THE NORM FUNCTION OF AN ALGEBRAIC FIELD EXTENSION

HARLEY FLANDERS

1. Introduction. Let & be an algebraic field, K a finite extension field of
degree n over k, and w,, +++ , @, a linear basis of K over k. (For the standard
results of field theory which we have used in this paper, the reader is referred
to the texts [2; 4; 51.) If X = (X, «++, X;;) is a set of indeterminates over K,
then [K(X):%k(X)]=n, and in fact w;, +++, w, is a basis of K(X) over

k(X). We set m = n and form the so-called general element

E= lel"'""*‘wan

of K over k. We may, without confusion, use the symbol Nk, both for the norm
function of K/k and for that of K(X)/k(X). The general norm of K over k is the
polynomial

N(X) = N(Xy, ey Xp) = Ny, (B)E KLX.

We propose here to discuss the factorization of this polynomial and the possi-
bility of characterizing the norm function Nk, i of K/k intrinsically. We are in-
debted to Professor E. Artin for a helpful suggestion communicated orally.

2. Factorization of the general norm. If we take a new basis Mo oo s My
we simply effect a nonsingular linear transformation on the n variables X;; hence
nothing essential is changed. The possibility of selecting a convenient basis
will be used to advantage in the proofs below. Our first result, while not com-
plete, admits a simple proof; consequently we give it before giving a more gener-

al result.

THEOREM 1. Let K=k (60) be a simple extension of k. Then the general
norm N(X) is irreducible in k[ X].

Proof. Let f(X)=(X~-6,).+. (X~ 6,) be the minimum function of 6 = 6,
over k, and take 1, 6, «++ , 0"! as a basis of K over k. Then
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n
NOO = TT(H + 6%+ e e 671X,
=1

Since this is a complete factorization of N(X) into linear factors, it follows
that any factor of N(X) must be the product of a constant and certain of the
linear factors displayed. Consequently, if G(X) is an irreducible factor of

N(X) in k[ X] with
deg G(X) =r (1< r<n),

then, by properly renumbering and adjusting the coefficient of X], we have
r
G(X) = TT(X + 6:Xy+-en+ 671 X,).
=1

It follows that G(X, -1, 0, «+., 0) € k[ X]. But this means that

1 (X-6) € rLXI.

i=1
Since f(X) is irreducible over k, we must have r = n.

We can generalize this theorem as follows.

THEOREM 2. Let [K:kl=n, and let m=max {[£(0): k] for 6 € K}.
Then m divides n, and the complete factorization in k[X] of the general norm

N(X) of K over k is given by

N(X) = [F(X)1"/™,
where F (X) is an irreducible polynomial in k[ X 1.

Proof. If K/k is a separable extension, then it is a simple one and Theorem
1 applies. Consequently, we may assume that % has finite characteristic p, and
that K/k is inseparable. Let S be the maximal separable subfield of K over £,
and let s =[S : %], so that n=sp" We let e denote the least whole number
such that KP® ¢ S. Then 1 < e < u and it is known [2; 4; 5] that m = sp®.
Finally, we let & be a generator of S/k, thus S = k(o ); and let

Q, =1, Qz,...,qu
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be a linear basis of K/S with

Q)P = g € 5.

The general element B of K/k is given by
E:ZO(‘Q]‘X” (i=0,°°‘,S-l;j=].,"',pu),

and the general norm by

N(X) = [F(x)P"°
with

F(X) = Ng/i (Zaipeﬁjng).

This is the case because

Nk /k = Ns/i © Nkys
and

Ni,s A= AP = (AP*)P*"° for 4 € K.

We next assert that the polynomial
e . e
mex) = 8P = 2 alP® g &F,

is irreducible in the ring S[X]. Suppose this is not the case and let I'(X) be
an irreducible factor. We normalize the coefficient of the highest power of
Xo; in T'(X); we may thus write
f
rx) =g’
where 0 < f < e and (v, p) = 1. We clearly have
(pfv’ pe) = Pf,

and so there exist rational integers a, b such that
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pfva + peb = p/.
This implies that
= (P (=) € s
hence
= € six, Zae! (@’ xP € s,
Thus, for each iandj (i =0, +¢+,s-1;j=1,--+,p"), we have
b’ (" €.
In particular, setting { = 0, we obtain
(Ql.)PfC S for j=1,«-.,p".

f
Hence KP' C S, a contradiction of the definition of e.

It will be convenient in the remainder of the proof to have a “‘sufficiently
large’’ field at our disposal. We form the splitting field U over & of any poly-
nomial f(X) in k[ X] which has amongst its roots the quantities 0, Qy,«-- ,qu.
Then we may assume k¥ C S C K C U, and any relative isomorphism on K over

k into any field containing K is already into U.

Now let ¢ be any relative isomorphism of S over k& into U. The fact that
I(X) is irreducible over S[X] clearly implies that [I(X) is irreducible over
S°[X]. We also assert that if o # ¢, the identity isomorphism, then II(X) and
and [19(X) are relatively prime in U[X]. To prove this, we first note that,
since K is a pure inseparable extension of S, ¢ has a unique prolongation to an
isomorphism (also denoted by o) of K/k. Thus

mX) = B, I°(X) = (9)°.
These can have a proper common factor if and only if
AE = B9 for X in K.

If this is the case, then we compare the coefficients on either side of X,; and

X1;» obtaining A =1 and o = &7, an impossibility if o # ¢.
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To complete the proof, we let vy, -++, 5. be all of the relative isomorphisms

of S over k into U. We have
FX) = Nesp LG T = TT IO (X 1.

h=1

Let G(X) be any irreducible factor of F(X) in k1 X]. It follows from the facts
(a) each I°* (X) is imeducible in S”*{ X | and (b) the s polynomiais IT’* (X)
of U[.X] are pairwise relatively prime—an immediate consequence of the result
of the last paragraph—that £ (X), after a trivial modification of leading coef-

ficient, is necessarily of the form

,
GOO = JT im0 (1<r<s),
h=1

where, of course, we have rearranged the indices % as needed. Since & (X)E
kL X], it follows that the polynomial

r

g(X) = JT (xP® = a%h),

h=1

which results from the specialization
[Xoy = X, Xy ==1, Xij = 0 for all other 4, ],

is in k[ X ). This implies r==s, G(X) = F(X), as desired.

3. Characterization of the norm function.! In this section, let %, K be fields
such that [K : k] = n. The norm function Ny, has the following properties:

(M) Nk k(AB) = (Ng/kA) (Ng, i B) forall 4, B € K,
(N,) Ny /k(a) = a® forall @ € k.

These properties mean that Nk /40 = 0 and that Nk /4 is a homomorphism on the

multiplicative group K* of nonzero elements of X into &4* such that
Ng,ka = a™ on k*.

LA somewhat different characterization is given in [ 11
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DEFINITION 1. A function fon K into % is a norm-like function if

(Nl) f(‘iB):f(/I)f(B) for all A,DCK,
(N,) f(a) = a”™ forall a € k.

It is evident from group-theoretic considerations that in general there are
many norm-like functions. We wish here to impose further restrictions which will
distinguish the norm function Ng /4 from amongst all norm-like functions. The
considerations of §1 suggest a ‘“‘continuity’’ condition which we proceed to

formulate.

DEFINITION 2. Let L be an n-dimensional linear space over a field k. A
function f on L into k£ will be called a polynomial function if there is a basis

Xy *++ 5 X, of L and a polynomial

F(X,, -ee, X,) € E[X]
such that whenever
x =2 a;x €L,
then

f(x) = F(ap"'san)o

It is clear that there is no real dependence on a particular basis in this
definition. Similarly we may define a homogeneous polynomial function of degree
m on L to k by insisting that F(X) be homogeneous of degree m. The norm

function Nk, is a homogeneous norm-like function of degree n on K into .

THEOREM 3. Let k be an infinite field, [K : k] =n, and let f be a poly-
nomial norm-like function on K into k.Then f= Ny /p.

Proof. let w; =1, w,,+++,w, be a basis of K/k. F(X{,---,X;) a
polynomial such that

f(2Za;wi) = Flag, -, ap).

Since k is infinite, F is necessarily unique. It is known that there exist poly-

nomials g (X), +++, g, (X) € k[X] such that if

A =Za,~a)i CK
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and we set
=g (ag, ey an)or,
then AB = Ng /. A. Thus
fCAB) = f(A) f(B) =(Ng, kA",
and so we have
Flay, +oey an) F(g lag, ooeyan)-ee) = iN(ay, oy a1,

where N (X) is the general norm of K/k. Since k is infinite, this is an identity;
that is,

F(X) F(g (X), «+v, g (X)) = N(X)".

By Theorem 2, we have

N(X) = MO,
where M (X) is irreducible in £[ X]. It follows that

F(X) = cM(X)
for some power r and ¢ € k. We specialize:

X—(a, 0,:.+.,0),
obtaining
a” = F(a,0,+++,0)=cM(a, 0,++.,0).
We raise to the A-power, noting that
N(a, 0,.++,0) = a"; a™ = cha™.

This is true for all a € k; hence

nh =nr, h =, ch = 1, F(X) = eM(X) = eN(X).

It is immediate that ¢ = 1, and hence f= Ng /.
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In the case that k& is a finite field we get a somewhat different result uniess

we strengthen the hypotheses. We first have the following result.

THEOREM 4. Let k be a finite field of q elements and let [K : k] =n.
Suppose that f is a norm-like function on K into k. Then either f=(Ng 1),
where 0'<r<g-1andnr=n (mod g—1), or n =0 (mod g~1) and f is
given by f(0)=0 and f(A)=1 for all A # 0. Conversely, each such function

is norm-like.

Proof. Let A be a generator of the (cyclic) group K*. Then
a = NK/[‘A = Au

is a generator of k*. fere we have set u=(¢" ~1)/(q ~1) for convenience.
The norm-like function f, being a homomorphism on K*, is completely determined
by its effect on 4. Thus we have f(A4)= a’ for some rational integer r. Since
a?! = 1, we may assume that 0 < r < ¢ — 1. If B € K*, then B = A and so

[() = fGII = (N e AY® = (N gAY = (Ng kB
Thus our function f is given by
f(8) = (NgspB) for B # 0, f(0)=0.

So far we have used only the property (N; ). Property (N, ) asserts that f(a) =

a”. Put in our case we have
fla) = (Ngsga) = a™;

hence a” = @™ is a necessary and sufficient condition that f be norm-like. This

is equivalent to
nr=n (modg-1),
since k* = {a) is a cyclic group of ¢ — 1 elements.

In our next proof we shall use the following results of Chevalley [3]. Let
k be a finite field of ¢ elements, and let L denote the linear space of all n-
tuples a = (a;,+++,a,) of elements of k. Let [ denote the ideal in k[ X}, -+, X,]
of all polynomials F (X) such that F(a) = 0 identically on L. Then

= (X0 = Xgy ooy X1 = X0
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If F(X) € k[X], then there is a unique polynomial F*(X) such that (a)
F = F* (mod /) and (b) degXiF* < g-1foreachi=1,-++, n. The polynomial
F* is called the reduced form of F, and has degree at most that of F. Finally,
if F(a)=1forall a # 0and F(0) =0, then

F* = (1) (X - D) e (X - 1) 4+ 1.

THEOREM 5. Let k be a finite field and let [K : k] = n. Suppose that f is
a norm-like function on K into k, and that { is also a polynomial function of

degree at most n. Then f= Ng/p.

Proof. As before, we let g be the number of elements of k, and we may apply
Theorem 4. If ¢ = 2, we clearly have f= Ny, since

f(0) = 0= Ng/10;
whilst if 4 # 0, then f(A4) # 0, and hence

f(A) = 1= Nysd.

We may henceforth assume that ¢ > 2.

Next, let w;, *++, w, be a basis of K/k, and let N(X) be the general norm
of K/k with respect to this basis. By hypothesis, there exists a polynomial
F (X) of degree at most n such that

[(A) = F(ay, -+, ay) forall 4 =2 ¢ w;.

Suppose that the second alternative of Theorem 4 is the case. Then
f(0) =0 and f(4) =1 forall 4 £0.
This implies that
F¥ = D™ (T - e (X7 - D) 4 1,
and so
(g-=1)n = deg F* < deg F = n.

Hence ¢ —1 < 1, ¢ = 2. We have already ruled out this possibility.
Finally suppose that f= (Ng ), where 1 < r < g~ 1. We set
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G(X) = F(X)IN(X)ITT,
and have G(0) = 0. If a £ 0, then
A =2 a0 #0,
and
G(a) = f(4) (Ng/pe DT = (N T = 1.

This implies that

CY = (1) (X - ) (XTT 2 1) 41
hence
(¢g=1)n = deg G* < deg G < n+ (g=1-r)n=(g-r)n,

so that
g-1<q-r,r<1, r=1.

We are left with the single possibility f= Ng/j, as desired.

It is worth noting that the proof can still be pushed through under the weaker
assumption that f is a polynomial function of degree at most 2n — 1. However,
the most interesting case is that in which f is a homogeneous polynomial func-

tion of degree n.

4. Conjecture. It would be interesting to prove Theorem 3 under weakened

conditions. We make the following definition.

DEFINITION 3. Let L be an n-dimensional linear space over a field k. A
function f on L to k will be called an algebraic function if there is a basis

%qy *+2 5 %, of L and a polynomial
F(XO’ XU A Xn) C k[X],
such that F(X) # 0, and such that whenever x = 2. q; x; then

F(f(x)’ ali..'!aﬂ) = 0.

Our conjecture is the following.
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If k is an infinite field, [K : k1= n, and f is an algebraic norm-like function
on K into k, then f= Nk /i .
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