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PSEUDOCOMPACT GROUPS

HowARD J. WILCOX

This paper is divided into three sections, The first of
these concerns itself with extending a result known for com-
pact Abelian topological groups to arbitrary compact topological
groups. The particular result is Theorem 1 of “Extensions of
Haar Measure for Compact Connected Abelian Groups” by
Gerald L. Itzkowitz (Bull. Am, Math, Soc., Vol 71, p. 152-156,
1965). The method used to extend this result is the following:
the result is shown to hold for two special cases (when G is
a compact o-dimensional group; and when G is a product of
connected, compact, metric groups), and then it is proven that
whenever the result holds for a closed normal subgroup J of
a compact group G and also for the factor groups G/J then
the result holds for GG itself. Using this fact together with
the special cases and two known structure theorems yields
the desired extension to arbitrary compact groups.

Section IT uses the key result of §1 (that many compact groups
contain dense pseudocompact subgroups of small cardinality)
to show that many Abelian compact groups have infinite
compact subgroups which meet the dense pseudocompact sub-
groups mentioned above in only the identity element. A
related result shows that many compact Abelian groups con-
tain dense pseudocompact subgroups which are not countably
compact. Counterexamples demonstrate that these results do
not hold in general for arbitrary compact groups.

In §III we define the subset of metric elements of a locally
compact group to be all those elements which have metric
groups as the smallest closed subgroups containing them. We
show that for infinite compact Abelian groups the collection
M of metric elements is a dense pseudocompact subgroup. We
also produce necessary and sufficient conditions for every
element of a compact Abelian group to be a metric element.
Finally, we show by counterexample that the collection M is
not even a subgroup in general when G is nonAbelian.

A topological space is said to be pseudocompact if every con-
tinuous real-valued function on the space is bounded. The purpose of
this paper is to deal with some properties of pseudocompact and com-
pact topological groups. Throughout the paper |G| will denote the
cardinality of a group G, w(G) will denote the weight of G (the least
cardinal of a base of open sets for the topology of G), and G~ will
‘denote the character group of G. Also, AG™, H) = {yeG :y(x) =1
for all # in H} will be called the annihilator of H where H is a
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subgroup of G. Our basic reference for known facts will be [4].

In 8§81 we extend Itzkowitz’s Theorem 2 (see [6]) to the case in
which G is an arbitrary compact group. We remark at the end of
§I that cur method of extending results for compact Abelian groups
to the nonAbelian case may be easily applied to other similar problems,

In §II we obtain some amusing results (for compact Abelian
groups) and counterexamples (for nonAbelian groups) which deal with
the existence of disjoint pseudocompact and compact subgroups of
compact groups.

In §III we show that the collection M of metric elements (those
elements for which the smallest closed subgroup containing them is
metric) of a compact Abelian group G is a dense pseudocompact sub-
group of G, We also show by counterexample that the collection M
is not necessarily a subgroup of G if G is not Abelian,

1. Pseudocompact subgroups of compact groups. Throughout
this section we will be concerned with generating pseudocompact sub-
groups of compact groups., We are aided in this endeavor by the
following theorem of Comfort and Ross.

THEOREM 1.1. (1.2 of [1]). Let G be a totally bounded group
and let G be the Weil completion of G. If 4" ={N: N is a closed
normal subgroup of G and N is a Gyset in G}, then G is pseudocom-
pact if and only if each tramslate (in G) of each element N~ meets
G nontrivially, Also, G 1is pseudocompact if and only if G meets
every nonvoid closed Gy-subset of G montrivially,

We will first show that arbitrary compact topological groups with
w(G) = 2" (where 7 is infinite) contain dense pseudocompact subgroups
of cardinality =< »®, By 1.1 above, this pursuit reduces to that of
finding a subset of G with cardinality = »® which meets (nontrivially)
every nonvoid closed Gs-set in G. The subgroup generated by this
set will have the desired properties. In the Abelian case the result
follows easily from a theorem of Itzkowitz,

THEOREM 1.2, (Theorem 2 of [6]). Let G be a compact Abelian
topological group satisfying w(G) = 2" for some infinite cardinal
number m, Then G contains a dense pseudocompact subgroup H
such that | H| = n*,

THEOREM 1.3. If G is a compact Abelian group with w(G) < 2"
where n is infinite, then G contains a dense pseudocompact subgroup
H of cardinality = n™,
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Proof. If w(G)=2", we can use 1.2, If w(G@) < 2", -consider
the product of G with 2" factors of the two element group {— 1, 1}.
It is easy to show that the weight of this product is 2. By 1.2,
the product contains a dense pseudocompact subgroup of cardinality
7%, That G contains such a pseudocompact subgroup follows from
the easy:

THEOREM 1.4. If f:G— G 1is a continuous mapping of the
group G onto the group G, and if the set S meets each monvoid
closed Gy-set in G, then f(S) meets each monvoid closed Gs-set in G,

1.5 Our problem now is to extend the result in 1.3 to the non-
Abelian case. It turns out that proving the result for two special
cases (for G = [[.es G. Where each G, is a compact connected metric
group; and for G compact and o-dimensional) suffices provided that
whenever the result holds for a closed normal subgroup J and for G/J
then it holds for G.

We proceed to prove the first special case (i.e. that in which G
is the product mentioned in 1.5). The following lemma will be useful.

LEMmA 1.6, (Lemma 1 of [6]). Let A be any set such that
|A] = 2" for n =W, then there ewxists a family & of sequences
{B;}2, of disjoint subsets of A such that

(1) |&|=nk,

(ii) for amy sequence of distinct elements {a;}v, in A, there
exists a sequence {B;}, in & such that o, B; for each 1.

REMARK 1.7. As mentioned previously, we wish to obtain a set
S of cardinality <n® which meets (nontrivially) each nonvoid closed
Gs-set in G. It is clear that we need consider only Gj-sets which are
intersections of basic open sets in G; for if point pe N2, U; where
each U, is open in G, then pe M, B; where each B; is a basic open
set in G. We will call Gs-sets of the form N, B; basic Gs-sets,

THEOREM 1.8. If G is an infinite compact group with w(G) < 2»
(n=¥W) and if G = Ilses M, where each M, is a compact metric
group, then G contains a pseudocompact subgroup H such that H = G
and | H| =nw,

Proof. By the remarks in 1.7 we may assume that w(G) > n.
It is easy to show that w(G)=]A| so that n <|A| =< 2" by the
above assumption. It is also easy to show that we may assume that
each M, is infinite (in fact, each M, has cardinality c).

(i) Suppose first that |A|=2". Let 2 be the smallest ordinal
number of cardinality ¢, and well order each M, according to Q:

M,={x5:1= B < al.
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Let © be as in 1.6, Now for each countable collection (allowing
repetitions) {vi, vs,---) S {B:8 < 2} and for each disjoint sequence
(B)): in ¢, define

wﬁaggml

(Ciypm,pimp)a = {
o, if acB;, )

where e* is the identity in M,

Claim, The collection X consisting of all points (@eyvi,ye,e-158p)
meets each nonvoid G; in G.

Proof. It is clear that in a product space each “basic G,” (see
1.7) depends on at most countably many coordinates.

Let E be such a nonvoid basic G; set in G, and let {a,};_, be the
set of coordinates on which F is restricted. By 1.6 there exists a
disjoint sequence (B;)Z, in ¢ such that «, e B, for all k.

Now let x be any element in E. Clearly x, = sk for some Ty,

in the well ordering of M,,. Thus (Tyiy..;.spie) meets E and is
contained in X, This proves the claim.

We complete the proof by noting that | X| < n* since there are
exactly 2% countable collections in {8: 8 < 2} and at most »™ disjoint
sequences (B;) in ¢ by 1.6. Thus the group generated by X will
have the desired properties by 1.1,

(i) If »<|A|< 2" choose some factor M, of G and adjoin
Ilges (M,,)s = F to G, where |B| = 2",

Now in G X F, |A| = 2", so by (i) above G x F contains a pseudo-
compact subgroup H of cardinality < »® which meets each G; in
G X F. The projection of H on G will be pseudocompact, dense in
G, and of cardinality < »® by 1.1 and 1.4, This completes the proof
of 1.8.

To deal with the second special case (when G is compact and o-
dimensional) we use the following trivial generalization of a result of
Kakutani for Abelian groups (see [7]).

THEOREM 1.9. (Kakutani). Let w(e) be the smallest cardinal of

a base of open sets at e. Then for any compact infinite group G,
w(e) = w(G).

We now eastly prove:

THEOREM 1.10, If G is a compact o-dimensional group and if
w(@) =2* for n infinite, then G contains a dense pseudocompact sub-
group of cardinality = n®,
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Proof. By 9.15 of [4], G is homeomorphic with {—1, 1}**, By
1.9, this is the same as {—1,1}*®, By 1.3, {— 1,1}*¢ (which is
Abelian) contains a pseudocompact subgroup with the desired properties.
By 1.4, G contains a subset S which meets every closed Gs-set of G.
The group generated by S is the desired subgroup of G. This com-
pletes the proof.

Having dealt with two special cases, we need only prove that if
a closed normal subgroup J of G and the factor group G/J both con-
tain dense pseudocompact subgroups of cardinality =< #n™, then G itself
contains a dense pseudocompact subgroup of cardinality < n*, To do
this we need the following lemma,

LemMA 1,11, Let G be a compact group and let J be a closed
normal subgroup of G. Let mw be the projection mapping of G onto
G/J. Then if E is a monvoid Gs in G, w(E) contains a mnonvoid
Gs in G/J.

Proof., It is well known that each nonvoid Gs in a completely
regular space contains a nonvoid Baire set, Let E contain the nonvoid
Baire set F. By 64.G of [3], there exists a compact normal sub-
group N of G such that F-N = F' and G/N is metrizable.

Consider the following factor groups: (G/J)/(N-J/J); G/(N-J);
(G/IN)/(N-J/N), and note that they are all topologically isomorphic by
the second isomorphism theorem for topological groups (see 5.35 of

(4.
Claim 1. wn(F)= n(F)-(NJ/J) in G/J.
Proof. This fact is easy to prove,
Clatm 2, NJ/J is a Gs-set in G/J.

Proof. Since G/N is metrizable, it follows that (G/N)/(NJ/N) is
metrizable by 8.14 (d) of [4] provided JN/N is closed in G/N. But
J and N are both compact, so J-N is compact in G. Hence JN/N
is compact and closed in G/N,

Now (G/N)/(NJ/N) = G/JN = (G/J)/(JN/J) are metrizable so that
JN/J being a point of (G/J)/(NJ/J) is a Gs in (G/J)/(JN/J). This
means that the inverse image of JN/J under the projection map of G/J
onto (G/J)/(JN/J) is NJJJ which is a G5 in G/J. This proves Claim 2.

By Claim 1, n(F) = a(F")-(NJ/J) so that #(F') & n(E) contains a
translate of NJ/J, which is a G; by Claim 2, This completes the
proof of 1,11,

We can now prove the key theorem,
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THEOREM 1.12. Let G be a compact group with J a closed normal
subgroup of G. If J and G/J both contain dense pseudocompact
subgroups of cardinality < n¥™, then G contains a pseudocompact
subgroup H such that H= G and |H| < n®,

Proof. Let w be the projection map of G onto G/J. Let F be
a nonvoid G; in G, Then by 1,11, 7(F') contains a nonvoid G; set in

G/J.

Let {bJ: be B} be pseudocompact, dense, and of cardinal < n™ in
G/J. Then n(F) = {fJ:fe F} contains an element of the form bJ
for some be B, Thus bJ N F =+ @ and JNb'F +# Q.

Let A be pseudocompact, dense and of cardinal < »* in J. Then
ANDbF # @ since J N b~'F is a nonvoid G;s set in J. It follows that
B-ANF +# @. Thus the group H generated by B-A is the desired
dense pseudocompact subgroup. (Note that if J or G/J itself has
cardinality < n®™, then A or {bJ:be B} respectively can be taken to
be all of J or G/J respectively.) This completes the proof.

We have now obtained the two special cases and the key theorem,
In 1.5 we claimed that these results would be sufficient to extend 1.3
to arbitrary compact groups. To see that this is true we introduce
the following essential structure theorem.

THEOREM 1.13. (Varopoulos in [10]). If G is a conmected com-
pact group and Z is its center, then G|Z has the form l.,ecs M,
with all M, compact metrizable groups.

We can now easily obtain:

THEOREM 1.14. If G is an infinite connected compact group
with w(G) £ 2, then G contains a pseudocompact subgroup H such
that H= G and | H| <n,

Proof. If G is Abelian, we are through by 1.3,

If G is not Abelian, consider the center Z of G and the factor
group G/Z (note that Z is closed and normal), Clearly w(Z) < 2" and
w(G/Z) = 2",

By 1.3, Z contains a pseudocompact subgroup H, such that H, = Z
and |H,| < n¥, By 1,13, G/Z = [l.e. M, where each M, is a metric
group. By 1.8, G/Z contains a pseudocompact subgroup Hg,, such that
ﬁe/z = G/Z and IHe/z| = n,

By 1.12, G contains the desired subgroup. This completes the
proof of 1.14.

THEOREM 1.15. If G is an infinite compact group and w(G) < 2",
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then there exists a subgroup H of G which is pseudocompact and
such that H= G and |H| £ n™,

Proof. If G is connected, we are through by 1.14,

If G is not connected, consider the component C of the identity
in G and the factor group G/C. Note that C is closed and normal in
G by 7.1 of [4]. Clearly both w(C) and w(G/C) are =< 2", By 1.14,
C contains a pseudocompact subgroup H, such that H,= Cand | H, | < n¥,
By 7.3 of [4], G/C is o-dimensional; so by 1.10, G/C contains a pseudo-
compact subgroup Hy, such that H,, = G/C and | Hyyq| < n¥,

By 1.12, G contains the desired subgroup H. This completes the
proof,

REMARK 1.16. It would perhaps be desirable to replace “w(G) =
2" by “|G| = 2¥” in 1,15, This seems impossible without assuming
the generalized continuum hypothesis, It is, however, possible to
prove that w(G) = 2" implies that |G| = 2" without assuming the
continuum hypothesis, It is a special case of the following result of
Hulanicki,

THEOREM 1.17. (Hulawicki in [5]). If G is 2°®-compact, then
|G| =29, where < (e) is the least cardinal of a collection {U} of
open sets such that Nie; U; = {e} and where “G 1is 27-compact”
means that G is the union of 29 compact sets,

Note that ~7(e) in the above theorem is equal to w(e) by the fol-
lowing easy generalization of 8.5 of [4].

THEOREM 1.18. If G is a compact topological group, then {e} =
Nees U, where each U, is open in G if and only if G has a basis
of open sets of cardinal |A| at e.

Thus from 1.17 and 1.18 we see that w(G)=2" implies that
|G| = 2", The converse statement is true if we assume the generalized
continuum hypothesis, Thus, assuming the generalized continuum hy-
pothesis, every in infinite compact group of cardinality 22" contains a
dense pseudocompact subgroup of cardinality =< n*®,

REMARK 1.19. It is unfortunate that for certain infinite cardinal
numbers n, n® > n, In such instances the pseudocompact subgroup
in 1,15 will not be as small in cardinality as might be desired.

It should be pointed out that prior to our knowledge of Hulanicki’s
result in 1,17, we proved in a manner different from Hulanicki that
w(G) = n implies that |G| = 2" for arbitrary compact groups. The
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result for compact Abelian groups was proved by Kakutani in [7].
Our proof for the nonAbelian case is completely parallel to the method
used earlier to extend 1.3 to arbitrary compact groups. We conjec-
ture that other results known for compact Abelian groups can be
extended in like manner to the nonAbelian case,

II. Disjoint pseudocompact and compact subgroups of compact
groups.

2.1 In view of Theorem 1.15, it is reasonable to ask (1) whether
a compact group G with w(G) =< 2" which contains a dense pseudo-
compact subgroup H of cardinality =< »® also contains an infinite
compact subgroup F' such that F N H = {e}.

It may also be asked: (2) given H of cardinality < n*, dense
and pseudocompact in G, whether we can find another dense pseudo-
compact subgroup J of G such that J N H = {e}.

It turns out that in the Abelian case the answer to the first
question is usually (with certain cardinality restrictions) yes. The
second question is seen to generally have a negative answer by an
example in which a pseudocompact subgroup of a compact Abelian
group G is seen to meet every other dense pseudocompact subgroup
nontrivially.

The example cited above also shows us that if we first choose the
infinite compact subgroup F of question (1) and attempt to find a
pseudocompact subgroup H such that HN F = {¢} then we will pro-
bably be unsuccessful., The example shows a two-element compact
subgroup which meets every dense pseudocompact subgroup in G.

We first answer question (1).

THEOREM 2.2, If G is a compact Abelian group with w(G) = 2"
for some cardinal n = W, and if w < 2" then given any dense
pseudocompact subgroup H of cardinality = n®, there exists an
infinite compact subgroup F of G such that F N H = {e}. (Note that
such groups H ewxist by 1.15.)

Proof. By 1.17 and hypothesis, |H|< w(G) < |G|. For each
x € H, x+e, choose ¥,€ G~ with the propetry that y.(x) % 1 (this is
possible by 22.17 of [4]).

Now define 22 to be the subgroup of G~ generated by the set
{s:xecH}. Clearly | &£ | < |H|<|G"|=w(G) so that G7/2# is
infinite. It follows that A(S#) ={xeG:y(x) =1 for every yxe #}
is a closed (hence compact) infinite subgroup of G; it is isomorphic
with the character group of G~/57 (see 23.24 and 23.25 of [4]).
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Call A(7) = F.

Now if ye HN F and y # ¢, then there exists ¥, e & with the
property that y,(y) = 1. But y,(y) =1 sincc y€ F. Thus y =e¢ and
HN F = {e}. This completes the proof.

In [8] Kister provides an example of a pseudocompact, noncountably
compact subgroup of a compact group G. We now show that such
subgroups are a rather common occurrence,

THEOREM 2.3. If G ts a compact Abelian group with w(G) = 2"
for some cardinal n = Y, and n¥ < 2", then G contains a pseudo-
compact, noncountably compact subgroup K.

Proof. By 2.2 and 1.15, G contains a pseudocompact subgroup
and an infinite compact subgroup (H and F' respectively) such that
HNF=1{e. By 2.5 (2) of [9], F contains an infinite metric sub-
group M. Now M is second countable and hence separable, Let J be
a dense countable subgroup of M, and let {x,}7, be a sequence in J
converging to se M — J,

Consider the group K = H-.J. It is pseudocompact since it con-
tains H; but it is not countably compact since {x,}_, is contained in
K, but s¢ K. This completes the proof.

COROLLARY 24, If G, H, and K are as in 2.3, then there
exists an infinite compact group F' such that F' N K = {e}.

Proof. Observe that | K| = | H| since J-H = K and J is countable,
Apply the proof of 2,2 with K replacing H. This completes the
proof,

We now show that 2.2 was true because we first chose the
pseudocompact subgroup H and then found the disjoint infinite compact
subgroup F

ExampLE 2.5, Let G = [lies{— 1,1}, X {—1,7,1, — 1} where
|B| > ¥, Then G is a compact subgroup of T'® where T is the circle
group.

Let F' be the two-element compact subgroup F' = [T,e; {1}, X {1, —1}
of G. (Note that w(G) = | B]|.)

Claim. Any pseudocompact subgroup H of G meets F nontrivially.

Proof. Observe that E = [[,ez{— 1,1}, X {i¢} is a Gyset of G.
By 1.1, any pseudocompact subgroup H which is dense in G meets E.
But e EN H implies that z.xe FN H, and z-x % e¢. This proves
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the claim.

2.6 We now use the same example to show that question (2) in
2.1 has a negative answer,

Let G and F be as in 2.5, Let H and K be any dense pseudo-
compact subgroups of G; then there exists he HN E and ke KN E.
Hence WeH, ke K, and yet h'=Fk = Jl,es{l}; X ©*#e. So the
dense pseudocompact subgroups H and K are not disjoint,

2.7 At this point we note that all of the above results required
commutativity of the groups involved. The results for the nonAbelian
case have been evasive thus far.

III. The subgroup M of metric elements of G.

3.1 We now turn to a slightly different pursuit. Until now we
have been content to produce pseudocompact subgroups of compact
groups by choosing points from certain G; subsets of the compact
group and using them to generate the desired pseudocompact subgroup.
We will now supply a more concrete example of a dense pseudocompact
subgroup of a compact Abelian group G.

We begin with the following definition,

DEFINITION 3.2, Let G be a locally compact group and let z¢G.
Denote by H, the smallest closed subgroup of G containing x. Then

(i) If H, is metrizable, then x will be called a metric element
of G (note that if H, is finite, then « is usually called torsion).

The collection of metric elements of G will be denoted by M.
We will show that if G is a compact Abelian group then its subset of
metric elements is a dense pseudocompact subgroup of G.

We begin with the following lemma.,

LEmMA 3.3. Let f be a continuous homomorphism of the com-
pact group G onto the compact group K. Then f (x) is a metric
element of K whenever x is a metric element in G,

Proof. Let z be a metric element in G, Then H, is a compact
metric group. We will show that f(H,) is a metric group which
implies that H;, is a metric group.

Let J={yeH,: f(y) =¢}. Then J is closed and J = Nz, U, for
some sequence {U,} of open sets in H,, Now H, ~J=H, — N=. U, =
Uw(H,—U), and fH,—J)= U fH,— U,). Thus f(H,)—
fH, —J)=fH,) — Uie f(H, — U,) = M= (f(H,) — f(H, — U,)) which
is a G; set in f(H,). But f(H,) — f(H, —J)={e), so by 8.3 of [4]
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f(H,) is a (compact) metric group. This completes the proof.

THEOREM 3.4. If G is a compact Abelian group, then the collec-
tion M of metric elements of G is a subgroup of G.

Proof. In 3.3 it was actually proved that a continuous (homo-
morphic) mapping of a compact group G onto a compact group K pre-
serves compact metric subgroups. The theorem follows from this and
the fact that the mapping (a,b) —a-b~' of H, x H,— H,-H,™ is a
continuous mapping. Note that if G is not Abelian then H,-H,™ is
not necessarily a group.

We now wish to prove that the subgroup M meets every
nonvoid closed G; set in G. We first prove the following lemma
which is a special case,

LEMMA 8.5, Let G = [lees M, where each M, is o compact
-metric group. Then M (the set of metric elements of G) intersects
every nonvoid closed Gy set in G,

Proof. The theorem follows easily from the fact that each basic
‘Gy-set (see 1.7) in a product space depends on at most countably many
factors of the product and the fact that a countable product of metric
.groups is a metric group.

We now use some known structure theorems together with 3.5,

THEOREM 3.6. If G is a compact Abelian group and if M is
the subgroup of metric elements of G, then M is a dense pseudo-
compact subgroup of G.

Proof. Since G is compact, G~ is discrete. It is known that
-any Abelian group is embeddable in a divisible group (see A-15 of [4])
so that G™ is embedded in a discrete divisible group 7. It is also
known (see A-14 of [4]) that 57 is topologically isomorphic with
Swes G« Where each G, is a countable group. Now Z#” is topologically
isomorphic with [[,e, G. where each G, is a compact metric group
by 23.22 of [4]. By 24.11 of [4], G is topologically isomorphic with
" JA(5#”, G7)., That is, G is a continuous homomorphic image of
&#". By 3.5, M’ (the subgroup of metric elements of £#") is dense
and pseudocompact in 5#~. By 8.8, the continuous homomorphic map-
ping of 57~ to G takes M’ into M. By 1.1 and 1.4, the image of
M’ is dense and pseudocompact in G. Thus M is dense and pseudo-
«compact in G. This completes the proof,

We next derive some necessary and sufficient conditions for M to
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be all of G. We need the following lemmas.

LEmma 8.7, If G is a O-dimensional compact group, them M
(the subset of metric elements of G) is all of G.

Proof. Let xe€G. Then H, is 0-dimensional and monothetic (i. e.
H, is the closure of a group generated by a single element), By
25.16 of [4], H, is topologically isomorphic with a metrizable group.
This completes the proof,

LEMMA 3.8, If G 1s a compact group and if J is a metrizable
closed normal subgroup of G, then whenever 57 is a closed metrizable
subgroup of GlJ, w7(S7) is a closed metrizable subgroup of G (where.
7w 18 the projection of G on G/J).

Proof. Let H= n~(5#). Then H is clearly a closed subgroup
of G. By the second isomorphism theorem for topological groups (5.34
of [4]), H/J is topologically isomorphic with £#. Thus H/J is
metrizable, By hypothesis J is metrizable, so by 8.8 and 5.38 of [4],
H is metrizable, This completes the proof.

We now present the desired theorem,

THEOREM 3.9. Let G be a compact Abelian group, M its subgroup
of metric elements, C the component of the identity in G, and M,

the subgroup of metric elements im C, Then the following state~
ments are equivalent:

(i) G= M,
(ii) C 1is metrizable,
(iliy C= M,.

Proof. That (i) implies (iii) is clear (note that M, = M N C).

To prove that (iii) implies (ii), assume that C = M,, but C is not
metrizable. Now if C is monothetic (i.e. H,= C for some x ¢ C),
then « is not a metric element since C is not metric by assumption..
But this contradicts C = M,, and so (iii) implies (ii) if C is monothetic.

If C is not monothetic, then w(G) > ¢ by 25.14 of [4]. Let 5#
be a subgroup of cardinality ¢ in C” and consider A(C, 5#°) which is.
a closed subgroup (see 23.24 of [4]) of C. By 24.10 of [4], &# =
A(C™,A(C, 27)), so we use 23.25 of [4] with H = A(C, 2#°) to obtain
that |(C/H)"| is e. Thus by 25.14 of [4], C/H is monothetic, and since:
(C/H)" is not countable, C/H is not metrizable. By the proof in the
previous paragraph, C/H contains a nonmetric element; and by 3.3,
C contains a nonmetric element. That is, C # M, which contradicts.
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our initial assumption. Thus (iii) implies (ii).

To prove that (ii) implies (i), assume that C is metrizable. Let
2 be any element of G. We will show that H, is metrizable.

Consider the element ©C of the 0-dimensional factor group G/C.
By 8.7, xC belongs to a closed metrizable subgroup &2 of G/C. Then
H=r7n"'(27) is a closed metrizable subgroup of G by 3.8. Since
xe H, H, is also a closed metrizable subgroup of G, and M = G. This
completes the proof of 38.9.

COROLLARY 3.10. If G is compact, connected Abelian group, then
G =M if and only if G is metric,

We shall now turn to the case in which G is compact and non-
Abelian. We would first like to know whether M (the subset of
metric elements in G) is always a subgroup of G. We show that
such is not the case by the following example.

ExAMPLE 3.11. Let G be the group generated by a and b where
@*=b*=e. Then a=a™, b=>b7", and G=/{e, a, abd, aba,---, b, ba, bab, - -}.
Let H consist of all elements of even length; that is,

H = {e, ab, ababd, - -, ba, badba,-- -} .

'Then H is an infinite cyclic group which is normal in G and Abelian.
Also, H is isomorphic with Z (the integers) and is of index 2 in G.

Let 2# be a collection of characters on H which separates points
and is uncountable. Let Ty be the topology induced on H by S7.
Then (H, T%) is a totally bounded group by 1.5 of [2].

Let Z be an open basis at e for topology on H. Then Z/ satisfies
conditions (i) — (iv) of 4.5 of [4]. Hence % is a family of subsets
of G with the finite intersection property. Clearly (i) — (iii) of 4.5 of
[4] hold for the collection Z/ taken as a collection of subsets of G. We
show that (iv) also holds on G. Let xe€ G and Ue %. If xcH, we
are through since (iv) holds for x € H. Now note that aVa™ = aVa =
V-*tand Vb =0bVb= V= for Ve %. Now suppose € aH. Since
aH ={a, b, bab, babab, - - -, ababa, aba, - - -}, it follows that x Va ' =2 Ve =
V— for Ve 7. Since for Ue %, there exists a Ve % such that V1< U
by (ii), (iv) follows immediately. Hence {xU: x€G, Ue %} is an
open subbase for a topology on G. Since G= HUaH and H is
totally bounded, it follows that G is totally bounded.

Now the Weil completion G is a compact topological group con-
taining a, b, and ab. Clearly a and b are metric elements of G; but
ab is not a metric element since H,, = H which is topologically
isomorphic with S#7; by 1.8 and 1.12 of [2], and H is not metrizable
since H™ = 57, which is uncountable. Thus M is not a subgroup of G.
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REMARK 38.12. Even though M fails, in general, to be a subgroup
of G, we may still ask whether the subset M of a compact group G
meets every closed Gs of G. This turns out to be true. It follows
easily from the Abelian case.

THEOREM 3.13. Let G be a compact group and M its subset of
metric elements. Then M meets every nonvoid closed Gs set in G.

Proof. Let E be a nonvoid closed G; set in G. Then ENH,# @
for some xc¢ G. Now H, is a compact Abelian group and EN H, is
a nonvoid closed Gs-set in H,; so by 3.6 there is an element ye EN H,
such that H, is a closed metric subgroup of H,. But H, is also a
closed metric subgroup of G. Hence ye M N E, and M meets every
closed G5 in G. This completes the proof.

We now show that part of theorem 3.9 holds for nonAbelian G.

LEMMA 3.14. If J is a closed metric subgroup of a compact
group G, then My, (the set of metric elements in GJJ) is equal to
G/J if and only if M = G.

Proof. Since G/J is a continuous homomorphic image of G, if
G = M it follows from 3.3 that G/J = My;.

By 8.8, n7'(Mg;) & M. If n='(Mgy) = n7(G/J), then G = M. This
completes the proof.

THEOREM 3.15. If G is a compact group with C (the component
of the identity in G) metric, then M = G.

Proof. By 7.3 of [4], G/C is 0-dimensional and hence G/C = M 40
(the set of metric elements in G/C) by 3.7. By Lemma 3.14, G = M.
This completes the proof.

In conclusion we conjecture that converse to 3.15 is true.
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