CORRESPONDING RESIDUE SYSTEMS IN ALGEBRAIC
NUMBER FIELDS

H. S. BurTs AND H. B. MANN

In this paper we shall consider integral ideals in finite algebraic
extensions of the field R of rational numbers. Algebraic number fields
will be denoted by ¥ with subscripts or superscripts, ideals by German
letters, algebraic numbers by lower case Greek letters, and numbers
of the rational field R by lower case Latin letters.

Two ideals in the same field are equal if and only if they contain
the same numbers.

If q, is an ideal in a field ¥, and a, is an ideal in a field %, then
we shall write a,=a, provided a, and a, generate the same ideal in some
field containing all the numbers of ¥, and of ¥, (see [1, §37]). Two such
ideals may therefore be denoted by the same symbol and we shall speak
of an ideal a without regard to a particular field. An ideal a is said to
be contained in a field § if it may be generated by numbers in 3,
that is to say, if it has a basis in J¥.

Let a be an ideal contained in the fields &, and §,. We say that
% and F, have corresponding residue systems modulo a if for every in-
teger «, of ¥, there exists an integer «a. of ¥, such that «,=«, (mod
a), and for every integer «, of ¥, there exists an integer «;, of %, such
that a,=a, (mod a).

The problem considered in this paper is the following one: if
and §¥, are two fields containing an ideal a, under what conditions will
%. and , have corresponding residue systems mod a. We shall show
that this problem reduces to that in which the ideal a is a power of a
prime ideal and a necessary and sufficient condition for %, and %, to
have corresponding residue systems mod a is derived in case that a is
a prime ideal. A necessary (but not sufficient) condition is derived in
case a is a power of a prime ideal and ¥, and %, are normal over §, N
B.. A special case in which the fields are of the type F({/p) is con-
sidered. These fields are of interest in themselves and in view of
Corollary 7.1 seem to have a direct connection with the general
problem.

THEOREM 1. Let a be an ideal in the number fields F, and F. and
suppose §, and F§, have corresponding residue systems mod a. Then a
has the same prime ideal decomposition in §, and in ..
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Proof. Let
a=pi-...-prin G
a=qft-...-qf in &,

where the p, are prime ideals in @, and the q; are prime ideals in .
Let a« be an integer in &, such that « is exactly divisible by p, and
(a, p)=(@1) for i=2, ---, r. There exists an integer S8 in &, such that
a=f (mod a) and thus in & \JF. we have (8, a)=p,. Since f# is in {,
and aC%;,, it follows that p, CF,. In the same manner it follows that
p, CF for i=1, .-, r and q,F: for i=1, ---, s. Therefore in
and in ¥, we have pit-.. .- por=qit’-...- ql.

In ¥, the q; are prime ideals and hence q,|p, in ¥, for some j. In
% the p, are prime ideals and therefore p.lq, in F, for some k. Thus
in §\U% . we have p.|p;, which implies that p,=p,=q, in F, and in F,.
By renumbering and repeated application of the above argument we
obtain r=s and p,=q; for 7=1, -+, r=s in §, and ..

THEOREM 2. Let a be an ideal in the number fields §, and F,. In
order that ¥ and F, have corresponding residue systems mod a it is
necessary and sufficient that a=ph -.... P where P, 1s a prime ideal in

T and ., and F and F, have corresponding residue systems mod b for
i=1, «-o, 1.

Proof. The necessity follows from Theorem 1. Suppose a=p&-...
- pir in F and in ¥,, where p, is a prime ideal in §, and in F,, and
that &, and §, have corresponding residue systems mod p% for ¢=1, ---,
r. Let a be any integer of ,. There exist integers £, in g, such
that a=p, (mod p%) for ¢=1, ---,r. By the Chinese remainder theorem
there exists an integer B in {, such that f=p, (mod pi) for =1, ---,
r and hence a=pf (mod a). It follows that %, and §, have corres-
ponding residue systems mod a.

THEOREM 3. Let §, and F, be two number fields, F=F NF,» and
let b be a prime ideal in both &, and F,. Suppose F, and F, have cor-
responding residue systems mod ' and let §, be the smallest normal ex-
tension over ¥ containing ., and F,. Then for every automorphism A
wn the Galois group &(F.|F) of Fn over F we have aif=«a, (mod p’) and
ai=ua, (mod ) for every integer a, in F and «, in F,.

Proof. Let ®&, and &, be the subgroups of &(F,|¥) which leave
and @, fixed respectively. Since F=x,N\F. we have by Galois theory
that &, \U®, corresponds to ¥ under the Galois correspondence between
subgroups and subfields. Hence ©&,;\J®,=8(F.l3).
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Denote by &, (i=1, 2) the set of automorphisms 4 in &(5F,|F) such
that aff=a; (mod p’) for all integers «,; in §, for i=1, 2. The sets &,
are subgroups of &(F,|%). Furthermore the sets &, contain &, for i=1, 2.

Let A be an automorphism of &,. For every integer «, in ¥, there
exists an integer «, in &, such that a,=a, (mod p’). Therefore (a,—
a,) =0 (mod p’), ai=af (mod p’), ai'=a, (mod p’), and thus ai=a,
(mod $’). Hence the automorphism A is also in &, and it follows that
©,C©,. Similarly &, S, and therefore &,=,. Hence &,=6,=8(g,|
%) since &, O, for i=1, 2 and &, U S, =6(F.IF)-

COROLLARY 3.1. Under the conditions of Theorem 3 it follows that
b,=0 (mod %) and b,==0 (mod ¥¥)), where n+1=(FIF), n+1=(%IF),
and b, denotes the relative differente of F, over § for i=1, 2.

THEOREM 4. Let FDOF be two number fields and let L be a prime
ideal wn F,. Suppose that for every integer o i F we have a=a®
(mod B) for i=1, -, k=(F|F), where a® is the " conjugate of « in
& over §. Then P is of order k=(F.|F) with respect to F.

Proof. 1t is clear that ¢ coincides with its conjugates. More-

over if « is any integer in ¥, and a,, ---, @, its conjugates over
% then

f@)=@-—a)z—-a) - (@—a)=@—a) (mod B).

The polynomial f(x) has its coefficients in § and since the field of
residue classes mod % is separable over the field or residue classes mod
p, it must be of degree one.

THEOREM 5. Let & and §, be two number fields and p a prime
ideal in both fields. Then §, and F, have corresponding residue systems
mod p if and only if P is of order (FUFNF) n F over FLNT. and
of order (FlFNBF) in [ over FiN P

Proof. If @ and §. have corresponding residue systems mod b, it
follows immediately from Theorems 3 and 4 that the order of p satisfies
the conditions of the theorem.

The converse is clear since p is of degree one over F /N F. and
therefore every residue class mod b contains an integer of F N Fo-

COROLLARY 5.1. Let a be an ideal in the number fields F, and ..

If ¥ and F, have corresponding residue systems mod a, then (FT N T.)
=(FlB:1 N B)-
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THEOREM 6. Let ¥, and F, be two number fields each mormal over
F=FZN3 and let p be a prime ideal in F, and in .. In order that
B and [, have corresponding residue systems mod p it is necessary and
sufficient that the inertial group of p in F, over F be equal to the Galois
group of §, over § for j=1, 2.

Proof. The condition is sufficient since b is of degree one in
over ¥ if the inertial group of p in ¥, over ¥ is equal to the Galois
group of %, over § for j=1, 2.

Suppose ¥, and F, have corresponding residue systems mod p and
let ¥, denote the inertial field of p in F, over . The order of p in
%, over § is equal to (F:!¥;) and hence by Theorem 5 we have (F[%F:)
=(F%IF). It follows that ¥ =% and hence the Galois group of ¥, over
% is equal to the inertial group of p in §, over J.

THEOREM 7. Let ¥, and ¥, be two number fields each normal over
F=TN B and let p be a prime ideal in F, ond n F. If F and F,
have corresponding residue systems mod Y, them the i ramification
group of b in Ty, over F is equal to the Galois group of Ty over F for
k=1, 2.

Proof. Let A be any automorphism of &(F \UE.I%). It follows
from Theorem 3 that «f=«; (mod p’) for every integer «, in F; for
i=1, 2. Hence if A, is an automorphism of &(F;|%), (¢=1, 2), it fol-
lows that «afi =a; (mod p’) since every automorphism A, of G(F;|1%F)
can be continued to an automorphism of &(F U F.1%). Thus the j*
ramification group of p in F, over ¥ is equal to the Galois group of ¥,
over % for i=1, 2.

COROLLARY 7.1. Let ¥, and F, be two number fields normal over
T=FNSE. and let » be a prime ideal in F and n F,. If F and F.
have corresponding residue systems mod ¥ for j>1, then (F:18)=(F:1%F)
=p" where p is the rational prime belonging to p.

Proof. By Theorem 7 we have G(F,|F)=G,=---=O; where G, is
the j ramification group of p in ¥, over F. By Theorem 5 the order
e of p in F, over ¥ is equal to (F|F). But 6,/6, is cyclic of order e,
where e=p’e, (¢, p)=1, p the rational prime belonging to the ideal p.
Therefore (F,|®)=en’. Since G,=, we have ¢=1 and (FIF)=p".
Therefore (3, %)= (3. |%)=p".

COROLLARY 7.2. Let %, and ¥, be two number fields normal over
F=FZNZ. and let p be a prime ideal in F, and in F,. Let v, denote
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the order of ramification of p in F, over F for i=1,2 and suppose
v=v,>>2. If ¥ and F, have corresponding residue systems mod p°2,
then &(F,|F) is Abelian of type (p, ++++, p) where p s the rational prime
belonging to b.

Proof. If &, and %, have corresponding residue systems mod p*z,
it follows from Theorem 7 that &(%./F)=G,=---=G,, where ©; is the
J* ramification group of p in F, over F. By the definition of v, &,,..
is the group identity. But &,,/®,,., is Abelian of type (p, ---, p) where

p is the rational prime belonging to p. It follows that &(F.|F) is
Abelian of type (p, +--, p).

The condition of Theorem 7 is not sufficient as the following ex-
ample shows. Denote by R the field of rational numbers and let =R
V'2), .=R1/8), p=("2). It is clear that the second ramification
group of the ideal (1/2) in , over R is equal to the Galois group of

% over R, and likewise for ¥,. However ¥, and %, do not have cor-
responding residue systems mod (1/°2).

In the remainder of this paper we consider fields of the type
T p) where ¥ is a number field containing a ¢ root of unity {1,
q is a rational prime, and g is an integer of ¢ and not the ¢ power
of an integer in .

Let 3 be a prime ideal in ¥({ p) and in F( p,). We may
suppose that F({/p, )~ (1 p,) since the problem of corresponding
residue systems is trivial in case equality holds. By Theorem 5, in
order that %B(7/p,) and F( p,) have corresponding residue systems
mod ¥ it is necessary and sufficient that ¥ be of order ¢ in F( p,)
over ¥ and in F({/ p,) over F. Therefore it is necessary and sufficient
that P divide the relative differente d, of F({/y,) over ¥ for i=1, 2.
If ¢, denotes the relative conductor of {/p, for i=1, 2 then

(¥ )= ig=cad,

for ¢=1, 2 since ({/p,)"'q is the relative number differente of {/p,
over . It follows that P must divide (/p,)'¢ for i=1, 2 if F(V/ p,)
and F({/p,) have corresponding residue systems mod 9.

Denote by p the prime ideal corresponding to P in F. If p divides
#, but not ¢ then p=P* in F({/p,) if and only if (z;)=p" a; for 1=1, 2
where (a;, ¢9)=1 and (a, p)=(1). (See [1, p. 150]). Thus we have the
following theorem.
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THEOREM 8. If (P, ¢)=(1), then F( p,) and FG/ p,) have cor-
responding residue systems mod P if and only if (u;)=p“a, with (as; q)
=1 and (qa;, p)=(1) for i=1, 2.

From Corollary 7.1 it follows that J(3/p,) and % p,) do not
have corresponding residue systems mod P’ for j>1 in case (B, ¢)=(1).

We now consider prime ideals in fields $(3 ) which divide ¢,
that is, prime ideals which divide the ideal (1—¢) where (541 is a ¢**
root of unity. Let (1—¢)=2Q% in ¥ where (2, a)=(1) and O is a
prime ideal in &, and let q be a prime ideal of F(3/p) which divides
2. By Theorem 5 we are concerned only with the case in which ¢ is
of order ¢ in P/ p) over &, that is Q=q? in F{ p). We may
suppose without loss of generality that either (z, Q)=(1) or (¢, Q*)=Q.
The ideal & becomes the ¢™ power of a prime ideal in F({ p) in
case (#, 99)=8Q. In case (¢, Q)=(1), O becomes a ¢** power of a prime
ideal in ¥(}/ p) if the congruence p=¢* (mod Q%) is not solvable for
¢ in {.

The main result of this paper for fields of the type ¥(3/ ) is the
following one: if p,, ¢, are two integers of ¥ such that Q=q? in F( p,)
and in ¥(}/p,), and q has ramification orders >v>a in ¥ p,) and
in §(/p,) over ¥ then F({/p,) and F(p,) have corresponding

residue systems mod q°-°.
We first consider the case in which (z, Q*)=Q

THEOREM 9. If (p, Q)= and n is a positive itnteger, then Q=q*
in FG/ ) and every integer o in F( p) satisfies a congruence

a:—:au+aﬁ’/?+ coe A gt (mod Q")

where the a, are integers in F. Furthermore the order of ramification
v of qan FE p) over F is equal to ag+1.

Proof. Since (p, %)=, we have Q=q" in F({/ p) where q is a
prime ideal. It follows that {/, is exactly divisible by gq. Let n be
any positive integer. If « is any integer of § we have

=yt gt Qo gt (mod q")

where the «; are residues mod q and may be chosen in § since q is of
degree 1 with respect to .
The order of ramification of q is equal to » if and only if

YV p=CVp (mod ¢v) and ALY p (mod 7).
Hence v=ag+1 since (1—¢)=Q%, Q=q%, and ({Q, a)=(1).
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THEOREM 10. If s, p. are two integers of § each exactly divisible
by Q, then F( p,) and F(G/ p,) have corresponding residue systems
mod qaq+1~a.

Proof. Choose a fixed residue system mod {Q in ¥ consisting of
¢ powers, which is possible since O is a prime ideal in §. Represent
the residue class 0 by 0 and let n=a(¢—1). Since p, is exactly divisi-
ble by Q we have

= e bl (mod S

where the a! belong to the fixed residue system mod L chosen above.
Hence

&=t/ = e =l )
=p—aip—--—aip? (mod T"*)
=0 (mod T*').
It follows that
Vp,=at p+--+a,}/pp (mod q*)

and by Theorem 9, F(3/,,) and F(3/p,) have corresponding residue
systems mod qe+!-%,

By Theorem 7 the fields ¥(3/p,) and %(3/p,) do not have corres-
ponding residue systems mod ¢°*' where v» is the order of ramification
of q. The following theorem gives a sufficient condition for F({/y,) and
(Y p,) to have corresponding residue systems mod q°.

THEOREM 11. Let py, p, be two integers of § each exactly divisible
by Q. If pi=p, (mod Q**) then FE/ p,) and F(/ p,) have corre-
sponding residue systems mod q***', that is, mod q° where v is the order
of ramification of q.

Proof. Since pu==p, (mod £ and (/7 — pu Yi==pu—rz, (mod )
it follows that {/y, =i p, (mod q“*-V). Suppose
1.) %//1;5‘?/#_, (mod q™) and %/,u'l’v'i—'%/,uz (mod q™*Y).

For any polynomial p(z, y) with integral coefficients such that y occurs
in every term we have qp({/p,, Vo )=/ p,, V) (mod q"*'q).

Thus (V' =¥/ ) '=m—p. (mod qq™q).

If p,—p,2%50 (mod Q*7-Ygq™q) then
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glag+1)<ag(g—1)+m+1 since p=p, (mod L%+,

Therefore ¢<—ag+m+1 and m—=ag+1. On the other hand if
t— =0 (mod T*-Vqmq) then

(Vi ~/ i Yi==0  (mod Dssvgmg)

from 2.). Thus by 1.) we have mq_>aq(¢—1)+m+1, m>aq, and hence
m_>ag+1. Therefore in either case m—>a¢+1 and we have by 1.)

Vi =V p, =0 (mod q**').

Let « be any integer of (i s, ) and v the order of ramification
of q, that is, v=ag+1. By Theorem 9

a=ay+ai/ p + o+ -t (mod q°)
where the «; are integers in §. Let
A8=ao+a1%/;1-—z+ s +au—1¥/?‘2’7‘7f .

Then a==3 (mod ¢°) and F({ ) and F(} p,) have corresponding residue
systems mod q°.

The condition g, ==p, (mod T.%¢*') in Theorem 11 may be replaced
by =p0" (mod T%*') where o is in .

We now consider the case in which (z#, Q)=(1) and the congruence
p==£ (mod L) is not solvable for & in ¥, that is, (z. Q)=(1) and
T=q? in F( p). Let k be the largest integer such that the con-
gruence p=¢& (mod {F) is solvable for ¢ in . Clearly 0<%k < aq and k
is the largest integer such that the congruence i/, ==¢ (mod q*) is
solvable for £ in .

THEOREM 12. Let p be an integer of § such that (p, Q)=(1) and
Q=q" in F p). Let k be the largest integer such that p=E&" (mod
Q") is solvable for & in F. Then the order of ramification v of q with
respect to § is equal to ag+1—k.

Proof. Let a in ¥ be a solution of the congruence p==£* (mod Q)
with & maximal. Since z—« is exactly divisible by <F, it follows that
YV p—a is exactly divisible by q*. Furthermore we have (k, ¢)=1
(see [1, p. 153]). Thus there exist positive integers # and y such that
kx=1+qy.

Let 7= be an integer of ¥ such that (z)=aQ where (a, &)=(1) and
a is an ideal of . There exists an ideal ¢ in ¥ such that ac=(w) is
principal and ¢ is prime to Q.
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Now, let
Wy —

—
/L‘,

p=

Then
()= Vp—ay _ Vp-—aye _ (@ p—aye

Y ey (@)
and

(wipy= V=

Oy
A

The ideal fraction on the right in the last equation is an integral ideal
exactly divisible by q, and therefore w’p is an integer of ¥ exactly
divisible by q. It follows that the order of ramification of q is equal
to v if and only if w’p—(w’p)* is exactly divisible by q° where A is the
automorphism {/p — ¢}/ p, that is, if and only if

oW pmay @GV )

Fied sl

is exactly divisible by ¢*. Since (v, T)=(1) this is true if and only if
(V p—a)y =&V p —a)® is exactly divisible by Trgq=q**~'q®. Now
&V p—ay=[CV p =V p)+ G p—F
~( gyl =@y Y = )+
Therefore
(Y p—ay =@/ p—a) (mod q*-"(1-))
=/ =) (mod g=q")

since 0<k<ag and (1—¢)=LC% with (L, a)=(1). Furthermore this
congruence holds exactly mod ¢*“-Yq%, It follows that kr—1+v=Fk(x
—1)+ag and v=aqg+1-%k.

THEOREM 13. Let py, p, be two integers of § each prime to Q and
such that T=q" in F(/ p,) (and F(/ p, ). Let k, be the largest inteyer
such that the comgruence p,=af (mod Q%) is solvable for a,, an integer
of § (1=1,2). Let v,=aq+1—Fk, for i=1, 2, and suppose v,—>v, >d.
Then F(/ p,) and F(E p,) have corresponding residue systems mod q*2=“.



220 H. S. BUTTS AND H. B. MANN

Proof. Since p,—ai is exactly divisible by Q% it follows that
V p, —a; is exactly divisible by o* for i=1, 2. Since (k;, @)=1 we
have positive integers x; and y, such that k,x,=1+qy,; for +=1, 2. Let
7 be an integer of § exactly divisible by Q. Using the method of
Theorem 12 we obtain an integer
(Y, — )
0i= - 'M»"n:yif“—
of ¥(}/p,) which is exactly divisible by q for i=1, 2.
We now show that 6¢ is congruent to an integer of ¥ mod ¥~
for =1, 2. We have

g OV e — ) (= pug)

o ﬁy;}["”' T Vﬂytq

where 2, is an integer of % and 2,=0 (mod L*!). Hence since p; is
divisible by qg*

1= WV (AP — 2 AP A e e )

n.lltq

VA7 (0" TP )

Ve Ve
Vid )T
:gyj};z (mod Que+i-ki-a)
T <
V3%
= _m;qL (mod L)
T i

But the expression on the right of the last congruence is an integer of
%, so that 6¢ is congruent to an integer of ¥ mod Qvi-c.

We now show that the ¢ power of every integer of F(i/p,) is
congruent to an integer of ¥ mod Q%~* for i=1, 2.

Let B be any integer of {({ n, ) and let n=v,—a. Since 6, is
exactly divisible by q we have f= B+ f0,+ -+ + F,-.0%"" (mod q*), where
the B, are residues mod q and may be chosen in & since q is of degree
1 over §. Hence

[B—(Bot ==+ +Ppnli )]
=F1— Byt ++ 4+ Ppr07)  (mod @)
=[0— (4« +[5_,09-D)  (mod q)
=pl—6 mod (Q-9),

where o is an integer of §. It follows that f¢=s (mod Q).
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It # and @ are two integers of $({/p,) such that ('=s (mod
Lr1-9) and 9= (mod L"1~%), then f=p (mod q"+~%). Also if fi=g
(mod L"1~%) and B?=¢" (mod 0"1-*) where o, o are integers of ¥, then
o=0¢" (mod L*~*). The number of residue classes mod q°*~* in F({/ )
is equal to the number of residue classes mod Q** in §. It follows
that if ¢ is any integer of % there exists an integer # of F(3/p,) such
that ¥=os (mod LQ1-%).

Similarly, if y is any integer of F({/p,) there exists an integer -
of & such that 7?=¢ (mod Q%:%). There exists an integer 2 of
S ) such that p==c¢ (mod q°r-%). Since v,>v, we have Fr=p¢
(mod L%2-%) and therefore f==y (mod g*2~%).

THEOREM 14. If p,, p, are two integers of §F such that Q=q? in
SV ) and in FE/ ), end q has ramification orders >v>a in
S 1), F ) over F, then FG/ p) and F(/ p,) have correspond-
wng residue systems mod q°~°.

Proof. We need only to consider the case in which g, is exactly
divisible by Q and g, is prime to L, the other two cases following
from Theorems 10 and 13.

Let v,=ag+1 be the order of ramification of q in F({/p,) over g,
and let v, be the order of ramification of q in F(§/y,) over §. From
Theorem 12 it follows that v, —l1=aq>w,.

Let « be any integer of {({/y,) and let n=ag—a. Since {/p, is
exactly divisible by q, it follows that

a=ay+ay p o+, -t (mod g,
where the «; are integers in . Hence
al=af+aip+ -+ aiprt (mod Q)
=0 (mod Q1-7)
where o is an integer of . Using the method of Theorem 13, there
exists an integer B of F({ p,) such that pi=s (mod Q). There-

fore a?’=p* (mod Q**) and a=p (mod ¢q==*). Thus F( g, ) and
X(/p,) have corresponding residue systems mod q*~ where v,>v>a.

THEOREM 15. Let p,, p, be two integers of §, each prime to Q,
such that Q=q* in F p) and in FE p,). Suppose p =p, (mod
£4) and let & be the largest integer such that the congruences p,=«*
(mod LF) and p.=«* (mod LF) are solvable for a an integer of .
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Then §(/p,) and F(3/p,) have corresponding residue systems mod ¢°
where v=ag+1-—*%.

Proof. Since p=p, (mod L) it follows that /', ={/p, (mod
) using the method of Theorem 11. We have kxr=1+ qy and follow-
ing Theorem 12 it is sufficient to show that

(V py =)= p, —a)* (mod q°**) .
We have
=y = =)+ pr, =V 2T
=V g —ay+a(V/ p =)V p, =V p )+ o
=¥/ —a)  (mod q**~q")
=Y/ 5~y (mod qv™).

Thus [(}/p,) and F( p,) have corresponding residue systems mod q°
where v=ag+1—Fk is the order of ramification of q in F({ ) and
¥ ) over .

We remark that if R/ )~ g, then I/ p, 7=/, (mod qoa+)
for otherwise we would have corresponding residue systems mod q°*'
contrary to Theorem 7.

In Theorem 15 we may replace the condition =g, (mod Q%) by
m=pp* (mod Q") with # in {F.

THEOREM 16. Let p,, p, be two integers of § such that Q=q* in
T ) and in FE p,) and the orders of ramification of q in
S ) and FG p,) over F are =ag. In order that F(/ p,) and
B 1) have corresponding residue systems mod q*'=2°% it 48 necessary
and sufficient that the following congruences be solvable in F:

!
5 B Y7, G aiipr =0 (mod Q)
ey+ei+---teqg1=¢q _90!91!"'&1—1!

ert2es+ (g~ ega=mg+i

!
Yy T agp=p, (mod D),
et teg-1=¢q eo!"'eq—l-
e1-t-2ey4-+ -+ - (g~ Deg—1 =mq

where oy, -+, Ag_1 are integers of F and ey, e, « ++, €1, M Are nonnegative
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integers, and i=1, ---, g—1; and the same congruences with p, and p,
nterchanged.

Proof. Since the orders of ramification of q in F(p,) over F
are >aq for j=1, 2, then either “ is exactly divisible by q or
YV u, is prime to q and there exists an integer & of ¥ such that
YV, —& is exactly divisible by q. In either case 1, {/p, «--, {/ 2~
form a basis for the residue system mod ", n a given positive integer.

If ¥/ p,) and F(V/p,) have corresponding residue systems mod
q* we have

1.) Vp=a,+a/ p, + -+, gt (mod Q)
2)  m=(@ e Fa Y )t (mod Qo)

and the congruences of the theorem follow.

Conversely if the congruences of the theorem are valid then 2.) is
valid and 1.) follows. Interchanging the roles of y, and s, the converse
follows.

THEOREM 17. If F=R(C), ¢=3, and F(/ p,) and TG/ p,) have cor-
responding residiue systems mod (1—C), then either py=c’ps (mod 3(1—-L))
where « is in R(¢) and e=1 or 2, or p=p,=0 (mod (1-¢)).

Proof. In R(¢) the ideal (1—¢) is a prime ideal, that is, (1—¢)=Q.
Since F({ ;) and F(p,) have corresponding residue systems mod
(1-¢ we have (1—¢)=¢q°, and the orders of ramification of ¢ in
S ), & p,) over F are >3, and hence either 3 or 4. In either
case 1, #p;, #’p; form a basis for the residue system mod (1-—¢)
in Fp,) for j=1, 2.

Since F(7/ ) and F(3p,) have corresponding residue systems mod
(1-¢), we have

¥ =t ag gy a2 (mod (1-¢))
pr=ai+alp+ a4+ 3P p,)  (mod 3(1-0))

where P(x) is a polynomial with coefficients in R(¢). It follows that
P(¥p,) is congruent to a number in R({) mod (1—¢), and the coef-

ficients of /4, and 27y in P(G»p,) must vanish mod (1—¢). Thus

aga + o+ adau, =0 (mod (1—))
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a0+ ooy, +oda,=0 (mod (1-°)).
By considering two cases, #,=0 (mod (1—¢)) and =0 (mod (1-¢)),
the conclusion of the theorem follows from the last two congruences.
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