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METRIZABILITY IN NORMAL MOORE SPACES

D. REGINALD TRAYLOR

The purpose of this paper is to establish some metrizability
properties of normal Moore spaces and normal, locally compact
Moore spaces. Certain screenable subsets of complete normal
Moore spaces are proved to be strongly screenable. Additional
properties are related to screenability.

The question as to whether each normal Moore space is metrizable
has received considerable attention. Bing [1] and Jones [4] have
results which give much information about such spaces. In particular,
Jones established [4, Theorem 5] that each normal, separable Moore
space is metrizable, provided that 2No < 2Kl. His result is a corollary
to another theorem, in the same paper, which Heath [3] has shown
to be equivalent to the hypothesis that 2Ko < 2**1. Recently, it has
been proved [2, Theorem 2] that if there is a normal, separable, non-
metrizable Moore space then there is such a space which is also
locally compact. There seems to be little more known about the
metrizability of normal, locally compact Moore spaces than is known
about normal Moore spaces.

This paper is devoted to establishing some metrizability properties
of normal Moore spaces and normal, locally compact Moore spaces.
Since each locally compact Moore space is complete, it perhaps should
be noted that Younglove [8] has interesting results concerning metri-
zability of complete Moore spaces. Theorem 1 of this paper establishes
a relation between screenability and Younglove's Property Q [8] in
complete Moore spaces. Theorems 3 and 4 establish that certain screen-
able subsets of complete, normal Moore spaces are strongly screen-
able. It is also proved that if 2Ko < 2*2, then each normal, locally
compact, nonmetrizable Moore space has the following property: A
space has Property P if for each open covering H of S there exists
an uncountable discrete collection G refining H such that G is not
screenable, but each uncountable subcollection of G contains an uncount-
able screenable subcollection.

The statement that S is a Moore space means that there exists a
sequence of collections of regions satisfying Axiom 0 and the first
three parts of Axiom 1 of [5]. A Moore space is complete if there
exists such a sequence satisfying all of Axiom 1. By a development is
meant a sequence of collections of regions satisfying Axiom 0 and the
first three parts of Axiom 1.

The statement that the collection G of mutually exclusive point sets
is (strongly) screenable means that there exists a sequence Hu H2y
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Hz, of (discrete) collections of mutually exclusive domains such that
no domain in any H{ intersects two elements of G and each element of
G is a subset of some domain of some H{.

The statement that the discrete collection G of point sets is collec-
tionwise normal means there exists a collection H of mutually exclusive
domains in the space such that each element of G is a subset of some
element of H but no element of H intersects two elements of G. The dis-
crete collection G is collectionwise abnormal if no collection of domains
in the space covering G* satisfies the notion of collectionwise normality.

Younglove's Property Q. A point set M has Property Q if for
each open covering G of the space S there is a refinement G' of G
covering S such that if wu w2, w3, is a sequence of distinct elements
of G', (An + Bn) is in wn and Au A2, A8, -converges to P, a point of
M, then so must Bu B2, B3, converge to P.

THEOREM 1. If M is an uncountable, discrete, screenable points
set in a complete, normal Moore space, then M has Property Q.

Proof. Suppose that G is an open covering of S, no element of
which contains two points of M. Then there exists a sequence Hί9

H2, of collections of mutually exclusive domains which satisfies the
notion of screenability with respect to M. For each n, let Mn — M
[Hf — {Hί + + •#*_!)]. There exist domains Du D2, such that
Di contains Af< but D{ does not intersect D3 unless i is j .

For each n, denote by H'n the collection to which hr belongs
if and only if there exists an element h of Hn such that hr is h Dn.
Then H'n covers Mn and no element of H'n contains two points of M.
Furthermore, if P is a point of Mn and h of H'n contains P, then P
is not a limit point of {H'n — h)*, nor of H'* where m is not n. It
follows then, that if wu w2, is a sequence of distinct elements of H[,
and An is in wn, then Au A2, converges to no point of M. Let D be
a domain containing S-J^Hl* such that D does not intersect M. Denote
by Gf the collection to which the domain g belongs if and only if for
some positive integer n, g is an element of Hr

n or there is an element
h of G such that g is h D. Clearly, Gr is an refinement of G covering
S which satisfies Property Q with respect to M.

Younglove proved [8, Theorem 3] that if M is a subset of a com-
plete Moore space which has Property Q, then exists a development
satisfying Axiom C, stated below, at each point of M.

AXIOM C. There exists a sequence Gu G2, satisfying conditions
1, 2, and 4 of Axiom 1 of [5] along with the condition (3) if A is a point
of a region R and B is a point of R, there a positive exists integer n
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such that if x is a region of Gn containing A, and y is a region of Gn

intersecting x, then x + y is a subset of i2, and unless B is A, x + y
does not contain B.

For the sake of completeness, and to further indicate the relation
between Property Q and metrizability in Moore spaces, a statement
of Moore's metrization theorem is included [6]:

THEOREM 2 (Moore). A necessary and sufficient condition that a
space S satisfying Axiom 0 of [5] be metrizable is that it have a
development satisfying Axiom C.

THEOREM 3. / / M is an uncountable, screenable, discrete subset
of a complete, normal Moore space, then there exist a sequence Mlf

M2y and a development Gu G2, such that each Mi is a subset of
M, J^M{ is M and if each of p and q is a point of Mi and each of
g, h, and g' is an element of G{ such that g contains p, g' contains
q, then h does not intersect both g and gf, unless p is q.

Proof. It is shown in the proof of Theorem 1 that each discrete
screenable set M in a normal Moore space is collection wise normal.
Denote by H a collection of mutually exclusive domains in the space
satisfying that notion with respect to M. It follows from Theorem 1
and Younglove's result mentioned above that there is a development
Gu G2, G3, which satisfies Axiom C at each point of M. For each
positive integer n, denote by Mn the subset of M to which x belongs
if and only if it is true that if g and gf belong to Gn, g contains x, and
g intersects g', then g + g' is a subset of the element of H containing
x. The sequence Ml9 M2, M"3, satisfies the theorem.

THEOREM 4. If M is an uncountable, discrete, screenable subset
of a complete, normal Moore space, then there exists a sequence Mu

M2, such that each Mi is strongly screenable and ^ Mi is M.

Proof. Denote by Ml9 M2, M3, the sequence of point sets defined
in the proof of Theorem 3. For each positive integer n and each
point x of Mn, denote by gx some region of Gn which contains x and
Hn the collection to which h belongs if and only if there is a point
y of Mn such that h is gy. If each of x and y belongs to Mn, no
region of Gn intersects both gx and gy. Thus each Mn is strongly
screenable.

THEOREM 5. If S is a normal, nonmetrizable Moore space and
H is an open covering of S then there is an uncountable discrete
collection G of mutually exclusive, closed point sets such that G
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refines H and G is collectionwise abnormal.

Proof. A result due to Bing [1, Theorem 9] establishes that if
H is an open covering of S, there is a sequence Hu H2, of discrete
collections of closed point sets such that each Hi refines H, no region
of Gι intersects two of the elements of Hi and ̂ Hf is S.

It follows that some such Hi for some such open covering H must
be collectionwise abnormal, else S is screenable and, by another result
due to Bing [1, Theorem 8], thus metrizable. Then some Hi is un-
countable and collectionwise abnormal.

THEOREM 6. If S is a locally compact, normal, nonmetrizable
Moore space then there is a locally compact, normal Moore space Sf

such that S' contains an uncountable subset M which has no limit
point and is collectionwise abnormal.

Proof. Assume that H is an open covering of S, each element
of which is compact. By Theorem 5, there is an uncountable, discrete
collection G of mutually exclusive, closed point sets such that G refines
H and is collectionwise abnormal.

Denote by S' the space in which P is a point if and only if P is
an element of G or a point in S-G*. Since each element of G is
compact, a result due to Worrell [7] establishes that S' is a Moore
space. To prove that S' is normal, suppose that N and K are mutually
exclusive, closed point sets. Then JV* and if* are mutually exclusive
closed point sets and there exists mutually exclusive domains Df and
D% containing iSΓ* and K* respectively. Then DN and Dκ contain N
and K respectively, in S'.

Clearly, G is collectionwise abnormal in S' and no domain contain-
ing it is metrizable.

THEOREM 7. If there is a locally compact, normal Moore space
which is not metrizable then there is one with a development Gu

G2, which contains a domain whose boundary B is a uncountable
point set having no limit point such that Gu G2, does not satisfy
Axiom C at any point of B.

Proof. By Theorem 6, there is a locally compact, normal Moore
space containing an uncountable, discrete point set M which is col-
lectionwise abnormal. In fact, no domain containing M is metrizable.

Suppose that B is the subset of M to which x belongs if and only
if there is a region B containing x such that the double star of x
with respect to each G{ fails to lie in R. Then M-B is collectionwise
normal and B satisfies the conditions of the theorem.
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THEOREM 8. If there is a locally compact, normal, nonmetrizable
Moore space then there exists a normal Moore space S with a develop-
ment Gu G2, such that S — K + M where K is a locally separable
domain such that Gu G2 satisfies Axiom C at each point of K and
M is an uncountable, discrete point set such Gu G%, satisfies Axiom
C at no point of M.

Proof. Since S is locally compact, it is topologically complete.
By a result due to Younglove [8, Theorem 1], there are development
Gu G2, and a dense subset N oί S such that Gu G2, satisfies L̂xiom
C at each point of N. It follows from Theorem 7 that there is an
uncountable, discrete subset M of S such that Gu Gt, -does not
satisfy Axiom C at any point of M. Suppose that K is N-(S — M).
Then K is locally separable since S is locally compact. Indeed, K + M,
with the relative topology, satisfies the theorem.

THEOREM 9. If there exists a normal, locally compact, non-
metrizable Moore space then there exists one which contains an un-
countable, discrete point set M such that either M has Property P or
no uncountable subset of M is screenable.

Proof. Under the hypothesis of the theorem, it follows from
Theorem 6 that there exists a normal, locally compact, nonmetrizable
Moore space S which contains an uncountable, discrete collection of
degenerate point sets which is collectionwise abnormal. If that collec-
tion is called M, then M is clearly not screenable. Indeed, either M
contains an uncountable subcollection such that no uncountable sub-
collection of it is screenable, or M has Property P. Then S clearly
satisfies the theorem.

THEOREM 10. If S is a locally compact Moore space containing
an uncountable subset M which has no limit point and is such that
no uncountable subset of M is screenable, then there exists a locally
compact, separable subspace S' of S which contains M.

Proof. Suppose that M is an uncountable, discrete subset of the
locally compact Moore space S such that no uncountable subset of M
is screenable. Denote by w a well-ordering of the elememts of M and
by H an open covering of M, each element of which is compact.
Denote by v a sequence, each element of which is a subset of an
element of H and which contains some point of M such that the first
term of v contains the first term of w and if v9 is an initial segment
of v then the first term of v following each term of vf is a compact
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region R containing the first term of w which is not a limit point of
Σme* 9* such that R-ΣigevQ* does not exist. If v is uncountable, it
follows that some uncountable subset of M is screenable. So v is
only countable and each point of M is a point of Σ*e* 0* o r limit point
°ί Σioev g* But Σiuev 9* is separable since each region in the countable
sequence v is compact. It is obvious then, that 2w6vgr* + Λ f i s a
separable subspace of S which contains M. Then using an argument
similar to that of Fitzpatrick and Traylor [2, Theorem 2], there is a
locally compact, separable Moore space having the desired properties.

THEOREM 11. If S is a normal, locally compact, nonmetrizable
Moore space and 2**° < 2**1 then S has Property P.

Proof. If S does not have Property P, if follows from Theorem
10 and Jones' result [4, Theorem 6] (that each subspace of a normal
Moore space is normal) that there exists a normal, separable Moore
space S containing an uncountable subset which has no limit point.
But Jones [4, Theorem 5] has proved that this is impossible, provided
that 2**° < 2*i.

THEOREM 12. If there exists a normalf locally compact, non-
metrizable Moore space S and 2Ko < 2*1, then there exist a normal,
locally compact, nonmetrizable Moore space Sr and an uncountable
sequence w whose terms are points of S' such that (1) no countable
subsequence of w runs through w, (2) if M is the point set to which
x belongs if and only if x is a term of w, then M has no limit point
and is not screenable, and (3) if wf is any initial segment of w
such that wf is not w and N is the subset of S' to which x belongs
if and only if x is a term of wf, then N is screenable.

Proof. By Theorem 11, S has Property P. Thus there exists a
normal, locally compact, nonmetrizable Moore space S' which contains
an uncountable subset T such that T has no limit point, is not scre-
enable, but each uncountable subset of T contains an uncountable,
screenable subset. Denote by v a well-ordering of T. Denote by w
the maximal initial segment of v such that if t is a term of w and
N is the point set to which x belongs if and only if x is in w and t
does not precede x, then N is screenable. It is clear that w is un-
countable. If w is not v then the subset M of T to which x belongs
if and only if x is in w is not screenable. For assume that M is
screenable. Then if t is the first term of v following w, it follows
that M + t is screenable and w is not maximal. Moreover, no coun-
table subsequence of w runs through w. For suppose that u is a
countable subsequence of w such that if £ is a term of w, then t
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precedes some term of u in w. If y is a term of u, denote by My

the subset of T to which x belongs if and only if x is in w and
precedes y. Then My is screenable by the definition of w. But
Σiveu My is M if w runs through w and, since the sum of countably
many screenable sets is screenable, M would be screenable. Thus no
countable subsequence of w runs through w and the proof is complete.
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