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BOUNDARY MEASURES OF ANALYTIC DIFFERENTIALS
AND UNIFORM APPROXIMATION ON

A RIEMANN SURFACE

LAURA KETCHUM KODAMA

A classical theorem of F. and Mβ Riesz establishes a one-
to-one correspondence between analytic differentials of class
Hi on the interior of the unit disc and finite complex-valued
Borel measures on the boundary of the disc which are orthogo-
nal to polynomials. The main result of this paper gives a
similar correspondence when the unit disc is replaced by a
compact subset, satisfying a finite connectivity condition, of
any noncompact Riemann surface. The analytic differentials
on the interior of the set satisfy a boundedness condition
analogous to the classical Hλ differentials and the measures
on the boundary of the set are those orthogonal to all mero-
morphic functions with a finite number of poles in the comple-
ment of the set. This result is then used to obtain theorems
on uniform approximation on the set by such meromorphic
functions.

This paper extends results of Bishop in [2] and [5] where he
considers compact subsets of the plane staisf ying a simple connectivity
condition.1 He obtained such a one-to-one correspondence between
boundary measures and analytic differentials and used his result together
with an approximation theorem for nowhere dense sets to give a proof
of Mergelyan's approximation theorem [6]. We are able to extend
Mergelyan's theorem to our more general sets and also show that
"local" approximation implies approximation on the whole set.

I* Boundary measures of analytic differentials*

A. DEFINITIONS AND PRELIMINARIES.

In this section S will denote an open Riemann surface. If K is
a compact subset of S, we denote by C(K) the algebra of all continuous
complex-valued functions on K with norm | | / | | = sup \f(x) |, and by

xEK

A(K) the closed subalgebra of C(K) consisting of those functions which
are limits of meromorphic functions on S with finitely many poles in

Received January 10, 1964. This paper is a portion of a doctoral dissertation
written at the University of California at Berkeley under the direction of Professor
Errett Bishop. The author wishes to thank Professor Bishop for proposing the
problem and for his helpful suggestions and encouragement. This work was partially
supported by contracts NSFG-9103 and NSFG-18974.

1 The case with smooth boundary is discussed by Royden in [7J.
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S ~ K. By Runge's Theorem when S is the plane, or by the extension
of Runge's Theorem due to Behnke and Stein [1, p. 445 and p. 456]
in the general case, A(K) can also be characterized as all functions
of C(K) which are uniform limits on K of functions analytic in a
neighborhood of K.

The sets for which our results are obtained are defined as follows.

DEFINITION 1. A compact subset K of S will be called n-balanced
if there exists a finite family {Z7jLi of components of S ~ K such
that any point of the boundary of K lies on the boundary of one of
the Ui. An open subset of S will be called n-balanced if it is the
interior of its closure and its closure is a compact ^-balanced set.

The following properties are clear.

LEMMA 1. The interior of a compact n-balanced set is an open
m-balanced set for some m rg n. The boundary of a compact n-balanced
set is a nowhere dense compact n-balanced set.

The measures on the boundary of K to be considered are now
defined.

DEFINITION 2. If K is a compact subset of S, we denote by M(K)
all finite complex-valued Borel measures μ on the boundary of K such

that [fdμ = 0 for all fe A(K).

Several preliminary definitions will be necessary to describe the
boundedness condition on the analytic differentials to be studied.

By an arc we will mean a continuous map / : [α, b] —• S of a closed
interval a ^ t ^ b into S. We will identify arcs / : [α, b] —> S and
g : [c, d] —» S whenever b — a — d — c and g(t) = f(t + a — c). The

image of [α, b] under / will be denoted by | / 1 . By a subarc of / we
mean the restriction of / to a subinterval [c, d], a ^ c < d ^ b. If
g : [aίy bt] —-> S is such that fib) — g{a^} then by the product of / and
g, written fg, we mean the arc h : [a, b + bλ — α j —> S defined by

j/(*) if azt*b
{ g(t + αi - 6) if b ^ t ^ b + &x - a, .

An arc / : [α, 6] —* S is an analytic arc if / can be extended to be
analytic with nonzero derivative in a neighborhood of [α, 6], A piece-
wise analytic arc is a product of a finite number of analytic arcs. A
simple closed curve is an arc / : [a, b] —•> S such that f(α) = f(b), and
if x Φ a and x Φ b then f(x) Φ f(a) and / is one-to-one on the open
interval (α, 6).
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DEFINITION 3. If U is an open subset of S we say that a sequence
{7<} delimits U if

( i ) each 7* is a finite family of disjoint piecewise analytic simple
closed curves ai3 such that | ai3 | c U and (Ji I α ϋ I * s the boundary of
an open set Vι c f7 and each α^ is positively oriented with respect to
V,.

(ii) if T is any compact subset of U, then for all sufficiently
large ΐ, T c F,.

DEFINITION 4β If ί7 is an open subset of S with compact closure
K and 7 is a finite family of piecewise analytic curves a3 such that
\0Cj\aU and ω is an analytic differential on U, we denote by \\o)\\y

the norm of the linear functional F on C(K) defined by F(h) — \ hωo

DEFINITION 5. Let U be an open subset of £ with compact closure.
The class H(U) consists of all analytic differentials ω on U such that
there exists a sequence {7J which delimits U and an M > 0 such that
\\o)\\yί < M for all i.

Our aim is to establish, in case K is an ^-balanced set, a one-to-
one correspondence between M(K) and H(U), where ?7is the interior of
K. The correspondence will be between a differential and its boundary
measure, in the following sense.

DEFINITION 6. Let U be an open subset of S with compact closure
and let B be its boundary. A finite complex-valued Borel measure μ
on B is said to be a boundary measure of coe H( U) if the sequence of
Definition 5 can be chosen so that

f f
I hω —•> 1 hdμ as i
Jyί J

for all heC(U{jB).

We do not need any restrictions on K other than compactness in
order to show the existence of a boundary measure for every differential
oj e H(U). The following theorem has the same proof as Theorem 1 in [5],

THEOREM 1. Let U be an open subset of S with compact closure
K. Then any ωeH(U) has a boundary measure μeM(K).

In order to "fit together" sequences which delimit two different
open sets to obtain a sequence which delimits the union, we will need
the following lemma.

LEMMA 2. Let 7 and 3 each be a finite family of disjoint piece-
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wise analytic simple closed curves, a3- and βo respectively, such that
\Jj I oίj I is the boundary of an open set Γ with each a3- positively
oriented with respect to Γ and similarly \J3 I @J I is ^ e boundary of
an open set Δ with each β3 positively oriented with respect to Δ.
Then there exists a finite collection of analytic coordinate functions
hi with domain Vi9 F< a neighborhood of a point p{e S (the Pi need
not be distinct), so that given any neighborhood TJ{ of h{(p^ such that
Ui c hi(Vi) and any ε{ > 0, there exists φ, a finite family of disjoint
pieceivise analytic simple closed curves ψJ9 such that \J3 \ ψ3 \ is the
boundary of an open set Φ and

( i ) each ψ3 is positively oriented with respect to Φ
(ii) each ψ3 is the product of a finite number of subarcs, each

of which is either a subarc of some a3 or β3 or is an are f such that
for some i, the arc hi of has length less than e{ and \h{of\ c U^

(iii) ΓUΔaΦczΓUΔuUUh

The proof is left as an exercise for the reader.2

B. PLANE SETS.

In this section we consider the special case where S is the plane.
The proofs of the following lemma and theorem are the same as

Lemma 4 and Theorem 1 in [5].

LEMMA 3. If K is a compact n-balanced subset of the plane and

if μ and v are both in M(K) and \(t — z)~1dμ(t) = \(t — z^dvfy) for

all z in the interior of K, then μ — v.

THEOREM 2. Let U be an n-balanced open subset of the plane
and K be its closure. Then given a)eH(U), its boundary measure,
which exists by Theorem 1, is unique and if ω = f(z)dz then

f(z) =

for all ze U.

The next lemma is a modification of Lemma 6 in [3]. The assump-
tion that v is orthogonal to all functions analytic in a neighborhood of
K rather than just all polynomials enables us to obtain the measure
βXQ with support in K. The proof is not given, as the same proof
applies with only obvious minor modifications and we prove a general
version for any open Riemann surface as Lemma 5 below.

2 A proof may be found in the author's thesis.
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LEMMA 4. Let K be a compact subset of the complex plane. Let
v be a measure on K orthogonal to A(K). Then for almost all real
numbers x0, there exists a measure βXQ on the set K Π {z : Re z — x0}
such that

[ hdv = - [ hdv = [hdβx

K o h X Q J °

for all heA(K), where

RXQ = K Π {z : Re z ^ x0} and LXQ = K |Ί {z : Re z ^ x0} .

THEOREM 3. Let K be a compact n-balanced subset of the com-
plex plane τυith interior U. Then if μeM(K), there exists an
analytic differential coeH(U) such that μ is the boundary measure
of ω.

Proof. The proof is by induction on n. If n — 19 K is balanced
in the sense of [5] and Theorem 3 of [5] is the required result.

Suppose for n > 1 the theorem is true for m-balanced sets for all
m < n. For ze U, define

f(z) -

Now suppose xQ is as in Lemma 4 and furthermore that {z : Re z — xQ}
intersects the interior of at least one of the bounded components Ui of
Definition 1. Then LXQ and RXQ are both m-balanced for some m < n.
T h u s s i n c e μ \ L X o + βXQ e M{LX) a n d μ \ R X Q - βXQ e M{RX) b y L e m m a 4
and Runge's theorem, the induction hypothesis applies and they are
boundary measures of analytic differentials fx(z)dz and fz(z)dz respectively.

For z in the interior of LXQ,

Uz) = (2ττi)-1 j(ί - zrd{μ I LXQ + βx){t)

= (27ΓΪ)-1 j(ί - z^diμ I LXQ + βXQ)(t)

RXQ - βx)(t)

= f(z)

and for z in the interior of RXQ we have similary

{t) = f(z) .
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Now let x0 < a?! both restricted as above. Then μ \ RXQ — βXQ is a
boundary measure for f(z)dz on the set RXQ. Denote the delimiting
sequence by {γ;}. Also μ\LXχ + βXl is a boundary measure for f(z)dz
on the set LH. Denote the delimiting sequence by {δj}. Suppose Γ3

is the open set bounded by y, and Δ3 the open set bounded by δ3 , as
required in Definition 3. We apply Lemma 2 to yj9 δjf Γ39 Δ3 where Ui
are chosen so that hι\ U{) c U and ε̂  chosen so that the length of the
arc in Ui which is not from δ3- or 7̂  is less than 7jt and 2^* sup \f(z) | < 1.

zeui

The lemma yields φ3 a finite union of disjoint piecewise analytic
simple closed curves in U which form the boundary of the open set
Φ3; and Γ3 U Δ3 a Φ3 a U. If S is a compact subset of U, let
Xo < x2 < %i Then S1 — S Π {z : Re z ^ x2} is a compact subset of the
interior of LXl and S2 ~ S f] {z : Re z ^ x2} is a compact subset of the
interior of RXQ. Thus for all j sufficiently large,

S, c Δj and S2 c Γ3 and S = iSj U iS2 c J, U Λ c: (Py .

Therefore {̂ j } is a delimiting sequence for U. Furthermore,

\f(z)\\dz\

+ S ^ s u p | / ( 2 ) | ^ | | ω | | γ + | | ω | | 8 + 1 .

Thus ωeH(U).
By Theorems 1 and 2 there exists a boundary measure v on the

closure of U such that for z e U,

f(z) = (2τrί)-1ί(ί - ^ - ^ ( ί ) and v e Λf(clsr t/) c

Applying Lemma 3 to μ and r̂  we see that μ — v and thus μ is the
boundary measure of a).

C. SUBSETS OF AN OPEN RIEMANN SURFACE,,

In this section we consider the general case where S is any open
Riemann surface. The function (t — z)~~x used in the plane case must
be replaced by the elementary differential of Behnke and Stein [1].
The result needed is the following: there exists an elementary differ-
ential a(p) which for fixed p is a meromorphic differential on S with
exactly one pole, a simple pole at p with residue 1. Furthermore, if
h is an analytic coordinate function on an open set F c S and a(p) —
A(z, p)dz on h(V), then A(z, p) is meromorphic in p on S with exactly
one pole, a simple pole at h~\z). Thus if h~1(zQ) $ K, A(z09 p) e A(K).

We prove the following generalization of Lemma 4.
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LEMMA 5. Let K be a compact subset of S. Let v be a measure
on K orthogonal to A(K). Then if f is a nonconstant function
analytic on S, for almost all real numbers x09 there exists a measure
βXQ on the set K f] {p: Re f(p) = x0} such that

\ hdv = - [ hdv =\ hdβ

for all h e A(K) where

LXo = {p : Ref(p) ^ x0} Π K and RXQ = {p : Re f(p) ^ x0} Π K.

Proof. Since / is nonconstant, for all but finitely many real
numbers x, the differential of / does not vanish on K Π {p : Ref(p) — x}.
Let x1 have this property and let x2 > xx be such that the differential
of / does not vanish on K Π {p : xλ ^ Ref(p) g x2}. Since the differ-
ential of / does not vanish, there exists a neighborhood of any point
of K Π {p : x1 S Ref(p) ^ x2} on which / is a coordinate function.
Cover K Π {p : #1 ̂  Ref(p) S x2} by finitely many neighborhoods {ί7jLi
such that the closure of Z7; is compact and contained in Vι and / is a
coordinate function on F*. Denote by / r 1 the inverse of / as a coordi-
nate function on V{.

There exists a nonnegative measure /J on K such that | v{B) \ ^
/i(β) for all Borel sets B* Let ώ be the nonnegative, nondecreasing
function defined by φ(x) — μ({p : Ref(p) ^ α;}). Then φ'{x) will exist
for almost all x. Let α;0 be such that φ'(x0) exists and x1 ^ x0 ^ a%.
Thus y vanishes on all subsets of LXQ Π -βXo and since fe € A(K) implies

Yhdv ~ 0 we have

( hdv = - ( hdv for all h e A{K) .
n \ T

Suppose now that h is a meromorphic function with finitely many
poles outside K. Let W be an open neighborhood of K on which h is
analytic. Let W{ = FT Π £/"*. Choose ε, 0 < ε < 1 and let

T=(j{peWi: Ref{p) = x0 and dist (f(p), f(K Π
i = l

Let ||fe||
PST

If i2e/(p) > #o, define Λ:(p) = {2πiγΛ ha(p) and if JBβ/(p) < x0,

define h2(ρ) — (2πi)~1\ ha(p) where in each case integration is in a

positive direction with respect to {p: Ref(p)^xQ}. Suppose p0 is
interior to T relative to {z: Re z — xQ}. Then for some i0, f(p0) is
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interior to f(Wh n T) relative to {z : Re z = x0}. Let τ ί o = / ( Γ Π Wio).
Since the Ή^ cover T, we can choose, for i Φ iQ, measurable sets
Ti c {2: Rez = x0} Π /(W t) so that f^\τ^ are pairwise disjoint and
each is disjoint from fi~ι{τiQ) and so that T = UiU/Γ 1 ^*). Then if

p e
r

{2πi)-1\ ha(p) becomes

(27a)-1

i

where g{ is analytic in /(clsr C7ίo) in the first variable and in /(clsr Ui)
in the second variable. The first term has continuous boundary values
both from the right and the left at p0 with difference h(p0) and the
integrals in the summation are all continuous in p at p0. Thus hx and
h2 have continuous boundary values h^Po) and h2(pQ) and

If we define hx{p) = A(p) + fe2

in Ref(p) > x0? then hλ and
and h = hι — h2. Thus

in Ref(p) < #0 and fc2(p) = fe(p) + fc^

are analytic in a neighborhood of

and

Γ 7 , f , , Γ 7 , Γ 7 , , f
\ hdv — \ hxdv — \ h2dv — \ hγdv + \
J-Rxn J Rχrι J Rxn * R Xn JI

I ( hdv = I f
I JRχn \ JR

ίP:-Ref(p)>x2)

Σ ί S

( ha(p)

+

Cover jfiΓ Π [p: Ref(p) ^ α;2} by a finite number of open analytic neighbor-
hoods, which are the domains of analytic coordinate functions ψkf each
with range the unit circle D. Continuing the inequalities we have

\h\\± J^ ̂  (Jr I ζ - /(p) l-^ζ)^^)

I h || g j ^ nEr ( g J r 1174> (/(P), 0 I dQdμ{p)

Σ
i

where g^ is analytic in the first variable in /(clsr Ut) and in the
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second variable in /(clsr Uj) and yki is analytic in the first variable in
D and the second variable in /(clsr U{). The g{j and yki are therefore
bounded and we have a constant L, independent of ε, so that the above
expression is less than or equal to

h l t*]-ll2dt dφ(x) + iλ

where M is chosen, independent of e, so that if y = Imf(p) and
<y = Imζ where p e J?a.o and ζ is in some τi9 then 17/ — v \ < M.

A bound N, independent of ε, is found for

ST
as in [3, p. 42]. Thus

t2Yll2dtdφ{x)

hλdv

and a similar estimate can be made for I h^
\hXQ

we have
c

hdv
:0

where Q is independent of ε, and thus

Combining these

hdv £ Q sup{| h(p) \:peKn{p: Ref(p) = xQ}} .

Therefore h —> I hdv is a bounded linear functional on a dense subset

of A{K) \KO{p: Ref{p) - x0} and therefore on A(K) \ K Γ) {p: Bef(p) =
x0}. By the Hahn-Banach theorem we can extend this bounded linear
functional to C(K Π {p: Ref(p) = a?0}) and then apply the Riesz repre-
sentation theorem to obtain the desired measure βXQ.

LEMMA 6. Suppose K is an n-balanced compact subset of S.
Suppose f is a nonconstant analytic function on S and jζ. =
Kf] {p: Ref(p) ^ x0}. Then Kλ is a compact m-balanced set for some
m rg n.

Proof. Kx is clearly compact.
Let {Ui]i=1 be the finite set of components of S ~ K from Defini-

tion 1. A point q on the boundary of Kx is either on the boundary
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of K or in the intersection of the interior of K with the boundary of
{p: Ref(p) Ξ> χ0}. In the former case, q is on the boundary of some
Ui and therefore on the boundary of the component of S ~ K which
contains Ui9 which we call V{. There are n U{ and therefore m Vi
with m g n. In the later case, q is on the boundary of some com-
ponent Q of {p: Ref(p) < x0}. Suppose QaK, then clsr U aK and
clsr Q is compact. Q is open, so Bef(p) = x0 on the boundary of Q.
Since clsr Q is compact, Ref(p) must assume its minimum on clsr Q
is compact, Ref(p) must assume its minimum on clsr Q and by the
minimum modulus theorem for real parts of analytic functions, the
minimum must be assumed on the boundary, but there Ref(p) = x0.
Thus Ref(p) ^ x0 on Q which is a contradiction. Since Q is not con-
tained in if, it must inter set some Uim Therefore Q a Vt and q is on
the boundary of F ί β This shows Kx is m-balanced.

LEMMA 7. Under the hypotheses of Lemma 5, the measure
v\RXQ — βH is orthogonal to A(RXQ) and the measure v \ LXQ + βXQ is
orthogonal to A(LXQ).

Proof. Let h be a rational function on S with poles at p19 p2, , pn

in S ~ RXQ — S ~ K Π {p : Ref(p) < xQ}. Let p19 , p/c be those poles
not in S ~ K. Each pi9 i — 1, , A; is in some component Q̂  of
{p: Refζp) < x0}. By the proof of Lemma 6, such a component cannot
be contained in K. Thus we may choose qi9 i = 1, , fc, q{eQi ~ K
and let J{ be a curve in Q̂  joining p{ and gί# Let

B = S~{)Ji~\J{pi} and 5 = S - U {g,} ~ U fa}.

Then by Theorem 6 in [4], h, which is analytic on B, can be uniformly
approximated on RXQ9 a compact subset of B, by functions /,- analytic
on B. Now letting Bx — B and B1 = S we apply Theorem 13 in [1, p.
456] and approximate /,- on i2a.o by meromorphic functions r̂y with poles
on the boundary of B19 i.e., at the points q19 , qkf pk+1, , pn. But

these are all in S — K. Thus β̂  e A(if). By Lemma 5, \#id(y | RXQ —

βx) = 0. Thus ^hd(v I jBβ0 - βXQ) = 0 and y | ΛXo + /5,0 is orthogonal to

^ ( i y . The same argument shows v\LH + βXQ is orthogonal to A(LXQ).

Given any finite collection of functions {gJUi on S, and a real
number x0, we define an equivalence relation on the points of S as
follows. The points p and q are equivalent, if, for all k, Refk(p) ^ x0

if and only if Refk(q) ^ x0.

LEMMA 8. Let K be a compact subset of S and {Ui} an open
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covering of K. Then there exists a finite collection of nonconstant
functions, each analytic on S, such that given any x0, 1/4 < x0 < 3/4,
each equivalence class of the relation defined with these functions
lies in a single member of the covering.

Proof. Fix a metric on S. By the Lebesgue covering lemma,
there exists p > 0 such that any set of diameter less than or equal
to p, containing a point of K, lies in a single member of the covering
{Ui}. Cover K by a finite number of sets of diameter less than pβ
which are homeomorphic to a closed disc. Call these sets {AlΓU For
ί, j such that A Π A is empty, let fiS be a function analytic on
S such that Re fa < 1/4 on A and Re fa > 3/4 on Dj. This is possible
since by the Behnke-Stein extension of Runge's theorem fl, p. 445 and
p. 456] we can approximate a function which is identically zero on a
neighborhood of A and identically one on a neighborhood of A by
functions analytic on S.

Now if A is an equivalence class of the equivalence relation defined
by these functions, we will show diam A ^ p.

Let pQdA. Then for some ί0, p o e Ao° Let io,i19 •••,£* be all i
such that A o Π A is not empty. Let pe K Π {p: RefίQJ{p) ^ 3/4, all
i =£ i0, ii, •••, ί j . Suppose 2? ίU*i ΐ 0 A Then since p e ϋΓc U*=-i A .
p e Dj 0» some i 0 ^ ô? , ΐ*. Thus fiojo(p) > 3/4 which contradicts the
choice of p. We have shown

IT n ip : i ?e/ v (p) ^ 4" a 1 1 i ^ *o, ,

Now since poeDio, RefiQJ(p) < 1/4, all i ^ i0, ,ik, but ί)0GA, so
for all pe A, we have Refίoj(p) < 1/4 for i Φ i09 , ifc. Therefore

A c iΓΠ jp : RefiQJ(p) ^ A a 1 1 ^ ̂  ί o ' β β β^ 4 C U A .
1 4 J i^io

Each Ao» "• »AA. intersects A o and diam A < ι°/3. Therefore diam
U*=i0 A < ι° and the proof is complete.

THEOREM 4. If K is a compact subset of S and {£/J U is an
open covering of K, and if μ is a measure on K which is orthogonal
to A{K), then there exist measures v{ with support contained in a
compact set Ti c K Π Ui such that vt is orthogonal to A(T{) and μ —

Proof. Let fk be the functions of Lemma 8, k — 1, ° , I. The
proof will be by induction on I. If I = 0, let T = K a UiQ and viQ ^ μ
is orthogonal to A(K) ^ A(T).
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Suppose the theorem is true for I — 1. Let 1/4 < x0 < 3/4 and
RXQ = Kf]{p: ReMp) ^ x0} and L.0 = KΓί {p: Λβ/,(p) ^ x0}. RXQ and
LX Q are both compact, and {t/ KU is a covering for each. An equiva-
lence class of points of RXQ of the relation defined by f19 ,fx_λ lies
in a single member of {t^KU. Similarly for an equivalence class of
points of LXQ. Thus we may apply the induction hypothesis to the
measures μ1 — μ \ RXQ — βXQ which is orthogonal to A(RXQ) by Lemma 7,
and μ2 — μ \ LXQ + βXQ which is orthogonal to A(LXQ) by Lemma 7.
Thus we have measures v^ with support contained in a compact set
Tji c Ui Π K which is orthogonal to A(T3i) j = 1, 2, i = 1, , w and

Thus μ = μ, + μ2 = (vn + v2l) + (i;12 + v22) + + (vln + y2n) and vH + v2i

has support contained in Tu U T2i (zU^K. If / e A u TH U Γ2<), then
f\THe A(TH) and /1 T2i e A(T2i) and

v2i) = \fdvu + ^fdv2i = 0 .

Thus vH + v2i is orthogonal to A(TH U 72i) and the theorem is proved.

THEOREM 5. If K is a compact subset of S and if for every
pe K, there is a closed neighborhood W of p such that f\We A(KΠ W),
then f e A{K).

Proof. Suppose / ί A(K). Then there exists a measure μ on K

such that μ is orthogonal to A{K) and \ fdμ Φ 0. Let V be the

interior of W. Then {V} is an open covering of K. Let {Vi}n

i=1 be a
finite subcovering. Apply the last theorem with this covering to get
measures v{ with support contained in a compact set T^c Vi Π K c Wt (Ί K
and Vί is orthogonal to A(Ti) and μ — v1

J

Γ v2+ + yΛ.

/1 We A(K n TΓί) implies f\T,e A(Tt). Thus ί fdv, = 0 and f /tfμ = 0

which is contradiction.

COROLLARY 1. If K is a compact subset of S and for every
pe K there exists an analytic -coordinate function h with h(p) — 0
and the range of h is {z: \ z \ < 1} and an r, 0 < r < 1, such that
A(h(K) f]{z: \z\^r}) = C(h(K) f]{z: \z\^ r}), then A(K) = C(K).

Proof. Let fe C(K). For every p,

{z: \z\ ^ r})

Π {z : I «I ^ r} ) .
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Thus /1 K Π h-λ{z : \z\^r}e A(K Π lrr\z : | z | g r}). Applying the
theorem, feA(K)o

Thus a local condition on a compact set in the plane which implies
that any continuous function can be uniformly approximated by rational
functions, such as Theorems 2.4 and 3.4 in [6], can be applied in
coordinate neighborhoods of every point of K to show A(K) = C(K).
As a special case, using Theorem 2,4 of [6] we have the next corollary
which we will need to prove uniqueness of boundary measures.

COROLLARY 2. If K is a nowhere dense compact n-balanced subset
of S, then A(K) = C(K).

We also obtain a generalization from the plane to Riemann surface
of the approximation theorem of Bishop [4].

COROLLARY 3. If K is a compact nowhere dense subset of an
open Riemann surface and Mis the minimal boundary of A(K), then
M=K implies A(K) = C(K).

Proof. Let h be an analytic coordinate function at p e K such that
h(p) = 0 and the range of h is {z: \z\ < I}. Let r be 0 < r < 1.
Let Mf be the minimal boundary of A(h(K) f] {z: \ z | ^ r}). Let
z e h(K) and \z\^r, then h~\z) e K = M. There exists fe A(K) such
that f{h-\z)) = 1 and \f(q) \ < 1 if qe K and q Φ h~\z).

if ζ G h{K) and | ζ | ^ r, ζΦ z. Thus s e M'. Since

M' = A(ίΓ) n {z : I « I ^ r} ,

by Theorem 4 in [4], we have

A(h(K) f]{z: \z\^r}) = C(h{K) n {̂  : | « | ^ r}) .

Now the theorem applies and we have A(K) — C(K).

LEMMA 9. Suppose K is an n-balanced compact subset of S. If
μ is a measure on the boundary B of K which is orthogonal to all
rational functions on S with poles in the interior of K oτ in S ~ K,
then μ — 0.

Proof. The hypothesis implies μ is orthogonal to A(B). By
Lemma 1, ΰ is an ^-balanced nowhere dense compact subset of S.
Thus by Corollary 2, A(B) = C(B) and μ = 0.
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THEOREM 6. If K is a compact n-balanced subset of S and ω is
an analytic differential on the interior of K, then the boundary
measure μ of ω which exists by Theorem 1 is unique, and if h is
an analytic coordinate function on an open set V c S and ω = f(z)dz
on h(V), then

where a(p) — A{z, p)dz on h{V).

Proof. Suppose μ and v are both boundary measures of ω. Let
g be a rational function on £ with poles in the interior or the com-
plement of K. Then

\gd{μ - v) = \gdμ - \gdv = lim 1 gω - lim I gω .
J J J n JBn n Jyn

If n is large enough so both δn and yn surround all the poles of g
which lie in the interior of K, then

ϊ gω = ifpeintKResp(gω) =\ gω .'

Therefore \gd(μ — v) = 0 and by Lemma 9, μ — v.

A(z, q) is meromorphic in q with a simple pole of residue — 1 at
h~\z). Thus

i)-1( - A(z, q)dμ{q) = (2πi)~1 lim [ -A(z, q)ω =

- Resh-Uz) (A(z, q)ω) = f(z) .

THEOREM 7. Let K be a compact n-balanced subset of S with
interior U and let μ e M(K). Then there exists a differential
ωeH(U) such that μ is the boundary measure of ω.

Proof. Let flf , f% be the finite set of functions analytic on S
and satisfying the conditions of Lemma 8 using coordinate neighbor-
hoods for the covering. The proof will be by induction on I. If I — 0,
K lies in a single coordinate neighborhood and we may consider K as
a subset of the plane. In this case we have the result in Theorem 3.

Suppose the theorem is true for I — 1. Let 1/4 < x0 < 3/4 satisfy
the conditions of Lemma 5 for fu μ, K. Let LXQ, RXQ, and βXQ be as
in Lemma 5. By Lemma 6, RXQ and LXQ are compact m-balanced sets for
some m and by Lemma 7, μ \ RXQ - βXQ e M(RXQ) and μ \ LH +βXo e M(LX).
Since flf •••Jfι-1 partition Rx and Lx in the sense of Lemma 8, the
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induction hypothesis applies. Thus we have analytic differentials ω1

and ω2 on the interiors of RXfJ and LXQ for which μ \ RXQ — βXQ and
μ I LXQ + βXQ are the boundary measures respectively.

If ft,, is an analytic coordinate function on V1 c int RXQ and ω1 =
fx(z)dz on h^FO and a(q) — Aλ{z, q)dz on h^FO then

RXQ

(2πi)-ί j - A^s,

Similarly, if A2 is an analytic coordinate function on V2 c int LXQ and
co2 = f2(z)dz on ^(Fa) and a(q) = A2(^? ^)& on h2(V2) then

Since we have this for almost all x0 between 1/4 and 3/4 we can define,
for any coordinate function i on F c [ / , a differential ω = f(z)dz on
h(V) with

f(z) = (2W)-1 - A(z, q)dμ(q)
J

where a(q) = A(z, q)dz on h(V), ω = ω1 on inti ϊ^, and ω ~ ω2 on
int LXQ.

Let 1/4 < x1 < x2 < 3/4 and both xx and $2 satisfy the conditions
of Lemma 5. Let the delimiting sequence of Definition 6 for the
boundary measures μ \ Lx,} + βX2 and μ \ RXi — βXi be {3{} and {7;} respec-
tively. Let Δ{ and /^ be the open sets of which δi and 7, are the
boundaries. Let p3 , V3 be the finite collection of points and coordinate
neighborhoods obtained in Lemma 2 with h3 the analytic coordinate
function on V3. Let U3 be a closed neighborhood of p3 so that
U3 a Vj Π U. Let k3 be the maximum of | f(h3(p)) \ for pe U where
ω — f(z)dz on Vjo Let ε3 = {kjι2~~5). Using these U3 and e3 we apply
Lemma 2 to get ψι a finite union of disjoint piecewise analytic simple
closed curves forming the boundary of Φ{ and \ψι\ U Φi c C7. Further-
more, since {δj and ( T J delimit the interiors of LX2 and RXi, respectively,
and Γi U Δi c (P^ {̂ ĵ delimits Z7.

Finally we see that

II ω \\φt ^ || ω | | n + || α> ||δ. + Σ3k3ε3 ^ || ω ||γ. + || ω ||δ. + 1 .
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Therefore ωeH(U) and by Theorem 1, ω has a boundary measure v
on the boundary of clsr U.

Now let g be a rational function on S with poles in U or S ~ i£.
Choose #, 1/4 < x0 < 3/4, as in Lemma 5 and so that no pole of g lies
on {p: Re fι(p) = £0}. Let {σj and {r<} be the delimiting sequence of
Definition 6 for the boundary measures μ\LXQ + βXQ and μ \ RXQ — βXQ

respectively. Then

Rχ0 - β*0) + \gd(μ I LXo + βXQ) -

= lim \ gω + lim I gω — lim \ gω .
ί )τi i J<r4 i )φn.

Letting i be large enough so that all the poles of g in U are surrounded
by φH and by either τ* or σi and using the residue theorem we have

1 gd(μ — v)=\gω+\gω—\ gω = 0 .

Thus by Lemma 9, μ — v — 0 and μ is the boundary measure of ω.

COROLLARY 4. If K is a compact n-balanced subset of S with
interior U, then A(K) consists of all functions in C(K) which are
analytic on U.

Proof. Clearly every function in A(K) is analytic on U. Suppose
A{K) does not contain all such functions in C{K). Then there exists
a continuous linear functional L orthogonal to A{K) with L{f) Φ 0
for some fe C(K), f analytic on U. The boundary of K is the Silov
boundary of the algebra of functions in C(K) analytic on U, so there

exists a measure μ on the boundary of K so that \ gdμ = L(g), all

geC(K), analytic on U. Thus μeM(K) and there exists ωeH(U),
so that

0 Φ L(f) = [fdμ = lim ( fω = 0
J i hj

since / is analytic on U.

BIBLIOGRAPHY

1. H. Behnke and K. Stein, Entwicklungen analytischer Funktienen auf Riemannschen
Flachen, Math. Annalen, 120 (1949) 430-461.
2. E. Bishop, The structure of certain measures, Duke Math. J. 25 (1958), 283-290.
3# 1 Subalgebras of functions on a Riemann surface, Pacific J. Math. 8 (1958),
29-50.



BOUNDARY MEASURES OF ANALYTIC DIFFERENTIALS 1277

4. E. Bishop, A minimal boundary for function algebras, Pacific J. Math., 9 (1959),
629-642.
5. — t Boundary measures of analytic differentials, Duke Math. J. 27 (I960),
331-340,
6. S. N. Mergelyan, Uniform approximations to functions of a complex variable, Amer.
Math. Soc. Translation No. 101, 1954.
7. H. L. Royden, The boundary values of analytic and harmonic functions, Math.
Zeitschrift, 78 (1962), 1-24.
8. A. Zygmund, Trigonometrical Series, New York, 1955.






