THE ABSTRACT THEOREM OF CAUCHY-WEIL

ANDREW M. GLEASON

1. Let M be a separable, complex-analytic manifold. It is well-
known that, if f is a bounded analytic function on M and p e M, then
f(p) can be expressed as an integral of the “boundary values” of f. In
general the boundary on which the integration is carried out and the
boundary values to be integrated are abstract but in special cases a
concrete description can be given. Suppose that M is an open subset
having compact closure in some larger manifold M’ and we consider
only analytic functions f on M which have continuous extensions to M.
Then the boundary B is a subset of the topological boundary of M,
the boundary values are given by the continuous extension and we
may write

.1 £o) = | f®)p,®)

where ¢, is a measure on B which is independent of . When M is a
region in the plane with rectifiable I” we have the familiar Cauchy
integral formula

o) = 5| SOL

2m1 Jrt — 2

Here the integral is expressed with a fixed measure and a kernel funec-
tion which is analytic in z. In the abstract proof of (1.1) each of the
measures (¢, is derived by a separate application of the Hahn-Banach
theorem so we cannot directly replace (1.1) with a formula involving an
integral kernel depending analytically on p. It is the object of this
paper to prove that this is possible.

An explicit formula involving an integral kernel for domains in C"
having sufficiently smooth boundary has been given by Weil [7]; a new
proof of this formula in slightly more general circumstances will appear
in [3]. Proofs under various circumstances have also been given by Arens
[1], Hervé [4] and others. In the present paper we require no regularity
on the boundary, but the integral kernel is not given explicitly. Perhaps
the most remarkable fact about our result is that in the ordinary com-
plex plane it is new or at least not standard.

2. This section is devoted to incorporating into the literature a
proof of the well-known fact that several, apparently different, defi-
nitions of an analytic mapping of a complex-analytic manifold into a
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Banach space coincide. For the one-dimensional case these results are
in [5; p. 92ff].

2.1 DEFINITION. Let M be a complex-analytic manifold of dimension
n. Let @ be a map of M into a Banach space A. We shall say that ¢
is analytic at p € M if and only if @ can be represented in the neighbor-
hood of p by a norm-convergent multiple power series in a local coordi-
nate system centered at p. This means
(2.2) PO = 3 @y 2020 - - 2u(0)

1I2in

for all ¢ sufficiently near p, where <z, ---,2,> is a local coordinate
system centered at p(z(p) = zs(p) = -+ = 2,(p) = 0).

We shall say that @ is analytic if it is analytic at each point p of M.

2.8 NoTATION. It is convenient to introduce the abbreviations (J)
for {ji,Ja *+*, Juy, 2 for zjizjz-.-2zin and |j| for 5, + 4, + +++ + ..

By paraphrasing the standard proofs for the corresponding facts
concerning complex-valued analytic functions we can prove

2.4. A necessary and sufficient condition that the power series
Siapha?
[€)] .

should converge in the polycylinder {\:|\;| < p, ¢ =1, ---,n} is that
for every positive ¢ there exist a constant C such that

llag |l = C(o — e)™V!
for all (7).

2.5. If @ can be represented on an open neighborhood N of p by
a power series in terms of a local coordinate system z centered at p,
then, for any ¢e N and any local coordinate system w centered at g,
@ can be represented in a neighborhood of ¢ by a power series in w.
Hence the notion analytic is independent of local coordinate systems.

2.6. If T is a bounded linear operator from one Banach space A
to another B and @ is an analytic map of M into A, then To@ is an
analytic map of M into B. In particular, if a* is a bounded linear
functional on A, then a*op is an analytic function in the usual sense.

We shall prove a converse of this result below (2.11).

2.7. If a* is a linear functional on A and @ has the local repre-
sentation (2.2) near p, then a*oe has the local representation
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2™ (a)z?

and we can conclude that a*o@ vanishes locally at » if and only if
a*(a,) =0 for all (7). Then it follows from the Hahn-Banach theorem
that the coefficients a;, span the same closed linear manifold in A as
does the @-image of any connected open set containing p.

2.8 THEOREM. Suppose @ is a map of a complex-analytic manifold
M into the conjugate A* of a Banach space A. Suppose that, for each
ac A, the map q— p(9)a) is analytic. Then @ 1s analytic.

Proof. Choose a point » of M and a local coordinate system z
centered at p. For each a€ A we can expand

(2.9) Pe)@) = S fu(@)(@)” .

The coefficients f;(a¢) depend linearly on & because the power series
representation of an analytic function is unique. We must show that
the functionals f;, are bounded.

For sufficiently small o the equations [z, |=|2|=++=1|2,|=p
determine a compact set T in the domain of the coordinate system z.
For every a € A, the analytic function ¢ — @(q)(a) carries 7' into a bounded
subset of the complex plane, hence by the Banach-Steinhaus theorem
there is a constant K such that ||®(q)|| = K for all ge T.

We can express the coefficients in (2.9) by the iterated Cauchy
integral

Fola) = -1 S P Godn ... de,

@ri) Jr Ziitigiatigintl

where ¢ represents the points having coordinates =z, 2,, +++,%,. The
usual estimate gives

|fi@)| =< Klla] o~

whence f(7) is bounded; in fact, || fi; || = Kp~"'. Therefore the power
series

(2.10) 2 f@e?

converges in the norm in A* for |z;| < o, ¢ =1, -+, n and determines
an analytic map + of this polycylindrical neighborhood of p into A*.
Now +r(g)(@) = ¢(¢)(a) for all a € A and all ¢ near p. Hence ® has the
expansion (2.10) in a neighborhood of p. Since p is arbitrary o is
analytie.

2.11 THEOREM. Suppose @ is a map of a complex-analytic mani-
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fold M into a Banach space A. If a*op s an analytic function on M
for each a* e A*, then @ is analytic.

Proof. Let U be the natural enbedding of A in A** given by
(Ua)a*) =a*(a). Now the map Uo@ satisfies the hypothesis of Theo-
rem 2.8 so we conclude that Uop is an analytic map of into A**.

Say that Uop has the local representation (2.10) near a point pe M,
where now f; € A**. We must prove that f; € UA. The latter is a
closed linear manifold in A** which contains the range of Uo®, hence it
contains also the coefficients as proved in 2.7. We may write therefore
[ = Uay and, because U is an isometry, it follows that ¢ has the
local representation > a;,2”. Therefore @ is analytiec.

2.12 COROLLARY. Suppose @ s a map of acomplex-analytic mani-
fold M into a Banach space A. Suppose B is a closed linear subspace
of A* such that, for some constant K and all ac A

llall = Ksup{|ba)|:][b]| =1, be B}.

If bop is an analytic function for each be B, then @ is analytic.

Proof. Map A into B* by defining T'(a)(b) = b(a). We have then
| Ta|| < ||a]| and our condition on B gives ||a|| < K || Ta||. It follows
that T is an isomorphism of A onto a closed linear manifold of B* and
the previous proof is valid.

2.13 THEOREM. Let @ be a map of a complex-analytic manifold M
into @ Bamach space A such that, for every compact subset K of M, p(K)
18 bounded in the morm. Suppose that a*op is analytic for every a*
i some total subset of A*. Then @ is analytic.

Proof. Let B be the set of all bounded linear functionals a* on A
for which a*op is analytic. Clearly B is a linear subspace of A*.

Let {bs} be a directed system in B such that by — f weak™ in A*
and {|| by ||} is bounded. By virtue of our hypothesis on @, the directed
system of functions {b,o®} is uniformly bounded on every compact subset
of M. Since it converges pointwise to fo@ the latter is analytic. Thus
fe B. This proves that B is closed with respect to norm-bounded weak*
convergence. By a well-known theorem of Banach [5, p. 39], B is weak*
closed in A*. But by hypothesis B is total, so B = A* and Theorem 2.11
applies.

There are a number of cases in which the boundedness required by
Theorem 2.13 can be deduced from the Banach-Steinhaus theorem. We
shall give only the case of linear operators from one Banach space to
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another, but it is clear that similar theorems apply to a great range of
spaces of multilinear functionals.

2.14 THEOREM. Let A and B be Banach spaces. Let L be the
Banach space of all bounded linear operators from A to B with the
operator norm. Suppose @ is a map of a complex-analytic manifold
M into L such that, for all ac A and all b* e B*, the function
p — b*(@(p)(a)) s analytic. Then @ is analytic.

Proof. If K is a compact subset of M, then two applications of
the Banach-Steinhaus theorem show that @(K) is norm bounded in L.
Thus 2.13 applies.

2.15. We conclude this section by noting that analyticity of maps
into Banach spaces can equally well be defined in terms of differenti-
ability. Suppose for example that ¢ maps a complex-analytic manifold
M into a Banach space A and that @ has first partial derivatives in
terms of some local coordinate system either in the norm or weakly.
Then Hartogs’ theorem implies that a*op is an analytic function on the
coordinate domain for every a* e A* and therefore ¢ is analytic on that
domain. The same considerations apply to weak™ differentiability for
functions into conjugate spaces or spaces of linear operators.

3. We shall now study the analytic maps of a complex-analytic
manifold into some of the classical function spaces. For the sake of
future applications we give the results in a more general form that
we shall need.

3.1. Starting with a measure space {X, &, ££> we shall be concerned
with the associated Banach spaces L?, 1 < p < o of classes of pth power
integrable (or bounded) measurable functions. Our work requires that
we distinguish between a function and the member of L* which it
represents.

3.2 DEFINITION. Let {X, &, (£> be a measure space and let M be a
topological space. A function defined on M x X will be called measur-
able with respect to g if and only if it is measurable with respect to
the least o-field containing all sets of the form G x E where E€ & and
G is a Baire open set in M. (That is, a set of the form {m: f(m) > 0}
for some continuous real function f defined on M. All open sets have
this form if M is metrizable.)

8.3 LEMMA. Let (X, &, 1£> be a measure space and let M be a
complex-analytic manifold. Let P be a bounded measurable complex-
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valued function on M x X such that

(a) (vxeX)m— P(m,x) is analytic
and

(b) (vme M)x — P(m, x) is integrable.

Then, for any set E in & of finite measure, S P(m, x)dp(x) is an
E
analytic function of m.

Proof. Let f be the function defined by the integral. Choose any
point m, on M and a system z of local coordinates centered at m, Say
that the range of z contains the closed polycylinder {\:|\,;| < o} and
let T={\:|\]=p}). For each xe X and all m near m, the iterated
Cauchy formula gives

P(m, z) =

1 S P(q, @)dn- - -d,
27y Jr (M — 2(m)) « o+ (N, — 2,(M))

where ¢ represents the point whose coordinates are \,, +++, \,. Under
our hypotheses Fubini’s theorem applies when we integrate over the
set E. Interchanging the order of integration gives

S(@QdN, - - - d\,
7 (M — z(m)) + -+« (N, — 2,(m))

fimy = L |

which shows that f is analytic near m, since f is bounded and the
integral expands in a power series by the usual arguments. Since m,
was arbitrary, f is an analytic function.

3.4 LEMMA. Let {f;} be a multiple sequence of points in L>®,
1=p= o, and let {f;} be functions representing these points re-
spectively. Then, for almost all xec X,

(3.5) lim sup (| fis(®) I Fa =<1

(If || £l = 0, we interpret 0/0 = 1).

Proof. The result is trivial for p = o, so we assume p < . Sup-
pose that £ >1 and that g is a pth power integrable function. Consider
the set E={x:|g(»)| > t||gll,}. Evidently w(E)*| gl < Slgl” =gl
and therefore ((E) < 1/t* < 1/t. (If |||, = 0, then #(E) = 0, surely.)

Suppose 0 < 0 <1 and let E; = {x:|f;(®)| > 07| f, Il,}. Then
HME ;) < pY'. Therefore

tUise Ey) = 3550 = S ho" .
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Since the latter tends to zero as k increases, the set D, = N,U,; ;> F(; has
measure zero. For points x ¢ D,, the inequality |f,,(x)| < 07| fill, is
violated for at most a finite number of (j). Hence (3.5) holds except
on U,. D._i,,, which is a null set.

3.6 THEOREM. Let <X, &, () be a measure space and let L* be the
associated Lebesgue space where 1 < p < co. Let + be a map of a
separable complex- analytic manifold M into L® which takes compact
sets in M into bounded sets in LP. Then « is analytic if and only if
there exists a measurable function @ on M x X such that

(a) (Vxze X)m— Q(m, x) is analytic
and

(b) (Yme M)x — Q(m, x) represents r(m).

Proof. Sufficiency. Let K be a compact subset of M and let
M., My, -++ be a dense sequence of points in K. Then

SUPnex | Q(m, x) | = sup; | Q(m;, x) |
The right hand expression is clearly a measurable function of z, hence
E, = {&: sup,ex ]Q(m, z)| = k}

is a measurable set in X for each integer k.

Let ¢ be the index conjugate to p. Let g be the characteristic
function of some set of finite measure contained in E, for some k. Now
g represents a member § of L? and the usual pairing of L? and L? gives

Gr(m), G5 = SQ(m, 2)g(x)dH(z)

which is an analytic function of m on Int K by Lemma 3.3. Since
U. E. = X, the collection of all such functions g determines a total
system of linear functionals on L?. Then Theorem 2.13 asserts that
is analytic on Int K. Thus « is analytic in a neighborhood of any
point of M and is therefore analytic.

Necessity. Suppose + is an analytic map of M into L?.

Choose any point m, of M and let z be a local coordinate system
centered at m, Let + be expanded in the series

(3.7 S fiar(m)?

which converges, say, in the region N, determined by the inequalit_ies
|z:(m)| < p, 1 =1,2,---,n. Choose representative functions f; for f,.
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Applying 2.4 and 3.4 we see that
(3.8) 2. (@)(m)?

converges for m ¢ N, unless x is in a certain set Y, of measure zero.
We define @, by (8.8) on N, x (X — Y,) and let @, be 0 on N, x Y,.

For a fixed value of m e N, the partial sums of (3.8) converge
almost everywhere to Qym, ). These partial sums represent the partial
sums of (3.7) which converge to +(m) in the norm of L*. It follows
that © — Q,(m, x) represents +(m). Moreover, the individual terms and
hence the partial sums of (3.8) are measurable on M x X, so @, is
measurable. This solves the problem locally on M.

To obtain a global function @ we select a sequence of functions
{Q;}, with Q, defined on N; x X where N, is an open set in M, so
that U N, = M and conditions (a) and (b) hold mutatis mutandis. If
N; N N; +# 4, then choose a dense sequence {m,} in N; N N,. Since both
sides represent +(m,), Qim,, ) = Q,(m,, x) unless x is in the certain
null set A,. Since @; and Q; are continuous in the first argument,
Qi(m, x) = Q;(m, x) for all me N;N N; unless xe U, A, = B;,. Hence,
if x¢ U;; B;; we can define Q(m, x) = Q,(m, x) for any 4 such that
m e N;. For other values of x take Q(m, ) = 0. Now (a) and (b) hold
and @ is measurable. This concludes the proof.

3.9. Let X be a compact Hausdorff space and let C(X) be the
Banach space of complex-valued continuous functions of X with the
usual norm. If g is a positive Radon measure on X, then the space
L'(p) is isometrically embedded in C(X)* by the map & defined by

€)= |_f@o@dpe)

where ge C(X), feLX¢), and f is any representative of f. We shall
refer to the &-image of L'(¢) as an L' subspace of C(X)*. The Riesz
representation theorem and the Radon-Nikodyn theorem together charac-
terize the image as consisting of those measures which are absolutely
continuous with respect to .

3.10 LEMMA. FEwvery subset of C(X)* which is separable in the
norm topology is contained in an L' subspace.

Proof. Let E be a separable subset of C(X)* and let e, e, --- be
a sequence in E which is dense in the norm topology. Each of the
functional e; is determined by a Radon measure 7, on X, and =« is
absolutely continuous with respect to some positive Radon measure ;.
Now put g = > p,/p(X)2¢. Evidently each of the measures z; is abso-
lutely continuous with respect to p£. Since the map £ given in 3.9 is



THE ABSTRACT THEOREM OF CAUCHY-WEIL 519

an isometry, its range is a closed linear manifold in C(X)* which con-
tains e, e, +-+, and therefore all of E.

3.11 THEOREM. Let X be a compact Hausdorff space and let C(X)
be the Banach space of complex-valued continuous functions on X.
Let + be an analytic map of a separable complex-analytic manifold
M into C(X)*. There exists a positive Radon measure (t on X and a
complex-valued function @ on M x X measurable with respect to
such that

(a) (Yze X)m— Q(m, x) is analytic on M
(b) (Yme M)x — Q(m, x) 1s p-integrable

(¢) m—»S | Q(m, x)| d(x) is continuous on M
X

and

(4) (vfeCX)pmif) = | Qm, 9f@dne) .

Proof. The range of + is a separable subset of C(X)* because
is continuous in the norm. By Lemma 3.10 there is a Radon measure
£ such that the image of L'(¢#) in C(X)* contains +(M). Hence we
may regard + as the composition of the map & of 3.9 and an analytic
map +r, of M into L*¢t). Now the theorem follows from Theorem 3.6
applied to the map .

4. We shall now turn our attention to the lifting problem
? /T
M/ Ui

\\1
Pp

where 7 is a continuous linear projection of A onto B and @ is an
analytic map of M into B. The required map is to be an analytic map
4 of M into A such that 7oy = .

It is known [5, p. 42] that there is a constant K such that for any
be B we can choose ac A with 7(a) =05 and ||a|| < K||b||. If we look
at the local representation of @ as a power series, say @ = >,b,2", we
can lift the coefficients one at a time choosing a; so that 7(a) = b,
and ||ay || = K| by |l. The new series > a2 has the same region of
convergence as the old and defines a function « mapping an open set
in M analytically into A satisfying %oy = @. Thus the lifting problem
is trivial locally. The global problem can therefore be treated as a
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problem in homology using coefficients in the kernel of the projection 7.
We shall not pursue this attack, however. It is easier to construct a
continuous lifting of ¢ and then smooth it to an analytic map using a
kernel function.

In this section it is not important to distinguish between a function
which is square integrable and its equivalence class which is a member
of L2,

4.1 DEFINITION. Let M be a (real) manifold of class C’. A measure
¢ on M will be called proper if and only if it is a Borel measure and, for
any local coordinate system « on M having domain D, the Lebesgue
measure v on D determined by « is absolutely continuous with respect
to y, and its Radon-Nikodym derivative with respect to /¢ is bounded on
compact subsets of D.

4.2 LEMMA. Let M be a manifold of class C' satisfying the second
axiom of countability. Let f be any continuous complex-valued function
on M. There exists a proper measure pr on M such that f e L*(fr).

Proof. Since M is separable and paracompact we can find a counta-
ble, locally finite partition {g;} of unity such that each function g; is
supported on a compact subset of the domain of a single coordinate
system {x{?, xi?, <+, 2>, Let g, be the measure on M defined by
g;|de® da® - dxf’ | and put g, = S, 4/2'(M). Then g, is a finite
measure on M and it is clear that on the domain of any local coordinate
system «x it is a locally finite sum of nonnegative continuous functions
multiplied by the Lebesgue measue v determined by = with at least one
of the functions positive at each point. The Radon-Nikodym derivative
of v with respect to p, is therefore an everywhere positive continuous
function. Therefore f, is a proper measure. If we divide g, by the
positive continuous function 1 + |f|* we obtain a new proper measure
¢ for which f e L*(p).

4.3 LEMMA. Let N be a neighborhood of the origin in C". There
1s a meighborhood P of the origin in C" and a bounded Borel measur-
able function « on N having compact support in N — P such that, for
every complex analytic function f defined on N and every e P

_ F@)4(0)
“y 0=, e =g

where v stands for Lebesgue measure.

Proof. There is no loss of generality in assuming that N is the
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polycylinder {\: |\l <a,7=1,2,+--,n}. Choose numbers b and ¢ so

that 0 < b < ¢ < a and take P as the polycylinder {\:|\;| < b}.
Consider to begin with the case » = 1. From the ordinary Cauchy

integral formula we see that, for every g analytic on N and every »e€ P,

o) = 27:(01— b) SZ [SZT g‘lgziw—)—pio dﬂ] ae

= 1 S g(0)o_ dv.(0)
2n(c —b) Jo o — N |0

where v, is the Lebesgue measure in the plane and D is the annulus
b= N =Z¢}. If 4, is the function 2(27x(c — b)|z|)™ on D and 0
elsewhere, then g(\) = S g(0) (o) (o — N)dy, (o) .

In the general case pfxt P (0) = A (01, Gy + o+, 0,) = POV (C,) * * » ¥o(0,)

and we obtain (4.4) by breaking the 2n-dimensional integral into an n
times iterated 2-dimensional integral.

4.5 THEOREM. Let M be a complex-analytic manifold. Let ¢t be
a proper measure on M. Let H be the set of all complex-analytic
Sunctions on M which are in L), Then H is a closed linear mani-
fold in L*(p). For any point p € M the valuation functional Y,:f— f(p)
18 continuous in the L* norm on H. The map p— Y, of M into H* 1is
analytic. There exists a Hermitian symmetric continuous function K
on M x M such that, for each qe M, p— K(q,p) is n H and, for
every function g in L), the orthogonal projection f of g on H s
given by

(4.6) @ = | K@, 9e@inq) -

Proof. Let q be any point of M and let z be a local coordinate
system centered at ¢ with domain N. By 4.8 there is a neighborhood
P of ¢ and a bounded Borel measurable function 4 with compact sup-
port in N — P such that, for every complex-analytic function f defined
on N and every, pe P,

~ Fryp(r)
“.7) M*L@mwmwvm—wmwm

since £t is a proper measure we can write dv = {dy¢t where ¢ is a Borel
measurable function bounded on the support of . Evidently the formulas

05(r) = P(r)E(r)zr) — 2(p)) 7+« - (27 — 2,(p))" for re N
0,(r) =0, for r¢ N :

define a square integrable function and (4.7) becomes f(p) = <{f, 4,> for
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fe H where {,)> represents the inner product and the bar stands for
complex conjugation. This shows that the valuation functional Y, is
bounded in the L* norm.

Moreover, ||4, || is bounded for p in any compact subset of P. Hence,
if {f.} is a sequence in H which converges in the L* norm to g, then
f»— g pointwise and uniformly on compact subsets of P. Therefore g
is analytic on a neighborhood of ¢q. Since ¢ is arbitrary ¢ is analytic
on M. This proves that H is closed in L*(y).

The map p— ¥, is analytic by virtue of Theorem 2.8 and a fortiori
continuous. The map which identifies linear functionals on H with
vectors of H is a conjugate linear isometry, hence if we choose, for
each p, h,ec H so that f(p) =</, h,», the map p—h, is continuous.
Now set K(p, q) = <h,, h,y = h(p). It is obvious that K is Hermitian
symmetric and continuous on M x M. If g is any member of L*(x)
and f is its orthogonal projection on H, then, for any pe M, we have
<g, hp> = <fr h’p> +<9 — f, hp> = <f’ hp> = f(p). Writing the inner
product as an integral this becomes (4.6).

4.8 THEOREM. Let A and B be Banach spaces and let ) be a linear
map of A onto B. Let M be a complex-analytic manifold and let ¢
be an analytic map of M into B. There exists an analytic map v of
M into A such that @ = Noapr,

Proof. It has been shown by Bartle and Graves [2] that there is
a continuous map & of B into A such that 7o£ is the identity. Hence,
if a4, = Eop, then ¢, is a continuous, but not necessarily analytic, so-
lution of the lifting problem.

Each component of a complex-analytic manifold is separable and we
may deal with the components of M one at a time in constructing +, so
we may assume that M is separable. According to Lemma 4.2 we can
choose a proper measure (£ on M such that the function » — ||+4(p)]| is
in L*(¢r). The norm inequality shows that a*oqr, is in L*(¢t) for every
a* € A*; moreover, the function b*o@ is analytic and in L*(¢) for every
b* e B*. Let K be the kernel function associated with ¢ as in Theorem
4.5 and put

v = | Ko, 9v@dntq) .

Since the integrand is a continuous function and the norm of the
integrand is itself integrable, this integral exists in the sense of norm
convergence of appropriate approximating sums.

Now, for any a* e A*, a*y(p) = SK(p, Q)a*y(q)dg(rr) which is ana-
lytic function of p by Theorem 4.5. This proves that v is an analytic
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map of M into A, using Theorem 2.11. Finally, for any b*e B*,
b*nyr(p) = SK(p, Db Ny (q) = SK(p, b)b*p(q)d4q) = b*@(p) according to
4.5. This proves that 7oy = @ and concludes the proof.

5. We can now prove our abstract version of the Cauchy-Weil integral
formula after a brief discussion of the Shilov boundary.

5.1. Let A be a Banach algebra with unit. The unitary homomor-
phisms of A into the complex numbers are a subset H of the dual space
A* which is compact in the weak * topology. In what follows H is
endowed with this topology.

With every a € A, we can associate a continuous function @ on H by
defining a(kh) = h(a). The mapping a—da is then a continuous homomor-
phism of A into the algebra C(H). It is known that ||@|| = [|a]|, but
inequality is possible, in fact the map need not even be one-to-one.

From now on suppose that A is a unitary subalgebra of the bounded
continuous functions on some space X. We define a map @ of X into
H by @(x)(a) = a(x) for all ac A. It is easily seen that @ is continuous
and that @ is one-to-one if and only if A separates the points of X.
Evidently dop = a for any aec A, and therefore ||@|| = ||a]||. Hence
the map a — @ is an isometry in this case.

For any set JE H we can form ||d[|; = sup {|a@(k)|: ke J}. It turns
out that among the compact subsets of H there is at least one, B, for
which || ||z =] ||z This set is called the Shilov boundary of A.

As we showed above ||@|l,x) = |lallz for all ac€ A and therefore
Bcp(X). If X is compact and @ is one-to-one, then ¢(X) = »(X) and
® is a homeomorphism. Therefore we can regard B as a subset of X.
If X is compact but ¢ is not one-to-one, then every function in A
achieves its norm on the set @7*(B), but this set need not be minimal.
In general there will be many minimal compact subsets of X which
carry the norms of the function in A.

For a more complete discussion of the Shilov boundary see [6].

5.2 THEOREM. Let M be a separable complex-analytic manifold
ane let A be the algebra of bounded complex-analytic functions on M.
Let B be the Shilov boundary of the ideal space of A. There exists a
positive Radon measure [ on B and a p-measurable function Q on
M x B such that

(a) (vbe B) m— Q(m,b) is analytic
(b) (vmeM) b— Q(m,Db) is p-integrable

(c) m— LIQ(m, b)| dud) is continuous, and
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(d) for any function f in A and any m in M,
fom) = | Qom, 7 @)p0) ,
where f represents the function induced by f on B.

Proof. The map f — 7 embeds A isometrically in C(B). Denote
the transpose of this map by %; it is a continuous linear map of C(B)*
onto A*,

Define the map @ of M into A* by @(m)(f) = f(m) for all f in A
and all m in M. According to Theorem 2.8, @ is an analytic mapping.
By Theorem 4.8 we can find an analytic map + of M into C(B)* such
that 7o+ = @. Finally Theorem 3.11 tells us that « can be represented
by a kernel. Conditions (a), (b), and (c) of 3.11 become (a), (b), and
(c) above while (d) above comes from 8.11 (d) and f(m) = p(m)(f) =
Pp(m)(f) = y(m)(f).

5.3 REMARK. It follows from the minimality properties of the Shilov
boundary that, for any nonempty open set V of B, (V) > 0.

5.4 COROLLARY Let G be an open subset of a complex-analytic
manifold M having compact closure. Let A be the algebra of continu-
ous functions on G which are analytic on G. There is a subset B of
G — G, a positive Radon measure ¢t on B, and a p-measurable function
Q on G x B such that (a), (b), and (c) of 5.2 hold (with M replaced
by G) and

(d) for any function f in A and any m in G

fm) = | Q(m, 0)£0)ap) .

Proof. The argument of 5.2 holds provided only that the restriction
map which sends A into C(B) is an isometry. The maximum modulus
principle shows that we can take B=G — G. There may be smaller
sets which will work equally well. If A separates points in G then
there will be a least B which will do; it is the inverse image of the
Shilov boundary under the natural embedding ¢ of G into A*. If A
does not separate points there may be more than one minimal set B.
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