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THE UNIFORMIZING FUNCTION FOR CERTAIN
SIMPLY CONNECTED RIEMANN SURFACES

HOWARD B. CURTIS, J R .

This paper contains a definition of a class of simply con-
nected Riemann surfaces, the determination of the type of a
surface from this class, and a representation of the uniform-
izing function and its derivative as infinite products of quo-
tients as well as quotients of infinite products.

Definition of the class of surfaces* Let {α2w-i}~=i a n ^ {&«}~=i ^ e

two sequences of real numbers such that for n ^ 1,

0 < α2w_! < b2n_λ < b2n

and b2n+1 < b2n. A surface F of the class to be discussed consists of
sheets Sn, n — 1, 2, 3, , over the ^-sphere, where for Sn a copy of
the w-sphere,

(a) Sj. is slit along the real axis from aλ to bl9

(b) For n ^ 1, S2n is slit along the real axis from a27l_x to b2n_1

and from b2n to + oo.
(c) For n ^ 1, S2n+1 is slit along the real axis from a2n+1 to b2n+1

and from b2n to + oo.
(d) For n ^ 1, Sn is joined to Sn+1 along the slits to make the

bn coincide and to form first order branch points at the end-
points of the slits.

The uniformizing function* Because F is simply connected and
noncompact, there exists a unique function g which maps F schlichtly
and conformally onto {\z | < R ^ oo}, where for f(z) = g~\z), /(0) =
Oe Sj_ and /'(0) = 1. Two surfaces of hyperbolic type are obtained by
slitting each sheet of F along the uncut parts of the real axis, and
an application of the reflection principle to the uniformizing function
of one of these surfaces shows that f(z) is real for real z. Let
/(«2*-i) = α 2 A - 1 , f(-βk) = bk, f(Ύ2k) = oo e S2k and S2k+U / ( - 7 i ) = <*> e S19

and f(δk) = 0 e Sk. The image of F in the z-plane satisfies the following
properties. The image of Sn is a region which is symmetric about
the real axis. St is mapped onto a domain containing the origin and
bounded by a simple closed curve C1 which intersects the real axis at
—β1 and ax. For n ^ 2, Sn is mapped onto an annular region about
the origin and bounded by two simple closed curves Cn^ and Cn, which
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are images #of cuts. For n odd, Cn intersects the real axis at — βn

and an, while for n even, Cn intersects the real axis at —βn and yn.
Furthermore, for k ^ 1,

-βk+1 < -βk < - 7 i < 0 < a2k^ < δn < Ί2k < δ2k+1 < a2k+1 .

The approximating closed surfaces* Let Fn be the surface
formed from the first 2w + 2 sheets of F with the slit in S2n+2 from
b2n+2 to oo deleted, so that Fn is a compact, simply connected surface.

NOTATION, a* = 1 - z/α^ , β* = 1 + «/>sv ,

7£ = 1 — φΨ , δ* = 1 — zjδφ .

LEMMA 1. Let Rn be the unique rational function which maps
the z-sphere one-to-one onto the simply connected compact surface Fn

with Rn(0) = 0eSl9 R'n(0) = 1, and Rn{^) = oo e S2n+2. Then

Rn(z) = [z/(l + Z/ΎUU)][ Π/ί.

and

R'n(z) = [1/(1 + Φun

Proof. The representations of i2% and ί2^ must contain factors
shown and can contain no more. The a2k+Un, —βk,n, Ύ2k,n, and δktn,
which are ordered in the same manner as the <x2k+1, —βk, i2ki and δkr

are images of a2k+u bk, coy and 0, respectively, under R~\

LEMMA 2. F is parabolic.

Proof. Suppose that F is hyperbolic, and thus g maps F onto
{| z I < R < oo}. If Dn is the 2-plane slit along the real axis from
—β2n+Un to — oo, then ζ = ψn(z) — g[Rn(z)\ defines a Schlicht mapping
of Dn onto a simply connected region An of the ζ-plane bounded by
C2n+2 and the segment (-β2n+2, -/32 Λ + 1). If Γn(ίδ) = «(1 - z/4β2n+Un)-\
then ζ = ^w[rw(2)] defines a properly normalized, Schlicht mapping of
{| z I < 4:β2n+Un} onto zί̂  such that if the Koebe Distortion Theorem is
applied to this map, then β2n+Un g d(0, C2n+2) ^ R < oo, where d(0, C2w+2)
is the distance from ζ = 0 to the curve C2n+2. Thus there exists a
subsequence {β2nJ+i,nj} such that β2ni+Unj —• A ^ i2 as j —> oo, and α/r̂
is a Schlicht mapping of Z)w onto Δn . If J9 is the 2-plane slit along
the negative real axis from —A to — oo, then {ψnj} forms a family of
functions which is normal in D, and hence there exists a subsequence

such that as i —* oo, ψ^z) —> -f («) uniformly on any compact sub-
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set of D. Because Di—^Ό and ψi(z) —> ψ(z) as i —> oo, then Δi —>
{| 2 I < jβ} and ψ maps i? onto {| ζ | < ϋJ} in a one-to-one manner. ([1],
p. 18). Then R^z) = f[ψi(z)]-+ f[ψ(z)] = .ff(s) uniformly on any com-
pact subset of D as i —> oo , where if is meromorphic in D, while
£Γ(2) ^ oo because i?;(0) = 0. £Γ maps D onto jp7.

Now let D* be the 2-plane slit along the real axis from —A to
+ °°. For i sufficiently large, R{(z) assumes no negative real values
in any compact subset of D*, and thus {Ri\ is a family of functions
which is normal in D*. Therefore, there exists a subsequence {Rm}
of {Ri} such that as m —> oo 9 Rm(z) —* G(«) uniformly on any compact
subset of -D*. i ί and G have a common domain of convergence, so
that G is the analytic continuation of H. Then w — G(z) defines a
mapping of the 2-plane punched at z = A and oo one-to-one and con-
formally onto an open doubly connected Riemann surface F* of which
F is a subsurface obtained by inserting some slits in F * over the real
axis. This is impossible, as is clear from the definition of F. Hence
R = ooβ

LEMMA 3. Rn(z)—+f(z) uniformly on any compact subset of the
z-plane as n —> oo.

Proof. Because An-+{\ζ \ < 00} as ^ ^ c o , it follows ([1], pβ 18)
that z = Rnl[f(ζ)] —• ζ = 0[-βΛ(z)] uniformly on any compact subset of
the ζ-plane as n-+^o Also, Dn—*{\z\ < ^} and Rn(z)—+f(z) uni-
formly on any compact subset of the £-plane as n —> 00 β

LEMMA 4. α 2 Λ_ l f Λ -> au_19 βktn->βk, T2A;,w->72fc, α^d δ f c , w ^ δ f c as

n—> ooβ

Proof. This is a consequence of Hurwitz's Theorem.

LEMMA 5. Tfee infinite product

π(z) = [2/(1 + 2M)] Π [%%+1/(7&)2]

converges uniformly on any compact subset of the z-plane.

Proof. Since y2k —> 00 and δΛ —> 00 as fc^oo, then for any R > 0,
there exists w0 = nQ(R) such that for k ^ n09 δk > R and 72fc > Λ. Then
consider

no+p

MP(z) - Π [δ?* δ2*4+1/(Ύ2*,)2] .

Jlίp is holomorphic for | 2 | ^ J? and ikfp(2) ^ 0 for [ z\ g i2. A sufficient
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condition for the uniform convergence of Mp(z) in E — {| z | ^ R) as
p->w is the uniform convergence in E of

where each logarithm is the principal value. By the Cauchy criterion,
this last sequence converges uniformly in E provided for z e E and for
any ε > 0, there exists N(ε) > 0 such that for n > N(e) and p > 0,

Σ
k=nQ+n

Now since δ2k < δ2k+1 and since τ2fc < δ2k+2 < <52fc+3, then for m ^ 1 and
P>0,

o
no+n+p

Σ

Then for all p > 0 and z e E,

no+n+p

Σ log [% δ*,+1/(72*,)2] Σ

^ Σ [i2"

S i n c e δ2nQ+2n —> oo a s

^ 2

[(1/%) +(l/35+1)-2/7S]

2tί - 22) .

, the Cauchy criterion is satisfied and Mp

converges uniformly in E. Thus Π(z) converges uniformly in any
compact subset of the z-plane.

LEMMA 6. π(z) = f(z).

Proof. As a consequence of Lemma 4, there exists r > 0 such
that Rn(z)/z Φ 0 and π(«)/« =^0 for \z\<r, while each of these
quotients defines a function which is holomorphic for \z\ <r and takes
the value 1 at z — 0. Thus using the principal value of the logarithm,
for I z I < r,

log [Λ.(s)/s] - log [τr(z)/z] = log [BΛ(z)/π(z)] - log [(1 + +

+ d/%+i) -

Therefore, for n0 > 2, as «. —» ©o,

0 ^ lim sup Σ (1/%..) + Σ (l/%
Λ = l fc=l
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- Σ (2/7JU - Σ [(1/%) + 2/7S]

rg lim sup Σ (1/%,.) + Σ ( » + i , ) - Σ (2/7JU)

) + - 2/75]- Σ
^ lim sup

= (2/3TJ + (2/δVi)

Since S2%0 —> oo and <?2%0+1 —• oo as n0 —> oo, it follows that the limit as
n —• oo of each coefficient of the preceding expansion of log [Rn(z)/π(z)]
is zero. Furthermore, because as n —> oo 9 {log [Rn(z)/π(z)]}ζ=1 converges
uniformly on {| z \ < r}, then log [i2Λ(2)/ττ(«)] —> 0 as % ^ o o . Thus
π(«) = liml2H(2)=/(ί5).

LEMMA 7. <

oo

< °°, Σ lMfc <
fc

Proof. Again by Lemma 4, there exists r > 0 such that f\z) Φ 0
and i2i(s) Φ 0 for | 2 | < r. Since jBn(») ->/(«), it follows that i?;(«) ->
/ '(^ ) and thus log R'n(z) —> log /'(«) uniformly in {| » | < r} as ^—• 00.
Thus for I z I < r, log i2'n(s)

2 w + l

Λ = l

Hence, for m = 1,

lim j - gol/*2*+i, + Σ | l/iS*.» - 2/71>w + Σ 3

Because 0 < 7ifΛ < /SlfΛ and 0 < 72Afn < au+un, then

< - | i fe+i. + gi/ft. -

+ Σ 3/72*,» + l/«i,» + 2/7i,w .

Therefore, as π —> oo,

0 ^ lim sup Γ2Σl//3,,. + Σ 2/72fc,»l < °° ,
L k=l fc = i J
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2n+l n

lim sup 2, l/βk,n < °°, and lim sup 2,1/Ύ2k,n <

Furthermore, because for

lim sup 2ι Vδktn ^ lim sup \
n-*oo k — 3 TO—>oo

and

n n

lim sup ΣA l/a2k+ltn g lim sup Σ 1/72A,» <

Hence
n 2n+2

lim sup Σi ~Lla2k+i,n < °° a n d lim sup X 1/δ

For all N > 0, as w— oo,

~ " ^' ' Ύ' sup

oo

and thus X l/a2k+1 < oo. The convergence of the other series is
k = 0

established in a similar manner.

LEMMA 8. Each of the three infinite products in

P(z) = [1/(1 + zKY] Γ π αίUi Π /Sf / Π (72*4)
31

converges uniformly on any compact subset of the z-plane.

Proof. This is a consequence of Lemma 7.

LEMMA 9β f'{z) = [exp (δz)] [P(z)] where δ is real.

Proof. By Lemma 4, there exists r > 0 such that for \z\ < r,
J2 (̂») ^ 0 and f\z) Φ 0β For m ^ 1, consider the coefficient of £m/m
in the Taylor expansion of log [Rr

n(z)/P(z)] about z = 0 for | 2; | < r.
Because of Lemma 7, there exists M > 0 such that for all n ^ 1,

Σ
/

1/72Λ,Λ < I and 2 1/72Λ < Λf .

Then because of the ordering of the yktn and 7Λ, for each fc < w,
/c,w < Λί and k/y2k < Mo Thus for each JV > 1, as n —> ©o,
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lim sup

fg lim sup

/ i

u,. - Σ g 2Mm

= 0 .

Similarly, the other terms in the coefficient of zm/m have a limit of
zero for m ̂  2, and the coefficient of 2 is real. Then as n—* oo?

log [K(z)/P(z)] -> log [f'(z)/P(z)] - δs, and thus f'(z) = [exp

which implies for m ^ 2, as »-> <»

lim [ Σ 1/7S,. -

LEMMA 10. δ — 0.

Proof. Because the factors of P(z) are canonical products of genus
zero with real zeros, for ε > 0 and 0 < p S | arg z \ S π — p, P(z) —
0[exp(e |2 |)] and 1/P(z) = 0[exp (e\z\)]. Then if arg z satisfies the
preceding conditions and | z \ is sufficiently large, then

exp \ f'(z) exp e\z\].

Let A1 = {z\ 7Γ/4 ^ arg z ^ ττ/3} and A2 = {z \ 2τr/3 ^ arg ̂  3τr/4}. If
δ > 0, then there exists φ1 > 0 such that for | z \ sufficiently large
\f\z)\^ex^)(φ1\z\) when zeAλ and |/ '(JS) | ^ exp ( — ^ | z |) when
2 G A2. Thus as 2 —> 00 in A2, /'(«) —> 0, and because /(») ^ 62% > 0 for
2 on the curve C2nf f(z) —* A; ̂  0 as 2 —• 00 in 4 2 β Thus for n suf-
ficiently large, b2n <C k + 1. Since f'(z)dz > 0 in the positive sense on
the part of the curve C2n+1 in Au b2n+1 — a2n+1 —* 00 as w —> co 9 where

Because 62 < a contra-c^2n+i > 0 and thus 6 2 w +i"^ °° a s n~~*

diction has been reached and δ > 0. If δ < 0, then there exists φ2 > 0
such that for | z | sufficiently large | f'(z) \ ̂  exp (φ2 \z |) when z e A2

and I f'(z) \ ̂  exp (—φ2 \ z |) when z e A1# Similarly, δ < 0o

THEOREM, A Riemann surface of the class defined is parabolic
and its mapping function f is given by

f(z) =

f'(z) = [1/(1

Π
fc = l

Π

-. Σ
k = l
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REMARKS. Lemmas 5 and 6 establish the representation of f(z)
as the product of quotients, while Lemmas 8 and 9 show a represen-
tation of f\z) as a quotient of products. However, Lemma 7 can be
used to show that the representation of f(z) can also be considered as
the quotient of products.
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