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ON THE CONVERGENCE OF QUASI-HERMITE-FEJER
INTERPOLATION

K. K. MATHUR AND R. B. SAXENA

The present paper deals with the convergence of quasi-
Hermite-Fejér interpolation series {S.(x, f)} satisfying the

conditions
S.(1, f) = fQ), Sal@m, f) = fl@w) L = v =n, Su(—1, ) = f(—1)
and

Sr@nny ) = Bus 1=v=n,
where f..’s are arbitrary numbers; ., =1, Zs,n+1 = — 1 and

{x,,} are the zeros of orthogonal polynomial system {p,(x)}
belonging to the weight function (1 —z¥)?|x |79, 0< p = %,

0 < ¢ < 1 (which actually vanishes at a point in the interval
[—1, +1]). Further it has been proved that quasi-conjugate
pointsystem {X,.} (similar to Fejér conjugate pointsystem)
belonging to the fundamental pointsystem {x,,} lie everywhere
thickly in the interval [— 1, + 1].

Let there be given a point system

1:xn0>xnt>xn2> “°>xnn>xmn+1:'—1

(1.1) (n=1,2 --)

on the real axis and arbitrary real numbers

ynO) ynly yn‘ly Tty ynm yn;n—l—l ’

1.2) . u .
yil’ ynZy R y'rm .

Then setting

(1'3) wn(x) = cn(x - xnl) (9!? - xn?) b (x - xnn) (cn + 0)
and
(L.4) L (@) = () W=1,2 -, m,

wfn(xnv) (x - xnu)

the quasi-Hermite-Fejér interpolation polynomial S,(x) [6] is given by
n+1 n
(1.5) Sa@) = 2Ynt (@) + 2 05.00(2)

where »,,() and p,,(x) are called the fundamental polynomials of the
1st and the second kind of quasi-Hermite-Fejér interpolation.
For the fundamental polynomials of the 1st kind we have
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1+a ()

P7a0(%) = ,
o) 5 .1y
| 1—2 w,(x)?
1.6 nont1(X) = ° * ’
(1.6) () PR
r@) = 27 4 @), (@) =12 -
1— ﬂ:%“_,
where
(1'7) /U,,W(CU) =1+ Cn»(m - fC,n,_,) ’
(1_8) ¢,, = 2-/U¢z,u o a);l’(xnu) (,U — 1, 2, cee, n)
1— a2, wh(2,,)
and those of second kind
_ 1— . 2 —
(109) (Onv(x) — T—g—‘ (ib - xnv)lma(x) (l) — 1v 2y Sty 7@) .
— Ty

The polynomials S,(®) are the unique polynomials of degree
= 2n + 1 which satisfy the requirements:

Sn(xny):ynv v:O’1’2’.."n_{—15

1.10
( ) S‘l,b(xnu):y;[y IJ:]_’Z,-..’/)/L.

From the unicity of the polynomials S,(x) it follows that for each
polynomial /I(x) of degree =< 2n

(1.11) (z) = tZ:II(xm)frn,(x) ¥ élll’(xm)pm(x)

holds. For the special case [I(x) = 1, we have

n+1

1.12) %m,(w) =1.

2. Let f(x) be continuous in — 1 =2 =<1 and f(z,,) its values
at the points «,,(v=0,1,2,..-,n+1). Further let yi(v=1,2.--n)
be arbitrary real numbers then the polynomials S,(z) in (1.5) written
as

n+1 n
(2'1) Sn(x’ f) - yzz‘.lof(xnu)lrnu(a;) + :’Z‘Jzoy:upnv(x)
are called the generalised quasi-Hermite-Fejér interpolation polynomials.

For y# = 0, they are called quasi-step parabolas. In this case for
w,(x) = P,(x), where P,(x) stands for the nth Legendre polynomial,
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the interpolatory polynomials

Ru@) = F) 222 Py + f(— 1) L8 Py

(2.2) : °
: . s P Y
200 2 (e ey

have been obtained by E. Egervary and P, Turan [2]. They have
shown that if f(z) is a function continuous in the closed interval
[— 1, 1], then the polynomials in (2.2) converge uniformly to f(x) in
[—1,1]. The convergence of the polynomials S, (z,f) in (2.1)
constructed on the roots of P,(x) has been investigated by P. Szész
[6]. He has shown that assuming f(x) to be continuous and |y} |< 4,
where 4 is a constant independent of » and v the series S, (z, ) in (2.1)
converges uniformly to f(x) in [— 1, 1].

In this paper we answer the question of P, Turan for the quasi-
Hermite-Fejér interpolation polynomials S,(x, f) which Baldzs has
answered [1] in the case of Hermite-Fejér interpolation polynomials.

Does there exist in [— 1, 1] an orthogonal polynomial system
{g.(x)} whose weight function vanishes some where in this interval
while the series {S,(x, )} in (2.1) constructed on the roots of {g,(x)}
converges uniformly to the continuous function f(x) in the closed
interval [— 1, 1] provided {y%} are bounded?

The answer to this question is explained in our Theorem 1.

3. Similar to the normal and strongly normal point system due
to L. Fejér [3, 4], the notion of quasi-normal and strongly quasi-normal
point systems have been defined by Szisz [6]. Thus an infinite
sequence of point system,

(3-1) wnly any b " xrma (% - 1’ 2) ° ')

lying in — 1 <z < 1, is called strongly quasi-normal if by the nota-
tion of (1.3) and (1.7)

(302) 1+cnv(x—xnu)zp>0y "‘1§%§1
@=1,2-,mn=12 ..

where p is a positive number independent of x, v and =.
If X,, indicates a zero of v,,(x) in (1.7), then

(3.3) szxm‘f" 1 y 1):1,2’...,11/.
Cnu

These points will be called quasi-conjugate points similar to the
conjugate points due to L. Fejér [4]. The quasi-conjugate points lie
outside [— 1, 1] when the fundamental point system is quasi-strongly
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normal. In this connection we shall answer another question of P.
Turan for the case of quasi-Hermite-Fejér interpolation polynomials
which Balazs [1] has answered for the Hermite-Fejér interpolation
polynomials,

Is it possible to assume in the interval [— 1,1] a fundamental
point system whose quasi-conjugate points (3.3) lie thickly in [— 1, 1]
and the interpolation series {S,(x, f)} belonging to this fundamental
point-system converges uniformly to the continuous function f(x) in
[— 1, 1] provided the numbers {y}} are bounded.

In Theorem II we answer this in affirmative.

4. K. V LaSCenov [5] has defined orthogonal polynomials
PrOX) = aa” + @, a4 e, =0, p>—1,¢> —1

over the interval [— 1,1] with respect to the weight function
(1 — 2*?| x |2 which are constant multiples of

P@rin(2at — 1), n = 2m

4.1 ?(z:o.q) R {
@.1) PO Japgam(aar — 1), m = 2m 4 1

PP (t) being the classical Jacobi polynomial of degree n with para-

meters a and B satisfying the differential equation

42 A=W +B—a—(@+B+2tly +nn+a+B+1y=0.
The position of the roots of (4.1) is given by

(4.3) =1 < P < T < 000 <2, <0<, < ove < 2,, < 1
for n = 2m

and

(4°4) _1<xnm+2<xnm+3< e <xnn<0:xnm+l<xnl<"°<xnm<1
for n=2m + 1.

Since the roots are symmetrical, we have
(4.5) Toy + Ty = 0, ¥ =1,2, -« [n/2] |
We shall prove the following:

THEOREM 1. The quasi-Hermite-Fejér interpolation series
{S.(, f)}, constructed on the point system

(4'5) 1= Loy uty *** Tnpnety Loomy Lpptr = — 1 n = 1y 2) 0t

1 From now onward we shall write p,(x) to mean p? 9 (x).



THE CONVERGENCE OF QUASI-HERMITE-FEJER INTERPOLATION 249

where x,,(v=1,2, -+, n) are the zeros of the orthogonal polynomial
system belonging to the weight function®

(1 — 2% |7 0<p_£_—;—,0<q<1,

converges untformly to the continuous function f(x) in [— 1, 1] when
lyk | = en’, 1>6/2> %= 0 and § = min (2, q).

THEOREM 2. The quasi-conjugate points (3.3)

1

(4.6) Ly = Lpy +
Cauy

v=12-n;n=12 -+,

belonging to the fundamental point system (4.5) lie thickly in the
interval [— 1, 1].

5. Preliminaries. We shall use some well-known facts about
Jacobi polynomials. We have

(5.1) PP (1) = (m - a)
(5.2) Pit(— 1) = (= ) Peo() = (— p7("™ 1 )
(5.3) Pef(t) = (— 1)"PEa(— ¢t) .
Further we have for —1 <2 <1
(65-4) PirP() = 0", a,8> —1
(5.5)
Pei® (g) = 2 (m + o + PSP (x) — (m + 1)PEs (x)
@m + a+ B+ 2) i—2
and
4

(5.6) PEO(t) = S (m+ a8+ DPETO ()

dt
Further let ¢, = cos 0, be the root of the polynomial
PP (t) = PP (cos 6)
then for —12=a <1/2, —1/2= B8 =1/2,

2v — 1
5.7 T4, =
6.0 2m+1ﬂ—

2y -
2m + 1

A

(v:1,2,---,m).

1 —axp|zlefor0<p= %, 0 < ¢ < 1, actually vanishes at « = 0.
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For 0 < 0, < /2 we have
(5.8) Pl*P(cos 0,) = ¢y~ Pmet*

where ¢, is positive numerical constant.

6. In this section we shall obtain certain estimations for the
polynomial p,(x).
We shall first prove:

LEMMA 6.1, For —1 =2 =1 we have
(6.1) (1 — a)pi(x) = 0(n™) .

Proof of this lemma follows at once from (4.1) using (5.4).

LevMa 6.2, For the roots @,, (v—=1,2, «--, [%] n=1,2)--

of the polynomial p,(x), we have
V2

6.2 22, (1 —2l) = .
(6.2 (o) =2

Proof. Let 2z, —1—=cosd,, then (1 — x2)—=sin’6,,/2, and
xi, = cos’0,,/2. Hence

ol —a) = 2 cost Io gine o — L g0
4 2 2 4
But from (5.7) we have
Y+ L
0,, = ? T > ;Z
n —_—
+ 2
which gives
'sing,,| > ]sin vz ] > 2,
n
Therefore
1 ... V?
xz,(1 — a2) = = sin%,, .
( ) 4 - 4n?

7. We shall need the following lemmas for the estimation of the
fundamental polynomials of the first kind.
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LEmMMA 7.1, Let x,, be a root of pn(ac), then

N Ph@.) 2 q]
i) : (p +1) —=——— =
( pn(wnv) /‘C,,“, (1 — Upy ) 2
except when n=2m + 1, and v =m + 1. In this case we have
N 4 €7
11 et e
o (@)

Proof. It follows from (4.1) by differentiating with respect to z,
for n = 2m

a

—— Pleta-unig
(7.1) Pu@n) oy 400 v +-1.
D5(%,.) d & prtaim(g) L
dt t=20% —1

By the substitution ¢ = 22* — 1, « = p, 8 =q¢—1/2, and n = m, the
differential equation (4.2) gives

d

d - P7(np »(g—1/2)) (t)
d
____P;np,(q—llz)) t
(7.2) dt ® =222, -1
1

zm[”‘z(p"f*l)+(229+Q+3)(1‘—903w)]-

Substituting (7.2) in (7.1) we get

Py _ 2T _ 9
(7.3) Du(,,) @, L L@+ ~xfw 2]'

If however, n = 2m + 1 and v == m -+ 1, then it follows on account
of (4.1) and (4.4) that

a P(p »(q+1/2) )(t)

(7.4) DR (@) 4z, dt + -3
() ip(p,(qﬂ/z))(t) Loy
at "

2
t=2z",,~1

But from (4.2) by putting t =22 -1, a=p, 8=q -+ 1/2 and
n=m we get
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_@P&p,(a—l—l/z))(t)

dt?
d
___P;Lp,(qﬁ-llz)) t
@5 | a @) s
1

:~m[—2(p+1)+(2p+q+5)(1—x3w)]

substituting (7.5) in (7.4) we get

7.6 Pr@w) 2 [(piq) Pm _z],
(79 AR R A S

In case n =2m +1and y=m + 1, x,, = 0 on account of (4.4).
But the polynomial p,(x) is an odd function of x, therefore p'i(x,,) = 0
cand in this case

7.7 2@ g
@0 D)

8. Estimation of the fundamental polynomials of the first
kind.

LEMMA 8.1, For —1 =2 =1, we have
n+1
8.1) yzz‘f,l r.(®) | = 0Q1) .

Proof. From (1.7), (1.8) and Lemma 7.1 we get for 1 S v =n

_1._ 2 PTh Q).
8.2) V@) = 1 xm{a—%» L@ -, .

From the representation (4.4) of x,,’s it is clear that for »n =
2m + 1, and v=m + 1, 2,,,, = 0. Whence from Lemma 7.1 (ii) and
(1.7) it follows that

(8.3) Vams(®) = 1.

For =0 it follows from (8.2) on account of 0 < ¢ <1 and
0<p§%tmt

2
(8.4) vnp<0>=1+%——qgl—q>o.

This inequality is also applicable on account of (8.3) when n =
2m + 1, and y=m +1, For —1 <2 =0 and 2z,, <0 we have on
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account of v,,(v,,) =1 and (8.4)
(8.5) V(@ Z1—qg>0 0<g<D.

Since v,,(x) is a linear function in the interval 0 = x <1 it follows
from v,,(x,,) =1 and @,, = 0 that

(8.6) V@) =1—q>0 since 0 <g<1.

We shall now prove the inequality (8.1) in the interval
— 1< 2 =90. Inthis interval r,,(x) =0 for x,, = 0. Also r,(x) and
Pu,ni1() are positive. Hence from (1.12)

S1ru@] = 3 @]+ 3 @)

Tpy=0

(8.7) =2+ 2 7@
=1—= 3 ru@) + X 7. |
Tpy>0 Lpy>0
=1+ 2mZ>O] ro(®) ] .
On account of (8.2), (1.6) and (1.4) we obtain
N 1—a ,___2_{ D, __(I,} —
xnz»l)ol ’I"n,(ﬁz) | - x%‘;o 1 - miy 1 xm, _~—-—1 — xiu 2 (.’XJ xnv)
P ()
pfn?(xnu) (x - xnv)2
(8.8) - 1—a Da(®)
= Zpy>0 1— xfw p:f(xnv) (x - a’nv)2
1 — 2%)pi(x)
9 (
o pmzw [ 2,, | (1 — 20) 2(2,.) (€ — @,
2 2
g s =2 L. Ba(2)

am0 (L —a2) |2, D2®.) |2 — 2,

Since —1 <=0 and 0<u, <1, therefore |z —x, |>|2,|.
Hence from (8.8),

1—2* 1 pi(a)
=1+2 . :
x%(}' (@) =1+ 2p + ¢ )x%o 1—a, x, Pz,

(8.9) (1 002) pz (x)
2 — ()
+ t p lx”%o (1 _— xfw)zxzw p”ﬂz(x””)

Owing to (4.1) we have

. 4z, P2 g, — 1) for n = 2m
(8.10)  pi(x.) =14, , .,
4oy Pplr2ari Qg o — 1) for n=2m + 1.
Thus for n = 2m, using (8.9) and (8.10); for » odd using (8.8),
(8.10) and 2* < (x — z,,)?, we have
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2 m-,(w) i

Typy>0

(1 — 2 [P a1 (g2 — 1)

— A +4p+9 =
16 >0 1 — a2 )2[ d pia- 1/9))@)]
nv nv d

t= 2x y—1

|
|
(8.11) | for n = 2m
</
=1 14 (1 — a9 [Pprat12) (202 — 1)]?
— D+q) > el
] 16 a>0 (1 — a3,)%s, [ d P (qn—1/2))(t)]
i dt t= 2x L1

{ for n=2m + 1.
Now Lemmas 6.1 and 6.2, with (5.8) give

yq-i".) |
7zQ+3

[z O 2 2 poID
for n = 2m

B12) 3 (7@ = -
e B00m) - 2]
"

[ZO(n
\ for n =2m + 1

q+5

and since 0 < p < %, 0<qg<1, (8.12) gives

(8.13) > [rw(@) [ =0Q) .

Tpy>

By a similar reasoning we can obtain for the interval 0 <2 < 1
and x,, = 0, that

(8.1 S @) = 0Q) .

Hence from (8.13) and (8.14) we get the lemma for 1 < v < #, and
—1<2x<1, Foryv=0and n -+ 1 it is easy to see from (1.6) with
®,(x) = p,(x) and (5.4) that

7@ =01 and 7, @) =0@).

At x = £ 1, the lemma is trivial.

9. Estimation of the fundamental polynomials of the second
kind. In this section we shall estimate the quantity

S 00@)| -
We shall prove the following:

LEmMMA 9.1, For —1=z=land n=1,2 --- we have
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(9.1) S 0,,(2) | = O(~?) , where &= min (2p, ¢) > 0.
y=1

Proof. From (1.9) and (1.4) with w,(x) = p,(x)

0.2 Sp.@) = Sy - w.) =2 P (@)

1-— /Umz p:l.z(/vn./) (/U - a/np)2 '

Now setting
(9.3) Sou@ | = 3 [0u@ |+ 5 1000))]

and considering the interval — 1 < « < 0, we have for z,.’s > 0,

2=, >, .
Thus from (9.2) and (8.10)

“/ 1 1 (1 . mﬂ) [P(P ,(g—1/2)) (2% 1)]2

[‘E Tpy>0 ‘ {2, 13 (1 —_ xiy)3/2 ; P;Lp (g—1/2) )(t)]
1 t t= 2x ,—1

255

ZI ’Ionu(x) i é ’i fOI' n= 2m
Lpu>0

| 1 11—z [ PPttt (252 — 1)]
‘ 16 oo, (1 — 22) [

d
P(P(Q*lﬁ))
4 P “)]t e

|
I
\

which on account of (5.8) and the Lemmas 6.1 and 6.2, gives,

p 3 1 3 ”q+2
ZOn )—— — FZO(% )—- =
ne
f =2
9.4) 3 o] = orm=am
Tpv>0 m vq+4
Z=“ (n 2p+4 + Zo(n /nq+5

forn:2m+l

Since 0 < p = % and 0 < q < 1, it follows from (9.4) that

for n =2m + 1

(9.5) Z 0@ | = 0™) —1<z=0

where 0 = min (2p, q) > 0.
Again let #,, <0, —1 < 2 <0 and

9.6) 2 [on@[= 2 (on@[+ 3 = [ou@]=3"+23".

Tpy=0 Tpv= Tpy=
18—y |0 8/2 Ix—-xn,,\>n /2
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On account of (9.2) the following holds in the interval — 1 < 2 < 0.

, . (1 — 2)pi(a)
9. 20, < 2y
®-D [onle) | = 0 e ) & — W)
W (L o) pi(®)
== 2 ny
=Ti=q - d=w " e @ — oy
n—8/2 —-B/-
ST =Tl

From (9.6) we have

” ey (L — %2) p"(x)
3" ()| = 1Y (1 —a2) pix,,)

But owing to (8.10), we have

(nw 1 (-2 ()
16 wn, (1 —a3,) [_d_ P(p,<q—1/2))]
dt o =202 —1
an an(x)l < for n = 2m
o, (1 — 2 pa(x)
16 (1 — @3,)° [ d P (q+1/2)>(t)]
de " t=222 -1

for n =2m + 1
which by (5.8), and Lemmas 6.1 and 6.2 gives

9.8) 27 p,.(2)]
nslz[éo( —1) n? yietd +ym§{ ( _.1) n? _)ﬂ]

9p+4 \ /nll+3

for n = 2m

=
I P i) - v nt pet
o [—"“’W*+ S0 2 2+ Som) 2 2

for n =2m + 1.
For n = 2m + 1 we obtain by using (6.2)

(1 — 2)pa(x) _ (1 — 2P PrgnLit O(n™) )
p,f(O) [anp_(qﬂlz >]2 (m N q -+ 1 )2
2
m

From this as well as from (9.8) we see that in the interval
—1<2=0

(9.9) 3 0ul@)| = O ) .
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Similarly it follows in the interval 0 < # < 1 that

S 1oul@) | = 0@ .
At @ = + 1, the lemma obviously holds.

10. The proof of the Theorem 1. We now apply the usual
argument. We have S,(x, f) our interpolating polynomial and II(x)
an arbitrary polynomial of degree 2n at most. Then there holds

10.0)  Sue,f) = f@) = S,(a, £~ 1) + () — f(z) .
From (2.1) and (1.11) we get
(10.2)
Su(#, f) = fl@) = 3 {f(@) — M@ )bru(@) + 5 @5 — 1'(@.)0m (@) -
Now by Weistrass approximation theorem for —1 ¢ =1
(10.3) I(z) — f(z) = o(1) .
Now

S {f(@0) — T (@)} (@)
(10.4) e

= max [f@) — @5, |7r.@)]| = o(1)

owing to (10.3) and Lemma 8.1
If M = max. [I'(x) then in the interval —1 <2 <1

(10.5) |3k — 7 (@)0n@) | = (en"+ M) 3| 0u(@) | = o(1)

in consequence of Lemma 9.1 and |B,.| =< ¢n”, where 0 =<7 < % <1

and ¢ = (2p,q) > 0.
Thus (10.2), (10.3), (10.4) and (10.5) complete the proof of our
Theorem 1.

11. Proof of Theorem 2. The conjugate points belonging to
our point-system owing to (4.6), (1.8) and Lemma 7.1 (i) are given by

Xn» = Xy + Ly
9 { PLn G }
(11.1) 1— a2, 2
— [2p+(1—~2p—q)(1~oc‘iy)]
2p — 2p + @) (1 — a2,)

xnuio-
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If however z,, = 0 i.e., in the case when n =2m + 1 and v =
m -+ 1, then it follows from (4.6), (1.8) and Lemma 7.1(ii) that

X;mi—l:m-(—l = oo,

Now we shall make use of the following statements in the proof
of Theorem 2.

Let (o, B) be a fixed part of the interval [— 1, 1] but as small as
we please. Consider the fundamental point system (4.3) or (4.4). We
prove that for any value of n sufficiently large at least one member
of the series of triangular matrix of the fundamental point-system lies
within the interval («, 8). Let

0 for — 1= <a
fy=4(zx—a)(f—z) forasax =8
0 for <=1,

Then f(x) is apparently continuous in the interval — 1 <o < 1. Let
us assume that it is not so then there is a series n, < 1, < Ny« -+ <My« -
such that no member of the point group belonging to these indices
Lirty Lmivzy ** %y Tuins (0= 1,2, -++) lie in the interval («, 8). Therefore
in the interval — 1 = ¢ =1 lim,_..S,;(f, ) = 0 holds. On the other-
hand according to Theorem 1 in place of x = a + B/2

. a+BY_[a—BY
tim S.f, ) = 5( 55 5) = (45 5) # 0
contradicts the foregoing inference, i.e., point-system (4.3) or (4.4) lie
thickly in the interval — 1L < a < 1. It can also be proved that the
conjugate point-system belonging to (4.3) or (4.4) thickly cover the
interval —1 <2 =< 1.

The conjugate points belonging to points z,, = 0 can according
to (11.1) be obtained from the function

l—q—(1—2p—q)x2]

r) =2

9(@) [ (2p + g@)x* — q

in the places z,,. In the interval — 1 =<2 <1, ¢'(x) < 0. Therefore

the function g(z) in the interval (— v/¢/2p + ¢, 1/¢/2p + q) which on

account of 0 < p < —;- and 0 < ¢ < 1 forms a part interval of [— 1, 1]

diminishes continuously, is continuous and its value includes all values
from + oo to — co. There must also be two points a, and b, different
from each other within the interval [— 1/q/2p + ¢, 1¢/2p + ¢] so
that g¢g(e,) = —1 and g(b) =1. Since ¢'(x) <0 it follows that
—1=g(x) =1 holds in the interval b, <z < a,. Let a, and b, be
again two different real values for which — 1 < a, < b, < 1 holds.
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Then there must obviously lie in the interval (a, b,) two different
points a; and b, such that g(a,) = a, and g(b,) = b,. Since we have already
proved that at least one point of each series of the point-system (4.3) or
(4.4) must belong to the index n within the interval (as, b;). There-
fore it follows that the conjugate points belonging to the fundamental
points lying within the interval («, 8) must owing to monotony of
g(2) from this index onwards lie within the interval (a., b.), a. and b,
can lie as near to each other as we please. Thus Theorem 2 is proved.
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