
CONCERNING CERTAIN LOCALLY PERIPHERALLY
SEPARABLE SPACES

L. B. TREYBIG

In 1954, F. Burton Jones raised the question [2] "Is every connected,
locally peripherally separable [3], metric space separable ?" In this paper
it will be shown that there exists a connected, semi-locally-connected,
space Σ satisfying R. L. Moore's axioms 0 and C1, in which every
region has a separable boundary, every pair of points is a subset
of some separable continuum2, and the set of all points at which Σ
is not locally separable is separable. It will also be shown that every
compactly connected, locally peripherally separable, metric space is com-
pletely separable.

PART 1

Let Sf denote the set of all points of the Euclidean plane E. A
square disk in E will be said to be horizontal if it has two horizonta
sides. A point set in E will be called an H-disk only if that set is a
horizontal square disk. By the width of a square disk will be meant
the length of one of its sides.

Let K denote a definite ϋ-disk of width d. Let R0(K) denote the
H-disk of width d/4 whose center is on the vertical line that contains
the center of K, and whose upper side lies at a distance of cZ/16 below
the upper side of K. Let R00(K) and R01(K) denote the ίf-disks of
width dβ whose upper sides are at a distance of d/32 above the lower
side of R0(K) and whose centers are on the vertical lines containing the
left and right sides, respectively, of R0(K).

In general, for each positive integer n let Un(K) denote a collection
of 2n mutually exclusive congruent iϊ-disks such that

(1) R01{K) and R00(K) are the elements of U^K),
(2) if n is a positive integer and y is an element of Un{K), and x

and z are iϊ-disks of width d/4(2)"+1 whose centers lie on the same
vertical lines as the left and right sides of y, respectively, and whose
upper sides lie at a distance of d/S2(2)n above the lower side of y, then
x and z are elements of Un+1(K).

If n is a positive integer and RXιXr..Xn{K) is an elements of Un(K),
then let the elements x and y of Un+1(K) whose centers lie on the same
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1 The proof that every space which satisfies axioms 0 and C is metric is due to R. L.
Moore.

2 A continuum is a connected, closed set.
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vertical lines as the left and right sides of RXlX2...Xn(K), respectively, be
denoted by RXlX2...xJK) and RXιX2...xJK), respectively. Let C(K) be a
collection to which x belongs if and only if x is R0(K) or in one of the
collections t φ Γ ) , U3(K), •••.

Let L(K) denote the iϊ-disk of width eZ/8 whose center is on the
same vertical line as the center of K, and whose lower side is at a
distance of 3c£/16 above the lower side of K. Let PZ{K) and Pr(K)
denote the left and right-hand end points, respectively, of the lower
side of L(K). Let M(K) denote the point set such that a point P be-
longs to it if and only if P is a point of the interval Pι(K)Pr(K) such
that there is no nonnegative integer p and positive integer q such that
PPι(K)IPι(K)Pr(K) = pj2*. Let I(K) denote the collection to which x
belongs if and only if x is a vertical interval containing a point of
M(K), and with both end points on the boundary of L(K). Let an in-
terval i of I{K) be denoted by ix(I(K)) if and only if it is true that if
P is the lowest point of i, then Pι{K)PlPι{K)Pr{K) = x.

Let R denote some definite i/-disk. Let RQ(R) be denoted by Qo;
let R00(R) and R01(R) be denoted by Qoo and Q01, respectively. Let
R00Q(R), RW1(R), Roio{R), and Ron{R) be denoted by Qooo, Qooi, Qow> a n d Qon>

respectively, and so forth. Let C(R) be denoted by Cx and let I(R) be
denoted by 70.

Let C2 denote the collection to which x belongs if and only if x is
an element of C(y), for some element y of Cλ distinct from Qo. Let
#o(Qoo) be denoted by Q00(0; let Roι(QJ be denote by ζ>00>01. In general,
let Rx{Qy) be denoted by Qy<x. Also, if Qx is in Cλ and x Φ 0, let I(QX)
be denoted by Ix.

In general, let Cn+1 denote the collection to which x belongs if
and only if x is an element of C(y), for some elements y of Cn,
which, in case xn is 0, is distinct from QXl,X2,...,Xn Let the element
R^JR^R^J... [RXι(R)] ...]]] of Cn+1 be denoted" by QXι,H Xγι+1. Also

if w is the element QZι,X2,...,Xn of Cn and xn Φ 0, then let I(w) be denoted
by Iχvχ.,,...,x . For each n let In be the collection to which x belongs if
and only if there is an element QXl.X2,...,Xn of Cn such that xn Φ 0 and x
is in I(QXl,X2,...,Xn).

Let W denote the point set to which a point P belongs if and only
if P belongs to C*3 for each positive integer n. For each positive in-
teger n let Bn denote the collection of all the boundaries of the ele-
ments of Cn. The boundary of QXl,X2,...,Xn will be denoted by JXl,x%...,Xn.

Let S denote [I* + IT + •] + [Bf + B* + •] + W.

Let C be a collection to which w belongs if and only if w is R or

I(w) is a subset of S and there is a positive integer n such that w is

in Cn.

3 C* Means the sum of all the point sets of the collection Cn.
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For each positive integer n let Hn denote a collection to which x
belongs if and only if x is the common part of S and the interior of
some square of [Bn + Bn+1 + •]. For each element QXι,x,...,x of Cn, let
the set of all points of S in the interior of JXΛ X}... x be denoted by

For each positive integer n let Kn denote a collection to which x
belongs if and only if, either (1) x is a segment of an arc lying on some
square J of (Bτ + B2 + •••)> having length less than l/4π times the
perimeter of /, and intersecting no square of the collection (B1 + B2+ )
except J, or (2) x is the sum of two straight line segments p and q
intersecting at their midpoints and lying on different squares Jp and Jq

of (Bx + Bλ + ••), such that p and q each have length less than 1/4"
times the perimeters of Jp and Jq, respectively, and such that neither
p nor q intersects three squares of (Bx + B2 + •).

Suppose x is a positive number such that iχ[IjLj,,...,jn] is an interval
of /jlfja,...jn. For each positive integer n there exists a unique pair
{kn, xn) such that kn is a non-negative integer, xn is a positive number
less than one, and x == (&„ + xn)βn. By ^[i^/^,^,...,.^)] will be meant
the vertical interval iXn(I(y)), where y is the ϋZ-disk of Un[QJltj,Zι...j ]
with only kn disks of Un(QJVJ:ίt...tJn) to the left of it.

Suppose, for some y in C , P is the highest point of the interval
ίx(I(y)). By Rn{P) will be meant the sum of all the sects z such that
either

(1) for some positive integer d greater than or eqal to n, z is the
subset of ia[iχ(I(v))] with length 1/2W times the length of ίd[ix(I(y))]
that contains the lowest point of id[ix(I(y))], or

(2) z is the subset of ίx[I(y)] with length 1/2W times the length of
ίx(I(y)) that contains the highest point of ix(I(y)).

For each positive integer n let Ln denote a collection such that x
belongs to it if and only if there exists a positive integer d greater
than or equal to n, an element y of C", and an interval of the collection
I(y) such that if P denotes the highest point of that interval, then

x = Λβ(P)
For each positive integer n let Nn denote a collection to which a

belongs if and only if either
(1) for some element y of C" there exists an interval ί of the col-

lection I(y) such that # is a segment of i of length less than 1/27* times
the length of ί, or

(2) for some element y of C there exists an element i of I(y]
such that x is a sect lying in i, containing the lowest point of i and
of length less than 1/2W times the length of i.

For each positive integer n let Gn denote a collection to which a
belongs if and only if it lies in Hn + Kn + Ln + Nn. S is the set oJ
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all points of Σ. A subset r of S is a region in Σ if and only if r belongs
to G\.

R. L. Moore's axioms 0 and C are as follows:

Axiom 0. Every region is a point set.

Axiom C. There exists a sequence Glf G2, such that
(1) for each positive integer n, Gn is a collection such that each

element of Gn is of region and Gn covers S,
(2) for each n, Gn+1 is a subcollection of Gn9

(3) if A is a point, ΰ is a point and R is a region containing A,
then there exists a positive integer w such that if x is a region of Gw

containing A and 7/ is a region of Gn intersecting x, then
(a) y is a subset of R and
(b) if 5 is not A, y does not contain J5,

(4) if Mlf M2, is a sequence of closed point sets such that for
each n there exists a region gn of Gn such that M"w is a subset of (/w

and for each n Mn contains Mn+1, then there is a point common to all
the point sets of this sequence.

It is obvious that in the space Σ each region has a countable, and
therefore separable, boundary, and that the sequence Glf G2, defined
for the space Σ satisfies conditions (1) and (2) of axiom C. It will be
shown that it also satisfies conditions (3) and (4) of this axiom.

Suppose that P is a point of W, that r = rXιtXit...tXn is a region of
Hn containing P, and that Q is a point of r distinct from P. If q is a
region containing a point of W, then q must belong to Hx. Since each
element of Cn+1 which contains P has a side of length less than or equal
1/4 times the length of a side of QXl,X2,...,v and each element of Cn+2

which contains P has a side of length less than or equal 1/42 times the
length of side of Q»1(Xa,...ia,n, and so forth; it is obvious that there is a
d > n such that if q is a region of Hd which contains P, then q does
not intersect Q and is a subset of r. Suppose that α? and y are two
intersecting regions of Gn+1 such that a? contains P. a? belongs to Hn+1

and is therefore a subset of r. Every region of Gn+1 which intersects
x is a subset of r, so clearly, y is a subset of r.

Now suppose that P is a point of JXl,x.2,...,Xn of Bn and r is a region
containing P, and Q is a point of r distinct from P. There exists a
circle J in E with center at P such that every point of S in the inter-
ior of J belongs to r, but Q is not in the interior of J . There exists
a positive integer d such that l/4d times the perimeter of any square
of (Bλ + B2 + •) to which P belongs is less than the radius of J, and
such that no region of Ha contains P. If R1 is a region of Gd+1 con-
taining P, then 5 1 does not contain Q and is a subset of r. If n > d + 2

The collection Gi of regions is a basis for the space Σ.
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and x and y are two intersecting regions of Gn such that x contains P,
then x + y is a subset of r.

Now suppose that P is a point of ix(I(y)), for 7/ in C", and that r
is a region containing P and that Q is a point of r distinct from P.

Case 1. Suppose P is not the highest point of ix(I(y)). There ex-
ists a segment t containing P, or a sect in case P is the lowest point
of ΐx(/(?/)), such that t is a subset of r and does not contain Q nor the
highest point of ix(I(y)). There exists a positive number ε such that
every point of ίx(I(y)) which is at a distance from P of less than ε lies
in t. There exists a positive integer d such that

(1) no region of Ld intersects t and no region of Hd intersects

ίx(I(y)), and
(2) 1/2* times the length of ix(I(y)) is less than ε. Therefore, if

fc is a region of Gd+1 containing P, then ΐ is a subset of r and does
not contain Q. Also, if x and y are two intersecting regions of Gd+2

such that x contains P, then x + y is a subset of r.

Case 2. Suppose P is the highest point of ix(I(y)). Whether Q
belongs to ix(I(y)) or there is a positive integer p such that Q belongs
to iP[ix(I(y))] or r is in Hx and Q does not belong to ίx(I(y)) + iL[ίx(I))] +
h[iχ(I(y))] + , there is a positive integer d such that

(1) Rd(P) does not contain Q and is a subset of r, and
(2) no region of Hd contains P. If A; is a region of Gd+1 containing

P, then fc is a subset of r and does not contain Q. Also, if x and y
are two intersecting regions of Gd+3 such that sc contains P, then a? + y
is a subset of r.

Therefore Gj, G2, satisfies the third part of axiom C.
Suppose that M19 M2, is a sequence of closed point sets such

that

(1) for each n Mn contains Mn+lf and

(2) for each n there is a region gn of Gn such that Mn is a subset

of gn

In case, for each n, gn is in HnJ then by definition of W, there is
a point common to M19 M2, because some point of W can be easily
shown to be a limit point or point of Mn for each n.

In case there is a positive integer j such that gj belongs to K5,
then for n > j , gn belongs to Kn. But MJt MJ+1, is a sequence of
closed and compact point sets such that for n ^ j Mn contains Mn+1.
So there is a point common to MJf Mj+1, and thus common to
M19 M 2 , .

In case there is a positive integer j such that g5 belongs to Njf

then for n > j,gn belongs to Nn. So, for the same reason as in the
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previous case, there is a point common to M19 M2, •••-
The only case not considered is the one where there is a positive

integer j 1 such that, for n >̂ j \ , gn belongs to Ln. In this case gh must
be RXι(P) for some point P and positive integer xx. There is a positive
integer j2 > j \ such that # J 3 = RX2(P), where x2 > xx. There is a positive
integer j3 > y2 such that gh = RXz{P), for x3 > x2, and so forth. P is
common to the sets RXλ{P), RX%{P), . But if P does not belong to
each of the sets Mh, MJ2, then there is a positive integer d such
that Rχa(P) contains no point of Mx for any j . But RXd(P) contains
Mjά+i. So P is common to the sets Mjχ, M3%, and thus common to
MlfM2, . . . .

Thus, Σ satisfies the fourth part of axiom C
In order to show that Σ is connected, an indirect argument will be

used. Suppose that S is the sum of two mutually separated sets H
and K. Since W + {Bf + B* + . . .) is connected, let H' be the one of
the sets H and K that contains this set and let K' be the other. There
exists an element y of C" such that for some xix[I(y)] is a subset of
K'. But there exists a positive integer dx such that for n ^ cίj,
ΐn|>x(ί(l/))L belongs to K'. There exists a positive integer d2 such that
for n ^ d2 inlidftxiliy)))] belongs to K'. So, obviously, there is a positive
integer sequence, d19 d2, such that if j is a positive integer and
n^dj, then in(ia3_jj>a3_j<m ia^JJiv))) # '))) belongs to iΓ. But from
this fact it is easily seen that some point of W is a limit point of if'.
So 2" is connected.

It has been shown that in any space satisfying axioms 0 and C (1)
if M is a separable point set, M is completely separable, and (2) if M
is separable, any subset of M is separable.

In order to show that any two points of S lie in a separable con-
tinuum, suppose first that P and Q are two points of S. Obviously,
(JBf + Bf + •) is separable and connected, and therefore W + (Bf +
Bf + •••) is a separable continuum. In case P and Q both lie in
W+(-B* + J5*+ •••)> this continuum has the desired properties. In
case P does not belong to this set, P belongs to ίx[I(y)] for some y in
C". Let MP be the set to which point R belongs if and only if, either

(1) there is a finite positive integer sequence xlf x2, , xn such
that R belongs to i j ί j ίXn[ix(I(y))] •••]], or

(2) there is a positive integer q such that R belongs to iq[ίx(I(y))], or
(3) R belongs to ΐ x [ iM| . MP + (B* + Bf + •) + W is a separa-

ble continuum. If Q does not belongs to this set, let MQ be a set re-
lated to Q like MP was related to P. The continuum MP + MQ + (Bf +
Bf+ •) + W is separable.

The statement that 21 is locally separable at the point P means that
there is a region R containing P such that R is separable. Alexandroίf
[1] has shown that if β is a connected, locally completely separable,
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space satisfying axioms 0 and C, then β is completely separable. It is
interesting to note that Σ is locally separable, and therefore locally
completely separable, at each point except those of a separable set, and
yet, Σ is not separable.

Σ is obviously locally separable at all points not belonging to W.
Since every region that contains a point of W contains uncountably
many mutually exclusive domains, Σ is not locally separable at any point
of W. Furthermore (J3* + Bϊ + •) is separable, and so (Bf + Bt + •••)
is separable, and thus, since W is a subset of the latter, W is separable.

Σ is said to be semi-locally-connected [5] at point P if and only if
it is true that if R is a region containing P, R contains a region R'
containing P such that S — R does not intersect infinitely many com-
ponents of S — R'. Σ is said to be semi-locally-connected if and only
if Σ is semi-locally-connected at each point.

The space Σ is obviously semi-locally-connected because S minus any
region has only a finite number of components.

PART 2

Suppose that Σ is a space satisfying the conditions specified on the
first page of this paper.

For each positive integer j let Gό denote the collection of all open
sets which have diameter less that j ' 1 .

Let P denote some definite point, and suppose n is a positive in-
teger such that no countable subcollection of Gn covers S. Let Rn be
some region of Gn which contains P, let Hλ = {Rn}, and let Kλ be the
boundary of Rn.

For each point Q of S let Δ{Q) be the least integer j > n such that
some region R(Q) of Gn contains every region of Gj that intersects a
region of Gj that contains Q.

It has been shown that in a space satisfying these axioms if L is
a separable point set and G is a collection of open sets covering L,
then some countable subcollection of G covers L. Therefore, there is a
countable point set Tλ dense in Kλ such that the collection H2 of all
R(Q)'s, for Q's in T19 covers Kx. Let K2 be the sum of the boundaries
of all the sets in Hx + H2. There is a countable point set T2 dense in
K2 such that the collection H3 of all R(QY$ for Q's in T2, covers K2.
Let iΓ3 be the sum of the boundaries of the sets in Hλ + H2 + Hd, and
so forth.

There is a point B not in the closure of H = (Hλ + H2 + •••)*•
Let M be a compact continuum containing P and 5 .

Case 1. Suppose some point A of M — M H is a limit point of

κ κ κ
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Let R[ be a region of Gn containing A, let Qx be a point of Γ —
T1 + T2 + in R[, and let ^2 be the largest integer i such that R[
belongs to G> Let R'2 be a region of Caji+i containing A such that R'Λ
lies in R[ — Qλ. Let Q2 be a point of T in R'2 and let #2 be the largest
integer i such that R'2 is in G> Obtain Rr

s, Q3, and #3 similarly, and so
forth, w ^ a?! < #2 < x3 < . For each i, /ί(ζh) > a?f. Otherwise, for
some i, jR(Qi) would contain Rf

iy and thus A. However, there is a posi-
tive integer t > n such that if x, y, and z are regions of Gt such that
α? y and 2/ 2 exist and x contains A, then Rn contains x + y + z. For
some 8 > t, Δ{QS) > t. But Rn contains every region of Gt that inter-
sects a region of Gt that contains Gs. So J(QS) ^ ί, which is a con-
tradiction.

Case 2. Suppose no point of M — M H is a limit point of iί. For
each point Q of M — M - H let gQ be a region containing Q such that
flfρ contains no point of K + P. Some finite subcollection C of the gQ's
covers this set of limit points. Let D = H — H C*. Let Cx be the
component of M — M D which contains i?. Some point 2 of M JD is
a limit point of Clβ But z lies in a region r of iί, and therefore Cλ

would intersect the boundary of r, and thus contain a limit point of K.
This yields a contradiction.

Since, for each n, some countable subcollection of Gn covers S», 21 is
completely separable.
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