If p ^ 5, then 35 is regular, and being generated by
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elements of order p, is of exponent p. It remains to treat the case
p = 3, and we must show that the elements of 3) of order at most
3 form a subgroup. Suppose false, and that <X, T> is of minimal
order subject to X3 = Y* = 1, (XY)* =£ 1, X and Y being elements
of 3). Since <F, T x >c<X, Y>, [Y, X] = Y~\ X~lYX is of order
three. Hence, [X, Y] is in ^(21), and so [Y, X] is centralized by
both X and Y. It follows that {XYf = XZY\Y, X]* = 1, so © is of
exponent p in all cases.

If ^(31)c®, let e < I f e s 3 ) l |©: ^(21)1= p. Since ^(21)2
Z(@), (S is abelian. But m(@) = m(2l) + 1 > m(2I), in conflict with
the maximal nature of 21, since Gc is contained in some element of

by 3.9.

LEMMA 8.4. Suppose p is an odd prime and Hi is a p-group.
( i ) / / S^^fl(X) is empty, then every abelian subgroup of X

is generated by two elements.
(ii) / / S^^^K (X) is empty and A is an automorphism of X of

prime order q, p^frq, then q divides p2 — 1.

Proof. ( i ) Suppose 21 is chosen in accordance with Lemma 8.3.
Suppose also that X contains an elementary subgroup @ of order p3.
Let ©x = Cg(/31(2I)), so that ^ is of order p2 at least. But by Lemma
8.3, © i S f l ^ ) , a group of order at most p2, and so (S± = ^(21). But
now Lemma 8.3 is violated since Gc centralizes BlB

(ii) Among the A-invariant subgroups of X on which A acts non
trivially, let § be minimal. By 3.11, § is a special p-group. Since
p is odd, § is regular, so 3.6 implies that § is of exponent p. By
the first part of this lemma, § contains no elementary subgroup of
order p3. It follows readily that ra(£>) ̂  2, and (ii) follows from the
well known fact that q divides |Aut

LEMMA 8.5. If % is a group of odd order, p is the smallest
prime in TZ(H), and if in addition X contains no elementary subgroup
of order p3, then X has a normal p-complement.

Proof. Let ty be a SP-subgroup of X. By hypothesis, if § is a
subgroup of P̂, then S^f^Vii^) is empty. Application of Lemma 8.4
(ii) shows that N^)jC^) is a p-group for every subgroup § of Ŝ.
We apply Theorem 14. 4. 7 in [12] to complete the proof.

Application of Lemma 8.5 to a simple group © of odd order im-
plies that if p is the smallest prime in 7r(@), then © contains an
elementary subgroup of order p3. In particular, if 3e7r(®), then ©
contains an elementary subgroup of order 27.
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LEMMA 8.6. Let 9?lf 9J2, 9t3 be subgroups of a group X and suppose
that for every permutation a of {1,2,3},

Then %% is a subgroup of £.

Proof. W i ( W ) W ) S SRM i % W S W , as re-
quired.

LEMMA 8.7. If W is a pf-group of automorphisms of the p-group
P̂, if 21 has no fixed points on ty/Dity), and 21 acts trivially on

then U(!p) £ Z(?P).

Proof. In commutator notation, we are assuming [$P, 21] =
and [21, J9(*P)] = 1. Hence, [21, /)($), *P] = 1. Since [/>($), *P]
we also have LD(̂ P), ̂ P, 21] = 1. By the three subgroups lemma, we
have [*P, 21, /?(*P)] = 1. Since HP, 21] = «p, the lemma follows.

LEMMA 8.8. Suppose Q is a q-group, q is odd, A is an auto-
morphism of Q of prime order p, p = 1 (mod q), and £} contains a
subgroup Do of index q such that ^^L^(Qo) is empty. Then p =
1 + q + q2 and Q is elementary of order q*.

Proof. Since p = 1 (mod g') and q is odd, p does not divide q2 — 1.
Since fl(O)SQ0, Lemma 8.4 (ii) implies that A acts trivially on /)(£}).

Suppose that A has a non trivial fixed point on O/Z)(D). We can
then find an A-invariant subgroup 2Ji of index g in Q such that A
acts trivially on Q/2R. In this case, A does not act trivially on 2Ji,
and so 3Ji =£ d0, and 5UI fl Qo is of index q in 2Jt. By induction, p =
1 + q + q2 and 3Ji is elementary of order q3. Since A acts trivially
on £l/2Ji, it follows that Q is abelian of order g4 If ZX were elemen-
tary, O0 would not exist. But if Q were not elementary, then A
would have a fixed point on J2i(G) = 9JI, which is not possible. Hence
A has no fixed points on O//)(O), so by Lemma 8.7, D(&) S Z(O).

Next, suppose that A does not act irreducibly on Q/D(Q). Let
5R/JD(Q) be an irreducible constituent of A on Q/Z)(Q). By induction,
5ft is of order q\ and p = 1 + q + q2. Since Z)(Q) c 5R, D(O) is a
proper A-invariant subgroup of Sfl. The only possibility is Z)(O) = 1,
and |Q| = q* follows from the existence of £}0.

If |JD| = q\ then p = 1 + q + q2 follows from Lemma 5.1. Thus,
we can suppose that | O | > q\ and that A acts irreducibly on D/Z)(O),
and try to derive a contradiction. We see that O must be non
abelian. This implies that /)(£>) = Z(Q). Let |O : Z)(Q)| = g \ Since
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p = 1 (mod q), and qn = 1 (mod p), n^3. Since Z>(£>) = Z(Q), n is
even, O/Z(Q) possessing a non singular skew-symmetric inner product
over integers mod q which admits A. Namely, let E be a subgroup
of order q contained in Q' and let Ex be a complement for £ in Q \
This complement exists since O' is elementary. Then Z^mod^) is
A-invariant, proper, and contains /)(£}). Since A acts irreducibly on
n/Z)(Q), we must have D(d) = Z(Omod Si), so a non singular skew-
symmetric inner product is available. Now D is regular, since cl(Q) =
2, and g is odd, so 1^(0)1 = 1 0 : ^ ( ^ ) 1 , by [14]. Since cl(O) = 2,

is of exponent q. Since

we see that | Q^fCi) | ^ q\ Since Qo exists, ^(Q) is non abelian, of
order exactly g\ since otherwise £}0 n J2i(O) would contain an elemen-
tary subgroup of order g3. It follows readily that A centralizes
and so centralizes O, by 3.6. This is the desired contradiction.

LEMMA 8.9. If ty is a p-group, if ^^L^(^5) is non empty and
21 is a normal abelian subgroup of Ŝ of type {p, p), then 21 is con-
tained in some element of

Proof. Let @ be a normal elementary subgroup of *$ of order p*,
and let ^ = C@(2I). Then ©x < *P, and <2l, <£> = g is abelian. If
I SI = P2i then 21 = @! = g c @, and we are done, since @ is contained
in an element of <9*&L4^(ty). If | g | ^ p3, then again we are done,
since g is contained in an element of

If X and 2) are groups, we say that ?) is involved in X provided
some section of X is isomorphic to 2) [18].

LEMMA 8.10. Let ty be a Sp-subgroup of the group X. Suppose that
Z(̂ P) is cyclic and that for each subgroup 21 in 5̂ of order p which
does not lie in Z(^5), there is an element X = X(&) of 5̂ which
normalizes but does not centralize <2I, 0i(Z($))}. Then either SL(2, p)
is involved in X or J2i(Z($P)) is weakly closed in Sp.

Proof. Let © = fi1(Z(^P)). Suppose © = ®* is a conjugate of ®
contained in spt but that @ =£ ®. Let ® = <i)>, @ = <.&>. By hypo-
thesis, we can find an element X = X(G?) in 5̂ such that X normalizes

, Z>> = 55, and with respect to the basis (E, D) has the matrix
J). Enlarge g to a SP-subgroup 5̂* of C2(@). Since @ = SP,

f g C j ( E ) , so 5̂* is a SP-subgroup of X, and g f i W ) . Since Z($*)
is cyclic by hypothesis, we have Gr = ,01(Z(^*)). By hypothesis, there
is an element Y= F(S5) in 5̂* which normalizes g a nd with respect
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to the basis (E, D) has the matrix Q J). Now (J J) and Q )
generate SL(2, p) [6, Sections 262 and 263], so SL(2, p) is involved in
^(3 )* as desired.

LEMMA 8.11. If % is a psubgroup and S3 is a q-subgroup of £,
p =£ g, and 21 normalizes S3 Jfcew [35, 21] = [93, 21, 21].

Proof. By 3.7, [21, SB] < 2133. Since 2lS3/[2l, S3] is nilpotent, we
can suppose that [21, S3] is elementary. With this reduction, [S3,21,21] <
2IS3, and we can assume that [S3, 21, 21] = 1. In this case, 21 stabilizes
the chain S3 2 [S3, 21] 2 1 , so [S3, 21] = 1 follows from Lemma 8.1 and

LEMMA 8.12. Let p be an odd prime, and G? an elementary sub-
group of the p-group $p. Suppose A is a p'-automorphism of p̂ which
centralizes fi^C^®)). Then A — 1.

Proof. Since @ £ £i(C^(@)), A centralizes ©. Since @ is A-invari-
ant, so is C (̂@). By 3.6 A centralizes C (̂@), so if Gf S Z(?$), we are done.

If C (̂(£) c $, then Cy(®)B($) c % and by induction A centralizes
) Now [*P, ©] g /?($) and so [*P, @, <A>] = 1. Also, [@, <A>] = 1,

so that [©, <A>, ?P] = 1. By the three subgroups lemma, we have
[<A>, «pf @] = 1, so that [̂ P, <A>] E C¥(C)f and A stabilizes the chain
? ( e ) D l . It follows from Lemma 8.1 that A = 1.

LEMMA 8.13. Suppose ^ is a Sp-subgroup of the solvable group
@, ^g^^(^P) ts empty and © is o/ odd order. Then ©' centralizes
every chief p-factor of @.

Proof. We assume without loss of generality that (M©) = 1.
We first show that $P < @. Let § = OP(@), and let £ be a subgroup
of £> chosen in accordance with Lemma 8.2. Let SB = fi^S). Since
p is odd and cl(E) ^ 2 , SB is of exponent p.

Since Op,(@) = 1, Lemma 8.2 implies that ker (@ • Aut E) is a
p-group. By 3.6, it now follows that ker (@ —̂ -> Aut SB) is a p-group.
Since $P has no elementary subgroup of order p\ neither does SB, and
so | SB: Z7(3B) | ^ p2. Hence no p-element of © has a minimal poly-
nomial (a - l)p on 3B/Z?(SB). NOW (B) implies that ^P/kera < @/kera.
and so 5̂ < @, since ker a £ p̂.

Since $P < @f the lemma is equivalent to the assertion that if S
is a Sp/-subgroup of @, then £' = 1. If S' =̂ 1, we can suppose that
8' centralizes every proper subgroup of P̂ which is normal in ©. Since
8 is completely reducible on $P/Z)(̂ P), we can suppose that [̂ P, 8'] = sp
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and [Z)(*P), 8'] = 1. By Lemma 8.7 we have Z)(5P)gZ($) and so
Qffi) = 58 is of exponent p and class at most 2. Since 5̂ has no
elementary subgroup of order p\ neither does 58. If 5? is of order p,
2' centralizes 5? and so centralizes sp by 3.6, thus 2' = 1. Otherwise,
| $ : Z?(5J) | = p* and 2 is faithfully represented as automorphisms of
&ID(St). Since |2 | is odd, 2' = 1.

LEMMA 8.14. If & is a solvable group of odd order, and
S^^i4^(^) is empty for every Sp-subgroup $ o / S and every prime
p, then @' is nilpotent.

Proof. By the preceding lemma, ©' centralizes every chief factor
of &. By 3.2, &£F(&), a nilpotent group.

LEMMA 8.15. Let @ be a solvable group of odd order and suppose
that @ does not contain an elementary subgroup of order p3 for any
prime p. Let ^ be a Sp-subgroup of @ and let £ be any character-
istic subgroup of ty. Then E n ?' < @.

Proof. We can suppose that £ S 3$', since E f l ? ' char sp. By
Lemma 8.14 F(@) normalizes £. Since F(@)̂ P < @, we have @ =
F(@)JV(?P). The lemma follows.

The next two lemmas involve a non abelian p-group sp with the
following properties:

(1 ) p is odd.
(2) $P contains a subgroup P̂o of order p such that

where SR is cyclic.
Also, 21 is a p'-group of automorphisms of 5̂ of odd order.

LEMMA 8.16. With the preceding notation,
( i ) 21 is abelian.
(ii) No element of 2lf centralizes Qi(C($0)).
(iii) If 21 is cyclic, then either | S | divides p l*or

is empty.

Proof, (ii) is an immediate consequence of Lemma 8.12.

Let S3 be a subgroup of $P chosen in accordance with Lemma 8.2,
and let SB = O^fB) so that 21 is faithfully represented on 2B. If $ o g
SB, then $P03B is of maximal class, so that with 3B0 = SB, SBi+1 = [SB,, «P],
we have |SB,: S£i+1| = p, i = 0,1, • • -, n - 1, |SB| = pn, and both ( i )
and (iii) follow. If $P0S3B, then m(SB) = 2. Since [SB, $] S Z(SB),
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it follows that <$P0, Z(2B)> < «p. By Lemma 8.9, S^^^K^) is empty.
The lemma follows readily from 3.4.

LEMMA 8.17. In the preceding notation, assume in addition that
| S | = 9 is a prime, that q does not divide p — 1, that ?$ = [$,21]
and that CJSl) is cyclic. Then |?P| =p\

Proof. Since q\p-\, 21 centralizes Z(?P)f and so Z($P)E5p\
Since Cy($l) is cyclic, fii(Z20P)) is not of type (pf p). Hence, % S
i21(Za(̂ ?)). Since every automorphism of Qx(ZJi$)) which is the identity
on QiiZjfflMQiiZffl)) is inner, it follows that ty = QX(Z%<$)) • 3)f where
S) = C^fl^Z^sp))). Since SR is cyclic, so is ®, and so S) S
by virtue of 5̂ = [??, 21] and g \ p - 1.


