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A RIEMANNIAN SPACE WITH STRICTLY
POSITIVE SECTIONAL CURVATURE

GRIGORIOS TSAGAS

Let M, and M, be two Riemannian spaces! with Riemannian
metrics d; and d; respectively whose sectional curvature is
positive constant, We consider the product of the two
Riemannian spaces M, X M,, then the Riemannian space
M, X M, has nonnegative sectional curvature with respect to
the Riemannian metric d; X d; but not strictly positive

sectional curvature,
We can construct a Riemannian metric on M; X M, which

approaches the Riemannian metric d; X d: as closely as we
wish and which has strictly positive sectional curvature,

Now, our results can be stated as follows. We consider two
manifolds M,(H, — E, q,), M,(H, — E,, q,) such that each of them has
only one chart where H,, E, are the south hemisphere and the equator,
respectively, of a k-dimensional sphere (k = 2) and E,, H, are also
the south hemisphere and the equator, respectively, of an n-dimensional
sphere (n = 2), and ¢,, g, are special mappings. We also consider on
M, and M, particular Riemannian metrics d,, d,, respectively, with
positive constant sectional curvature. We obtain a special 1-parameter
family of Riemannian metrics F(¢t) on M, x M, such that F(0) =d, x d,.
We have proved that vPe M, x M, the derivative of the sectional
curvature with respect to the parameter ¢ for ¢t =0 and for any
plane of (M, X M,),, is strictly positive.

1. Let M, be a manifold which consists of one chart (H, — E,, q,),
where H,, E, are the south hemisphere and the equator, respectively,
of a k-dimensional sphere S¥(k = 2) and the inverse mapping of ¢, is
defined as follows

gt = {xl — 2u, . ot = 2uy,

T+u+ - t+u’ It ult--+ul’
por = M4t —1)
L+ul+ oo +up)’

q, maps the open set H, — E, onto the open ball u? + ... + % < 1,
On the manifold M,, we take the following Riemannian metric

1 A Riemannian space is a Riemannian manifold covered with one chart ([5], p.
314).
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4
dl:dsfz{duz...zdkkz . __,
(L.1) A+ ul+ -+ u)

dij=0ifi¢j},

whose sectional curvature is positive constant.

Let M, be another manifold which consists of one chart (H,— E,, q,),
where H,, E, are the south hemisphere and the equator, respectively, of
an n-dimensional sphere S7(n = 2) and the inverse mapping of ¢, is
defined by

= {1171 — 201y ..
2 - - ’ b
1+ wh + 00 + Ukia
o = Ui gt — W T cc + UGy — 1}
’
1+u2+1+'..+ui+n 1+u?c+1+"'+u?c+n

q. maps the open set H, — E, onto the open ball 2., + --- + u?,, <O0.
On the manifold M,, we also take the following Riemannian metric

d, = as; = {dk+1k+1 = = dk+nk+n

(1.2) 4

T Uy Ao Ul

dwszi;ej},

whose sectional curvature is positive constant.

Consider the product of the two manifolds M, x M,. Then M,x M,
is a manifold with one chart {(H, — E)) X (H, — E,), q, X q,}.

We define a 1l-parameter family of Riemannian metrics on the
manifold M, x M, defined by

41 + tf)

A+ ul+ - +ud)’
(1.3) dS*(t) = <Grrr1pe1 = *** = Gitnkin
_ 4(1 + tp)

(I + Uksr + o v+ Ulgn

Ju = **° = Gy =

)2,gij:0ifi;éj,

Where —b < t < by P = ?(uu ty uk)) f = f(uk+1’ cccy uk+n)-
The Riemannian metric dS?(0) coincides with the product Rieman-
nian metric dS? x dS? of the two manifolds M, and M,.

2. We shall calculate the components R,;;, of the Riemannian
curvature tensor when the index 7 = 1, because the other cases are
similar to these.

If h =1, there exist the following distinguished cases in which
R,;;, do not vanish identically.
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leljyj = 2y "'yk) R1k+j1k+jyj = 1? b

» 7,
lejlyjilajzzv "'yk:l:29 "'sk

’

lejk+lyj - 25 "'9kyl: 1, R (Y
R1k+:ik+jl,j:1’ ---,n,l:Z, "'ykv

-Rlijl,i;/__j#:l,izzy "'yk+n,.7':2v "'yk+nyl:2y "',k+n
As it is known, R,;;, is given by ([12], p. 18)

2
Rm‘zz—;—< 0'9:; + 0.

_ 0°g;; = 0°g. )
0,0, 0, 0%; ou,0u, O ;0 ;

r)(s r)(s
- g”(iinu} - {u}{u}) !
where {%}, {fl}’ {Zi}, {1‘? } are the Christoffel symbols of the second
kind.

From the above formula by virtue of (1.3) we obtain

_ _ 16(1 + tf) tt  B* ( of
2.1) Ry, = — B
(2.1) A 1T tp A=

2
y.:2y"'yky
auk+i> ’

2 5 ? Eop
Rivipes = (T;)?{A 22 4 240,20 — 243 0,22

ou? U, ou;
o°f of S af }
+ B*—L_ + 2Bu,.; — 2B > Uy
(2.2) UL 5 * ukﬂaukﬂ 129&1 - Ui

e G

y .:17"°yn)
C+enHa 1+ t(p)Bzf 7

(2.3) Rin=0j#0,=2,kl=2. -k,
of 0P
24 OUpey OU, -+ _
@.4) Rl:iik+l: ZW,J~2,"',k,l—l,...,ny
= = 2L TP 2 09 2 Op)
Riijrin = B ouon, + A 9 + A ou
(2.5) ‘3?’@2
2—M—Yj:1""ynyl:2y"'yka
1 + tp)B*
R,y=0,t#3#1,1=2,.-+,k + n,
(2.6) it J

_7.:2,"',k+%,l=2,"',k+n,
where
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2.7) A=1+ui+ -+ + ut, B=1+wul,,+ -+« +ui,,.

If the functions @ and f are chosen such that they satisfy the
systems of partial differential equations

o*p 2u, op . 2u; op —0
(2.8) ouU;0U ; A ou; A ou;
iij,izl,"',k,j:l,"',k,

’

(2.9) 0U,0U, B ou, B ou,
h=l,h=k+1,--- E+nl=k+1 --- k+n,

Of L 2w 8f L 2w 3f _

’

respectively and if me]l, ---, k] and
telk+1,--- k+nl,i#jelk+1, .-,k + nj

or if melk+1,---,k+n] and 1€[1, .-+, k],2 =7¢€][l,---, k], then
we have

of  of op op

(2.10) Rimmj = tz aui a?/bj 2 ? or Rim'fﬂj =1t aui auj 2 °
1+ tHA 1 + tp)B

We consider one partial differential equation of the system (2.8),
for example,

0% L 2w op L 2 0P
U, 0U, A ou, A ou,

b

or
2.11) o0*p n olog A op n dlog A dp —90.
0U,0U, ow,  0U, 0, 0w,
From the first of (2.7), we conclude that
(2.12) ’logA _ _ odlogA dlog A
) o, 0, ou, ou,

Equation (2.11), by virtue of (2.12), takes the form
2
’p n olog A op I dlog A d0p

o0, 0U, ou,  0u, ou, ou,
0*log A dlog A dlog A
+ -+ =0,
0U,0U, ? ou, 0y ?

or
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0 {aq) dlog A } dlog A { op dolog A }_0
ou, au2+ U, Pyt ou, 16u2+ ou, Pp="

from which we obtain

2.13) Op , dlogd

v
L-o,
ou, O, A

where v is an arbitrary function of u,, «--, u,.
Equation (2.13) is a linear differential equation whose general
solution is

(2.14) o= %(z + Svdm) ,

where z is an arbitrary function of w,, us, -« -, %,.
Relation (2.14), by virtue of the first of (2.7), takes the form

2.15 — My, Uy - vy Uy) A (U, - e -y W)
(2.15) ? 1+wl+ -0 +ui

b

where z = ap, \vdu, = ar and « is an arbitrary real constant.

In order for the function ¢ to satisfy the rest of partial differential
equations of the system (2.8), as it is easily proved that it must have
the form

2.16 — @) + - + Pu(w)
®19 7 1+ut+ - +ul

’

where ¢, ---, ¢, are arbitrary functions of w,, ---, u,, respectively.
Similarly, in order for the function f to satisfy the system of
partial differential equations (2.9), it must have the form

(2.17) f=a JieriWis)) + 220 + frrnMisn) ,
14 Uy + oo + Uiss

where fi11, * -+, fria are arbitrary functions of u,.,, ««-, Ui, respec-
tively.
From (2.1), (2.2), (2.4) and (2.10), we obtain

16 o 16f .
(2.18) R.,,(0) = — 7467’ R, 0) = — A{ F=2 ek,

’ 2 & 0
B iinei(0) = 0, Rlps 1 s(0) = (AB)? {A2 a’z; + 2 a’i

@19 _oas w92 4 g 9 Loy, O 93w, 0 } :

ou; Wi+ 5 WU+ 5 7] Uyt

j:l,oo.’n
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(2.20) Rjji1(0) = R;;,4(0) =0, j=2,-e0,0l=1,--0,m,
(2°21) R1k+jk+jl(0) = ;k+jk+jl(0) =0 y .7 = 17 cty n’l = 1y e, M,

where R};; denotes the derivative of R,,;, with respect to the parameter
t.
From (1.1), (1.2) and (1.3), we obtain the following formulas

9u(0) = -+- = g, (0) = dy,

Iri16+1(0) = <+ = Grrniia(0) = divniran
91(0) = -+ = g3.(0) = fd,,,

Git1241(0) = =+ + = Ghvnita(0) = Pdiprisn

Relations (2.18) and (2.19) by means of (2.7) and (2.22) take the
form

(2.22)

(2.23) R, = —diy, Ri;;0) = —fdiy,  §=2,---,k,

’ 11 1 ? a
R sier5(0) = 0, Rlssess(0) = 2 d'gl“ {Az "”a;f + 24u, 22

—ZAiuia(p +B2"_ai—‘|‘23%k+jaaf _2Biuk+j of }

ou; 0UL 4 ; WU+ ; 1] WUk+i

j=1,0k.

(2.24)

3, Let P be any point of M, x M,. Then the k + n vectors
00Uy, ++ -, 0/0U;, 0/0U;1y, +++, 0/0U,., form an orthonormal basis of the
tangent space (M, X M,),.

As it is known, the sectional curvature of the plane spanned by
0/ou,, 0fou,;,j = 2, -++, k, is given by

K,=—-Lus 2.k,
9u9;;

which implies

(3.1) K{J(O) - R;jlj(o)gu(o)gjj(o) _ lelj(o){gil(o)gjj(o) + gu(o)g;'j(o)}
94(0)g3,(0)

Relation (3.1), by virtue of (2.22) and (2.23), takes the form

3.2) K/;(0) = — f.
Similarly, calculating Kj,,..;(0), we obtain
(3.3) Kii11450) = — ..

Formulas (3.2) and (3.3), by means of (2.16) and (2.17), take the
form
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K'(0) = — afk+1(uk+1) + oo+ frra(Wrrn)
40 Lt ey + oo + Ui

K’ (0) = — a@l(ul) + e + @k(uk)
k+1k+a() 1+uf+---+ui

’

b

respectively. In order for K/;(0), Ki.,:+;(0) to be positive, we must
have a < O’fk+j(u'k+j) > Oyj = 1y MR () ¢z(uz) > Os 1= 1y Tty k’ which
means the real number « must be negative and the functions f,.;(%;. ;)
and @,(u;) must be positive when the corresponding variable takes
values in the interval(—1, 1).

The sectional curvature of the plane spanned by d/ou,, 0/ou,.; is
given by

Klk-)-j:_My l:ly...’k,j:]_,...,n,

9ulk+ir+i

which, by virtue of (2.22) and either (2.24) or similar to (2.24), takes
the form

k
Ko y(0) = — X {A2 0P+ 24u, 02 — 245, u.0
3.4) 8 o, = 0uy,
+ B0 oy, O _apsiy,, 0 }
0Wiy Uy, 5 i Uyt i

In order for Kj..;(0) to be positive and because the functions ¢ and
f are independent, it must be

(3.5) Aza@ +2Au,g‘7) — 243, ;9’ <0, 1=1,--k,
l

il )

B® of +2Buk+yaaf _2B2n|uk+i

(3.6) OU%yj Wi+ j i) Wi+s

i=1 <0 n.

Inequalities (3.5) and (8.6), by virtue of (2.16) and (2.17), become

af 4P S : } _
Al plP 9450 2P 22 - A)Splt<0, I=1,--4k,
A{ du 2 g A V2P <

dui+; =t Wt

%—{Bz-d—z‘éﬂ — ZBiuHi—g‘fﬁ - 22— B):z_;.fkﬂ} <0,

which imply
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A2d2¢, ZAZu d¢’z_2(2_A)i<pi>0, l=1.---,k,

du; du;
(3.7) B ks & fis s ZBZ’LL dfk-M — 2(2 — B) ifk+i >0,
dui; dukﬂ i=1
_7' — ]_’ e, M

If the funetions fi,; = firi{(%is;), P; = pi(u;) are chosen to have
the form

(B8 fios =yt o =L mp = w4 S i =1k,
then the inequalities (3.7) take the form
2—-—A>0, 2—-B>0,
which, by virtue of (2.7), become
1—wf— e —ui >0,  1—ufy — o0 —uiy, >0,

which are valid on the open balls %2+ -+ +ul <1, ul,, + --+ +
ut., < 1, respectively.
Relations (2.16) and (2.17), by means of (3.8), take the form

(3.9) f:aui+1+...+ui+n+1/2, :auf+...+u3€+1/2.

Wipr + 200 + Uk + 1 uitoeee tup+ 1

The second of (2.24) or similar to that and (3.4), by means of (3.9),
become

2a
R (0) =
tes e s(0) L+ wl + oor + WP+ ubey + oo uls,)
% 1____/I/L%._...-—-/I,L§7 +1“—ui+1“"'—u?¢+n
T wt o tul  Ltui, o+ tudn)’
) A k+1 ktn
1—?,(,2—-—-°""‘u2 1——%2 — e — U
K (0 :_ﬁ{ H ko [ k+n}
tr+4(0) 8L+ uf+4 -« + uj Lt by + oo+ ubyn)

l:l,...’k’j:l’...,n

Using the fact that o < 0, then following inequalities are obtained
from the above relations:

(3'10) R;k+jlk+j(0) < 0 ] Kl,k+j(0) > O ’ l - 1y Tty ky j = ly ctty n ]

which are valid on the open balls u? + -+« + %l <1, ud,, + «++ +
i, < 1.

Let &(&, ---, &*") and 2(z!, ---, 2**") be any two vectors of the
tangent space (M, x M,),. The sectional curvature of the plane
spanned by & and z is given by ([11], p. 12)
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= Ry 2" 278!
(Gn19:; — 91i9:)2" 275 ’
or
A
3.11 K==L,
(3.11) B
where

(3.12) A, = Ry ;2" 278 B, = (91.9:; — 91;9:)2"276%¢ .
From (3.11), the following is obtained:

K'(0) = AI(O)BI(OLZ(OA)‘L(O)B{(O) .

From (3.12), by virtue of (2.3), (2.6), (2.20), (2.21), (2.22), (2.23),
(2.24) and similar formulas to (2.23) and (2.24), we obtain

A(0) = — Cdiy — Ddiyyps
A0) = — fCd}, — pDdisipnn + T,

(3'15) BI(O) = - Cdﬁ - Ddiﬂ k1 Edndk+1 k+i oy
(3.16) B/(0) = — 2fCd}, — 29Dd} sy 44y — (f + P)Ed, Aisrpsr

(3.13)

(3.14)

where
k k4+n k+n k n
317 C=3 a;, D= > > a;, E=733 Gy,
iD= ikr1 i<i=k+2 b |
k n A i
(3.18) T =33 Rirju+i(0)ahsj, Qi = (26™ — 2™ .

=1 j=1

Relation (3.13), by means of (3.14), takes the form
K'(0) = TB(O) + CGd}, + DJdis,,,

(3.19) BA0) ,
where
(3.20) G = B/(0) — fB(0), J = B/(0)— @B(0).

Formulas (3.20), by virtue of (3.15), and (3.16), become
3.21) G=L-@p— f)Ddiss+n, J=N-—@2f—)Cdi,
where

L= — pEd,d; 1+, — fCdL, ,

3.22)
( N = — fEd,dys1141 — C}’Dd?cﬂkﬂ .
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Relation (3.19), by means of (3.21), takes the form

3.23) K'(0) = TBLO) + CLd% + DN@ipes — ( + @)CDdidh 1o
' BX(0) ‘

From (3.15) and (3.22), by means of (3.17), and because the
functions f and ¢ are negative, we conclude

(3.24) B(0)<0, L>0, N>O0.

The first of (3.18), by virtue of the first inequality of (3.10),
implies

(3.25) T=0.

Formula (3.23), by means of (3.17), (3.24), (3.25) and f < 0, ¢ < 0,
implies

K'(0) >0,

because it is not possible that simultaneously C = D = T = 0 for the
two vectors & and z.
Hence, we have the following theorem.

THEOREM. Let M, and M, be two special Riemannian spaces
with constant positive sectional curvature defined im §1. If we
consider a special l-parameter family of Riemannian metrics F(t)
on M, x M, defined by (1.3), where the functions f, @ have the form
(3.9), then the derivative of the sectional curvature with respect to
the parameter t for t =0 and for any plane of (M, X M), and
VPe M, X M, is strictly positive.

From the above, we conclude that, if the parameter ¢ is positive
and small enough, then the corresponding Riemannian metric F'(¢)
defined by (1.3) on M, x M,, where the functions f and @ have the
form (3.9), has strictly positive sectional curvature.

I wish to express here my thanks to Professor S. Kobayashi for
many good ideas I obtained from conversations with him.
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