AN INVERSION OF THE STIELTJES TRANSFORM

RicHARD R. GOLDBERG

A generalized Lambert transform, or L-transform, is an integral of
the form

H(ao):g: S aerg(t)dt .

In this paper we shall invert the integral transform

(1) G@)=| #oLat. 0<a< oo

by reducing it by means of a certain summation to an L-transform and
then applying an inversion theorem for L-transforms.

From this we deduce an inversion formula for the Stieltjes transform.
This is given in Theorem 3.

1. The inversion of the transform (1). We shall need the follow-
ing theorem on L-transforms which is the case r=1 of Theorem 7.7
in [1].

THEOREM 1. Let {a,}i=, be a bounded sequence of non-negative
numbers with a,>0. Let {b,}y-, be the (unique) sequence such that

1, m=1

D s =
d/ZTJ'lad 7 40, m:2, 3, -.-’

the summation running over all divisors d of m. If the b, are also
bounded and if

1. K(t):gla,ce““ (0<t< o)

2. H(x)= S: K(xt)g(t)dt converges for some x>0

tlg@) logt] 4,
3. So Togtlar.<

then
. __1 p p P+l o n
1713: (—pT)— (7> nZ:l b.n*H U”(—t’@—) =J(t) almost everywhere (0<t< ) .
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Now let

o 422

where we assume

[ 19O dtc oo ana | 11O g o

0

To reduce G(x) to an L-transform we define

Hy(a)=1[ G0 4 & (—1y6(™) ] N=1, 2, ...
Then
(2) Hy@) =" 9] L RS

For N=1, 2, --- we have

Y (—1)yat

@t 1
& @ty ()

0<at .
(wty+=* (0<at <o)

(This is because the terms of the sum alternate in sign and decrease
in absolute value so that the modulus of the sum is less than that of
its first term.) Hence for any = > 0

) ’sb(t)[ o T (a(c;i)(szﬁy]dt%xg Mf;t)l <o

This, by dominated convergence, allows us to let N become infinite
under the integral sign in (2) and we obtain

=1 I~ (= 1) @t :|
But for z>0
1 (=1)%2 _cosechz_ 1 _ St g- @b
2z =1 24 (km) 2 e—e ™% k-1 ’

(see [3; 113]). Thus
(3) H(w)=S:ge‘(z"'”“¢(t)dt=S:K(xt)gb(t)dt

where K(t)= i ae™® and
k=1
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(4) Gy =1, Gy =0, k=1, 2, .-

It was shown in [2; 556] that the sequence {b,}n-; deﬁned in Theorem
1 corresponding to the a, in (4) is

(5) bzn—lzf‘m—l ’ bm:0 ’ n:l, 2,0

Here the p, are the Moebius numbers defined as g,=1, pg,=(—1)° if »
is the product of s distinet primes and g,=0 if » is divisible by a square
factor. The b, are bounded, so that we may apply Theorem 1 (with
the a, and b, as in (4) and (5)) to invert the L-transform (3) and obtain
¢(t) for almost all ¢>>0. These results are summarized in Theorem 2.

THEOREM 2. Let

G(x):S:g/{(t,)t,_gip

-+t
where
[0 g
0 t
and
0 t
Then

H(a)=lim [G(°)+z( §ed L )]

exists for all positive x and

H(z)= S:ge-m—nw(t)dt .

Moreover

lim (,ﬂ(%)”“gl tt (20— 1)pH<m[(,2ﬁ,;,1)P] —g(2)

o Pl
almost everywhere (0<t< ).
2. The inversion of the Stieltjes transform. Let

(6) Fla)= S jﬁf’
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where

r iji_tl dt< o and Sl Ifi(rt)ioﬁgtl‘ dt<oo .

0 0

Let G(x):%F(xZ), H(t)=¢(#). Then
1 pany=1(7 o) g, (" e@)tdt _(= ¢@)tdt
G(x)—Z F&) Zgo -+t at go -+t So o+

also

[0 A e

0 0
similarly

Sl l¢@log el 7y
t

0

The assumptions of Theorem 2 thus hold. We can therefore use Theorem
2 to obtain ¢(t)=¢(t*) for almost all £>0. This gives us ¢(¢) for almost
all ¢£>0 and thus effects an inversion of the Stieltjes transform (6).

THEOREM 3. Let

F(x)zg”f"@ dt

ox+t
where
S”_U”,@J_ dt < o

0 t

and
Sl le@log tl gy - |
. ,
Let
1 5

G(x)= —2~F(x )

and

H(x)=%[§(2?—) + 5 6]
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(the sum converging by Theorem 2). Then

G2 S - 2]

almost everywhere (0<t< ).

Of course, the Stieltjes transform has been inverted under less
restrictive conditions on ¢(¢). We believe the interest of this note lies
in the use of the g, as an inverting device.
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