
ON A PAPER OF NIVEN AND ZUCKERMAN

J . W. S. C A S S E L S

1. Introduction. L e t 'digi t ' mean an integer in the range 0 < a < 10. For

digits α t , α 2 , , ar; bx, b2 , , bs (s > r) and integer m, denote by

the number of solutions of

bn = α i» /̂ι + i = a

2' " ' > ̂ r i+r-i = ar (0 <n < n + r <s; n = m mod r)

so that

(1) 0 < ί w ( o 1 , . . . , o r ; 4 1 , . . . , 6 s ) < s - f + l .

Suppose that

vv
is an infinite sequence of digi ts . It has been shown [ 2 ] that if

1 r

( 2 ) l i m — Σ R J a ^ - - , a r ; x ι f . . . , x N ) = I 0 ~ Γ

for all integers r and digits at, , α r , then

for all integers r, m, and digits α t , , aΓ. A possibly simpler proof is a s

follows.

2. Proof. Let e > 0 and digits α l f , ar be given. The simple argument of

Hardy-Wright [ l ] shows that if the integer 5 is fixed large enough, then
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(4) Max R μ ( a ι > " ' ' α r ; b ι 9 ••• , b s ) -
s - r + 1

except for at most 6 1 0 s s e t s of digits i j , •-« , bs. ( 'Except iona l ' s e t s . ) Thus,

by ( 2 ) with bι9 , bs for α χ , , αΓ , the number of exceptional s e t s

(5) ( 1 < t < N - s + 1)

is at most 2 €/V for all large enough N.

On the other hand,

(6) (s - ar;

differs from

(7)

N -s + i

Σ
ί = 1

by at most 2 s 2 , since each solution of

α i =
R r_ί

mod r)

c o n t r i b u t e s e x a c t l y s — r + 1 both to ( 6 ) and to ( 7 ) . H e n c e , u s i n g the e s t i m a t e

( 3 ) for the at most 2 €/V excep t iona l s e t s ( 5 ) , and the e s t ima te ( 4 ) for the

o the r s , we have

/V-s + 1
V V '*Jv>- r lor

2s2

< + e(N-s
s - r + 1

and so

lim sup
N

, α r ; Xy, •" , xN) - r X 10 Γ < 3 6 .

Since € is arbitrarily small, this proves (3) as required.
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