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ON MAPS WITH IDENTICAL FIXED POINT SETS

ROBERT F. BROWN

If two maps on a space X, which admits a fixed point index,
have identical sets of fixed points and agree on an open subset
of X which contains the fixed point set, then the maps have
the same Lefschetz number, If the subset is closed, the con-
clusion is no longer true in general, However, a theorem of
Leray implies that some kinds of maps on cartesian products
of convexoid spaces which agree on a certain closed subset of
their common fixed point set do have the same Lefschetz num-
ber, even though the maps may not be homotopic and may not
agree on any open set containing the fixed point set. The
purpose of this note is to prove a very general form of Leray’s
theorem for maps on ANR’s,

LEMMA, Let X be a compact ANR, let A be a closed subset of
X, and let f,g: X— X be maps such that f(a) = g(a) for all ac A.
Given v > 0, there exists an open subset V of X containing A and
a map H: V x I— X such that H(x, 0) = f(x), H(x, 1) = g(x) and

d(f(x), H(x, 1)) <~
for all xe V,tel, where d denotes the metric of X.

Proof. Imbed X in the Hilbert cube I*, then there is a retrac-
tion r: U-— X defined on some open subset U of I~ containing X. Let
d be the metric of I, then there exists » > 0 such that

XS NX,peU,

where N(X,7) = {ee I |inf,ey d(e, ) = 7}. One can find 6 >0 such
that e, e, N(X, %) and d(e,, e,) < 0 implies d(r(e,), r(¢)) < v. Further-
more, there exists { > 0 such that if », 2, X and d(x,, 2,) < {, then
d(f(x), f(z,)) and d(g(x,), g(x,)) are both less than the smaller of §/2
and 7. Let V= {re X|inf,e,d(x,a) <} and define H: V x [ — X by
H(x, t) = (1 — t)f(x) + tg(x)) for xe V,tel.

For maps f,9: X— Y let C(f,g9) = {vxe X|f(x) =g(x)}. Let 1
denote the fixed point index for the category of compact ANR’s [1].
For US X, let oU be the boundary of U and U the closure of U.

THEOREM. Let § = (X, p, B) be a Hurewicz fibre space where X
and B are compact ANR’s. Given a map f: X— X and an open
subset U of X such that f(x) = a for all x€dU, if g: X— X is a
map such that pg = pf and C(p, pf) N USC(f, g), then
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Wf, U) =g, U).
In particular, if C(p, pf) =S C(f, 9), then L(f) = L(g), where L de-
notes the Lefschetz number.

Proof. We recall that since B is an ANR, it is ULC, that is,
there exists an open subset W of B x B containing the diagonal and
a map 0: W— Bf such that for b, b,e W,

ﬁ(bl, bz)(o) = bl, 0([)1, b_,)(l) = b, ’

and 6(b,b)(t) =b for all tcl. Let d’ be the metric of B. There
exists ¢ > 0 such that d'(b,, b,) < ¢ implies (b, b,) € W. Furthermore,
there exists v > 0 such that if #,, x,¢ X and d(x;, %,) < 7, then

d'(p(x,), p(x,)) < €.

Applying the lemma for 4 = C(p, fp) N U and this v, we have an open
subset V of X containing A and a homotopy H: V x I— X. Let 0
be open in X such that ACOS OZ V. Set Q = Un O and consider

H:QxI—-X.

There is a regular lifting function » for & [3]. Define G;: Q@ x I— X
by

Gi(w, t) = M f(x), 0,(x)](1)
where 0): Q — X* is given by
0:(2)(s) = 0(pH(x, s), pf(@))(?) .

For the map \: X?— X7 defined by X(a) = Ma(0), pa], there is a
homotopy K: X7 x I— X' such that

K@, 0) = a, K(a, 1) = Ma), pK(a, s)(t) = pa(t)
for all ae X', tel, and if « is a constant path then K(«,?) = a for
all teI [2, Proposition 1]. Define G,: Q@ x I — X by
Gy(w, t) = K(H'(%), t)(1)
where H’: Q — X7 is induced by H. Finally, consider G:Q x [ - X
where
Guz,1—2t) if 0=t=1/2

G(z, 1) = Gy(z, 2 — 2¢) if 12<¢<1

then G(z, 0) = f(x), G(x, 1) = g(x) and pG(z,t) = pflx) forall tel. If
xco@ and x ¢ A, then p(x) # pf(x) so & = G(zx, t) for all tel, If
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reoQ N4,

then f(x) = g(x) and by construction H(zx,t) = f(x) for all teI so by
the properties of 6 and K, G(z,t) = f(x) foralltel. SincedONA=¢
and 0Q S 0U U 00, then xcdU so f(x) = = by hypothesis which implies
G(x, t) # x. Hence, by the homotopy axiom of the fixed point index
1], «(f, Q) = i(9,Q). If xedoU, then f(x) # x and g(x) + « while if
xe Uand f(x) = 2 = g(x) then xe AN UcC Q. Therefore f and g have

no fixed points on U — @ and by the additivity axiom,
o f, U) =g, U) .

The last sentence of the theorem follows by taking U = X and using

the normalization axiom: i(f, X) = L(f).
As a special case, we obtain the result which Leray proved for

convexoid spaces [4, Theorem 26].

COROLLARY. Let X and Y be compact ANR’s. Maps
[ XxY—->X,9g:XxY—>Y
wnduce f X g: X X Y— X x Y defined by
(f x o), y) = (fl2, v), 9(x, ¥)) .

Suppose U is an open subset of X x Y such that f x g has no fived
points on oU., If h: X x Y— Y is a map with the property that
@, y)e U and f(x,y) = x implies h(x,y) = g(x, y), then

W(fxhU)=1if*xg U).

Proof. The maps f x g and f X h satisfy the hypotheses of the
‘theorem with respect to the trivial fibration of X x Y over X.

REFERENCES

1. F. Browder, On the fized point index for continuous mappings of locally connected
.spaces, Summa Brasil. Math. 4 (1960), 253-293.

‘2. E. Fadell, On fibre spaces, Trans. Amer. Math. Soc. 90 (1959), 1-14.

8. W. Hurewicz, On the concept of a fibre space, Proec. Nat. Acad. Sei. U.S.A. 41
(1955), 956-961.

4. J. Leray, Sur les équations et les transformations, J. Math. Pures Appl. (9 me
Série) 24 (1945), 201-248.

Reiceved March 4, 1966. This research was supported in part by the National
‘Science Foundation Grant GP-4018.

UNIVERSITY OF CALIFORNIA, LOS ANGELES








