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ABSOLUTE (C, 1):(N, p») SUMMABILITY OF A
FOURIER SERIES AND ITS CONJUGATE SERIES

H. P. DiksHIT

In the present paper we have established theorems con-
cerning absolute (C, 1)-(N, p,) summability of a Fourier series
and its conjugate series, Incidentally these theorems include
as special cases previous theorems on the | C |-summability of
Fourier series and its conjugate series due to Bosanquet and
Bosanquet and Hyslop.

1. Definitions and notations. Let Ya, be a given infinite series
with the sequence of partial sums {<,}. Let {p,} be a sequence of
constants, real or complex, and let us write P, = p, + 0, + +++ + D.;
P - = P = 0.

The sequence-to-sequence transformation:

(L.1) t, =3 p.S%P, = > Pa,JP, (P, #0),
v=0 v=0

defines the sequence {t,} of Norlund means [9] of the sequence {7},
generated by the sequence of coefficients {p,}. The series Ya, is said
to be summable (N, p,) to the sum &7 if lim,_. ¢, exists and is equal
to &7, and is said to be absolutely summable (N, p,) or summable
| N, p.| [8], if the sequence {t,} is of bounded variation, that is, the
infinite series >, |¢, — t.—.| < co.! In the special case in which

(1.2) m:(n+a—1) I'n + a)

= — -1
a—1 T+ D@ @@=~ Y
the Norlund mean reduces to the familiar (C, &) mean.

The summability | N, p, |, where {p,} is defined by (1.2), is the
same as summability |C, a|.

The conditions for the regularity of the (N, p,) method of sum-

mation are

(1.3)  limp,/P, =0 and X [p|=0(P,)), n—oo.
n—oo k=0

We define the (C, 1)-(N, p,) mean of {<} as the (C,1) mean of
{t.}, the sequence of Norlund means of {<4}. We write ¢. and u} for
the (C, 1) means of {¢,} and {u,} = {n(¢t, — t,_,)}, respectively. Thus
the (C, 1)-(N, p,) mean of {&4} is

1 Symbolically, {tx}€BV. Similarly by ‘f(x)€ BV(a,b)’ we mean that f(z) is a

function of bounded variation in the interval (a,bd) and by {y.}€B that {y.} is a
bounded sequence.
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(1.4) £ = g:,) t)n + 1) .

The series Za, is said to be summable (C, 1)-(V, p,) to the sum ¢
if lim,_.. t. exists and is equal to ¢ and is said to be absolutely summable
(C,1)+(N, p,) or summable |(C,1)-(N, p,)|, if 3., [t, — t._,| < oo.

Let f(t) be a periodic function, with period 27 and integrable in

the sense of Lebesgue over (—7, 7). We assume without any loss of
generality that the constant term in the Fourier series of f(¢) is zero,

so that | f(9dt = 0, and

(1.5) F(t) ~ f: (@, cos nt + b, sin nt) = 2 AL ) .
Then the conjugate series of (1.5) is

(1.6) g‘,l (b, cos nt — a, sin nt) = 2‘1 B,(t) .

We write throughout:

P(t) = %{f(x O +FE=0); vO = @+ 0~ f@—b)

Pit) = £01) ; 0,(t) = | plu)du
R, = (np,)/P, ; ¢y = S {( + DR}
Sn:AS;-;P»(v—i_l)_l/Pn; Anfn:fn_f'n+l;

t = [x/t], i.e., the greatest integer contained in x/t.
K, denotes a positive constant not necessarily the same at each
occurrence.

2. Introduction. Astrachan has proved the following theorem
for the (N, p,):(C, 1) summability of a Fourier series.

THEOREM A2, The (N, p,)-(C, 1) method is K,-effective (0 <a <1),
provided the generating sequence satisfies the conditions

2.1 {R.}eB,

.2) {kzz‘, k| 4| /Pn} ¢B

2 Astrachan [1], §11, Theorem II. In Astrachan’s notations (N, pa)-(C,1) is
denoted by (N, p»)-Ci. In [4] the present author has indicated and supplied a defi-
ciency in the proof of this theorem.
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and
(2.3) {kz_; k| P, l/Pn} ¢B.

Theorem A implies inter alia that the Fourier series of f(¢) is
summable (N, p,)-(C, 1), at every point ¢ = x, at which lim,_, ¢,(t) =
f(@).

Since bounded variation is the property associated with absolute
summability in the same sense in which continuity is associated with
ordinary summability it may be expected that the bounded variation
of o,(t) over (0, ) along with the bounded variation of sequences in
(2.1)-(2.3) may be sufficient to ensure the | (C, 1)-(N, p,) | summability
of the Fourier series of f(t), at ¢ = #. That, this is indeed, true,
in one of the most important cases: when {p,} is a positive, monotonic
nonincreasing sequence, is established in our Theorem 1. Since in this
case if {R,} € BV then the sequence in (2.2) is automatically of bounded
variation and {S,} e BV is equivalent to P,c, = O(1) ([14]; [12]) which
in its turn is equivalent to {S,} € B ([12]; [13]), therefore the hypotheses:
{R,}€BV and P,c, = O(l), or equivalently, {R,} € BV and {S,}eB,
are sufficient to ensure the |(C, 1)-(N, p,)| summability of the Fourier
series at a point.

Incidentally, the following form of a result of Bosanquet follows
as a corollary from our Theorem 1, when we observe that the (C, d)
mean is a special case of the (NN, p,) mean and appeal to Kogbetliantz

[6].

THEOREM B [2]. If @.(t) e BV(0, %), then the Fourier series of
f(@), at t = », is summable |C,1 + 6|, for every é > 0.

Concerning the | N, p,| summability of the conjugate series Pati
has recently proved the following theorem.

TaEoREM C [12]. If v(f) € BV(0, ), S"rlw(t)idt < K and {p.}
0
18 a positive sequence such that {R,}e BV and {S,}e€ BV then the
conjugate series of the Fourier series of f(t), at t = «, is summable
[N, p.|.

The object of our Theorem 2 and Theorem 3 is to study the
| (C, 1)-(N, p,)| summability of the conjugate series under each of the
two conditions on ++(¢f) used in Theorem C. We observe here that
our Theorem 2 and Theorem 3 contain as special cases the following
two theorems of Bosanquet and Hyslop on the |C| summability of
the conjugate series, respectively.
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TuEOREM D If Sﬂt“lap(t) |dt < K, then the conjugate series of
0

the Fourier series of f(t), at t =x, ts summable |C,1+ 6|, for
every 0 > 0.

THEOREM E*. If +(t)e BV(0,x), then the sequence {nB,(x)} is
summable |C,1 + d|, for every ¢ > 0.

3. We establish the following theorems.

THEOREM 1. If ¢,(t) e BV(0, ) and {p,} is a positive, monotonic
nonincreasing sequence, such that (i) {R,} € BV and (ii) {P,c,} € B, then
the Fourier series of f(t), at t = x, 1s summable |(C, 1)-(N, p,)|.

THEOREM 2. If Kt—ll’!//‘(t)ldt_g_ K, and {p,} satisfies the same

0
conditions as in Theorem 1, then the conjugate series of the Fourier
series of f(t), at t = x, 1s summable |(C, 1)-(N, p,)|.

THEOREM 3. If +(t)e BV(0, ) and {p,} satisfies the same condi-
tions as im Theorem 1, them the sequence {nB,(x)} is summable

[(C,1)-(N, p.)|.
4. We require the following lemmas for the proof of our theorems.

LemmA 1 [7]. If {q.} ts monmegative and nonincreasing, then
for 0a<sb= 0,0t <7, and any n

b
kg:l g, €Xp {i(n - k)t} é KQT ’
where T = [r/t] and Q, = ¢ + ¢, + *++ + qn.
Lemma 2°. If {p,} ts a positive sequence and (i) and (ii) hold,

then uniformly in 0 <t < m,

S 5o |3 (P, — p, P IR R

=K.
n P,P,_, li=o n—k -

5. Proof of Theorem 1. We have by a well known identity
of Kogbetliantz [6],
tL —th_ = nul

3 Bosanquet and Hyslop [3], Theorem 1, when a = 0.
4 Bosanquet and Hyslop [3], Theorem 5.
5 Pati [12] and Varshney [14]. For a more general result see Dikshit [5].
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Therefore, in order to prove the theorem, it is sufficient to show that

2w | = K.
n

Now, as in Pati [10], for the series (1.5), we have

by — by = 35{ 5P z (P.pe — p.Py) cos (n — K)t}p(t)dt .

Hence
1 2 T n v—1 _ _
n u,,~-;§{n(n S (P~ pP) cos kytf(t)dt
= 2{'gm, vt ,
T Jo
where
D g = py S, (Pp, — p.P) cos (v — )t .

m(n + 1) =P PM k=0

Integrating by parts, we get
[io00m, tat = (@00 m, 0% — [[0.00-L g(n, vt
_ 1 _( d
= [tpgm O)ee: = | (t-L g, 0)(t)at
_ " . t —(-i— . T
= [tp.O0m, D]i-x — [ 2.0] u L g, wau |
T t d L
+ [{ 1wl gn, wanldg,t) .
But
S‘ d — gt -
U —g'(n, u)ydu = tg'(n, t) — g g'(n, u)du .
o du 0
Thus
[Ogm, vat = [ ftem, 1 - | g, wauldp
and therefore,

Z s ul = 3| [ {0 - | v, wauldp,o |
= lap 1{ts 100,01 + 3 |[ ¢n, waul }
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since by hypothesis, rl do(t)| £ K, it suffices for our purpose to show
0
that, uniformly in 0 <t < 7,

(5.2) t; lg'(n, )| = K,
and
(5.3) > |S:g‘('n, u)du; <K.

In order to establish (5.2), we prove that uniformly in0 <t <7

n v y—1 .
64 13t |3 52— 5 (Pp — pP) exp i — B S K -
Now, we have
oo n Y y—1 .
S i S e & (P — pP) exp i — k)|
oo 1 n 1 v—1 R
<15 oot | B g & Re — P exp (i — Ry
B 1 n 1 y—1 .
t 3 T | P o PP — RP exp (i — )|
65 <5 1 Pl S, (R — R)P, exp {i(v — k)t}
+t3 3 zi (v — k)p, exp {i(v — kyt)
2 22,0 (v — k)p.exp {i(v — k)t}
= 21 + Zz + Z"3 ’
say.
We write
= 1 1
- P
nz='1 n(n + 1) vzl P,k 2=' g
- 1
= A _
¢S D [ - 1”2 R, 3, P, exp {i(v k)t}'
<k ¢ P S, 5 51| 4R, | P,
Tl —expit| it w(n+ 1) S P,_ i T T
(5.6) by Abel’s Lemma,
- 1
< 4R, B
o % P, HE_] | | P Z n(n + 1)
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S |4R,| P
va_i #=0 a *

& 1

— K |4R,| P
SREAR A

<K3
y=1

< K3 |4R.| <K,
#=0

by virtue of the hypotheses (i) and (ii).
Next, since |exp {i(n — k)t}| < 1, therefore

(5.7) 3, <tS i ZpkéKt21<K
nsT ’}’L(n + v=1 v——l n=T

In ¥, changing the order of summation of the inner sums, we get

1 =1

S =t 1 Z(v—k+l)pkexp{i(v—kJrl)t}l
(5.8) > mn + 1) BF,
_ 1 Sy —k+1 o
_ t%m |exp it | kzzopk;zﬂ_—_ﬂ exp (i — )t} -

Now, by Abel’s transformation

TE y-k+1 exp {1(v — k)t}

v=k Pv

= vy—Fk+1 _

=3 4 <T) S exp {i(e — bt}
+ _”—‘Pﬁi Z;,, exp {i(pt — k)t)

~ (1 - exp it)—l[niz—]; Ay<D_TM)[1 — exp{i(v — k + 1)&}]

n—kFk+1 . .

+ 2L e fitn e ]

= (1 — exp z't)—[ ; PpPil v —k + 1) exp {iw — k + 1)t}
+ nf‘_,l exp {t(v — k + 1)t}

u+1
_n—k+1

. 1
P exp {i(n — k)t} + _P:] .

Thus, from (5.8), we get

1 Po+1 (; .
< _ —k 1t
23_Kn§>]r i +1) yz%PPm(v k + 1) exp {i(v + 1)t}
1 .
Ky ——— —k + 1t
RS +1) zpmexp{uv 8|
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69 +K3 Wﬂl_l)T— ,,Z; pu(n — k + 1) exp {i(n — k)t}

1 'n,—-lp

K - = R

* ,§, n(n + 1) }Z‘O P,
=231+232+233+234,

say.
First changing the order of summation of the inner sums and
then breaking the range of v, we get

_ 1 ESHI SRR I —_— ,
Zy=K3, pyma— > o 2 —k+ Dp.exp{i(r — k + 1)t}

1 = Rv+1

=K
- g'r n(n+1)u§6 P,

+ KZ 1 n—1

>, Dy
k=0

0
v+1 . _ 1 t l ’
a>c n(n + 1) > D, ooom >, peexp iy — k + 1t}

(5.10) by Abel’s Lemma,
1 r—1 1 n—1 1
— 14+ KP, >, ————— >, —,
E, n(n+1)»z=o * g‘r n(n + 1) = P,
by virtue of hypothesis (i) and Lemma 1,

1 s 1 & 1
=K —= _ + KP, —_ - =
- T‘r;t n(n + 1) + i E‘ P, n=v+1 n(n + 1)

§K+Kpf§r?ai—1)

=K

A

K,

by the hypothesis (ii).
Similarly,

n—1

S o S peexp itz — k + 1|

=0 P,,, =0

1
Jy,=K
* g'rn(n—\—l)

1 T—1 Pv
% n(n + 1) v=0 I"ypy
1 1
+ K
721- 'n(’n+ 1) ’Z:'Pv+1

> 1 1 = P,
n>t n(n -+ 1) n>t 'n('n, -+ l) v=r P,

=K

(5.11) S peexp iy — k + l)t}l

k=0

< Kt

=K,

by the technique used in showing (5.10).
Applying Abel’s Lemma, we get
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= K 3, — k + 1) exp {i(n — k)t}
2>t (’n, +
(5.12) SK> %P—,, 02,323‘_ 1 kzzo D exp {i(n — k)t}

=K,

n>t VL,

by virtue of Lemma 1 and the hypothesis (ii).

Finally,
SusKS 7»?7?1;—17 z P
(5.13) =KEE 5

since (k + 1)p, < P,.

Combining (5.9)-(5.13), we get that 3, < K. This result combined
with (5.6) and (5.7) proves (5.4) and a fortiori (5.2).

Lastly, in order to establish (5.3) we have to show that uniformly

m0<itgm,

M. 1 le oy ool sin (v — k)t
X = P, pP)—_ 1< K.
ngll’ﬂ,('n-‘i-l) vz="xP,P, Z( P = ) -k ‘_
Now

,s” P, ) sin
2~,§_1 (n 1)§PPHZ=‘.( 2 — D.P)

v — k)t l
y —

& y S sin (v — k)t 1

- — P
2P, Z: T Al Py PR
= 1 sin (v — k)t

< Pociiath S A

< S |2 @ - pR)SRE =R

=K,

by virtue of Lemma 2.
This completes the proof of Theorem 1.

6. Proof of Theorem 2. As in Pati [11], for the conjugate
series (1.6), we have

_ 2 T 1 n—1 _ . _
fo— = ;Sowt){h 5— 3, (P.p. — p.P) sin (n k)t}dt

and therefore,
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s = 2 Ot S £, (Bee — nP) sin @ — bytfat
Thus
27 U
) 2

23O ot S g = (P — PO sin 0 — bt

"1y@ ] 1 oV
= So t {tzn: n(n + 1) v§=:‘1PyPy_1

X kZ_,O(Pupk — p,P,)sin (v — k)t'}dt .

Hence by virtue of the condition that Sxt—l [¥(t) | dt < K, it is sufficient
0
to show that uniformly in 0 <t <7

1 i ) .
t P, VP, -kt =K,
Zn‘l 2+ 1) yZlPPy 12:',( . — p.P,) sin (v 3 =<K

in order to prove the theorem.
This follows directly from (5.4), which has been proved in the
previous section. This completes the proof of the theorem.

7. Proof of Theorem 3. Since
nB,(x) = Esxw(t)n sin nt dt ,
TJo
therefore for the sequence {nB,(x)}, we have
b= o= 2 35 (B — B ) o) — ) sin (n — Bt

Hence

Tl = 22 ey (B R (B - 52)

n(n + 1) P, P,
X S”«k(t)(u — k) sin (v — k)t dtl

Integrating by parts, we get

St ul |—_};L;___n(n+1)

% So{cos © — k)t — Ldw()
s\ S 2 s (-5
% {cos (v — k)t — 1}|} Ldye() | .

S (B -5
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And since by hypothesis SK] dy(t)| < K, to prove that >, n"|u, | < K,
0 n
it is enough to show that uniformly in 0 < ¢ < ,

1 n v pk _ h 3 B
Sy 2 S (- B eos e — e - B s K.

Applying the Abel’s transformation to the inner sum, we get

S {cos (v — bt — 1}(_%:: _ %)

U _ P, P,
= 5 Afeos v k)t}( 2 wa.1>

= —E%)%Zﬁ:go(ljupk_pyPk)sin<u——k__;_)t.

Therefore, in order to prove our theorem, it is sufficient to show that
uniformly in 0 <t =,

Z”.‘ Y

. 1
Isin (£/2) | >, . PP
v= vd y—1

= n(n + 1)

xS (Ppe— p.PYsin(v— k- 2| S K,
k=0 2

which follows directly from (5.4).
This completes the proof of Theorem 3.

My warmest thanks are due to Professor T. Pati, of the University
of Jabalpur, for his kind interest in the preparation of this paper.

REFERENCES

1. Max Astrachan, Studies in the summability of Fourier series by Norlund means,
Duke Math. J. 2 (1936), 543-568.

2. L. S. Bosanquet, The absolute Cesiro summability of a Fourier series, Proc. London
Math. Soc. 41 (1936), 517-528.

3. L. S. Bosanquet and J. M. Hyslop, On the absolute summability of the allied series
of a Fourier series, Math. Z. 42 (1937), 489-512.

4. H. P. Dikshit, A note on a theorem of Astrachan on the (N, pn)-(C, 1) summability
of Fourier series, Math. Student 33 (1964), 77-79.

5. , A generalisation of some recent theorems on the absolute Norlund sum-
mability of a Fourier series, communicated.

6. E. Kogbetliantz, Sur les séries absolument sommable par la méthode des moyennes
arithmétique, Bull. des Sc. Math. 49 (1925), 234-256.

7. L. McFadden, Absolute Niorlund summability, Duke Math. J. 9 (1942), 168-207.

8. F. M. Mears, Some multiplication theorems for the Niorlund means, Bull. Amer.
Math. Soc. 41 (1935), 875-880.

9. N. E. Norlund, Sur une application des fonctions permutables, Lunds Universitets
Arsskrift (2) 16 (1919), No. 3.




256 H. P. DIKSHIT

10. T. Pati, On the absolute Norlund summability of a Fourier series, J. London
Math. Soc. 34 (1959), 153-160.

11. , On the absolute Norlund summability of the conjugate series of a Fourier
series, J. London Math. Soc. 38 (1963), 204-213.

12. , On the absolute summability of Fourier series by Norlund means, Math.
Z. 88 (1965), 244-249.

18. T. Singh, Absolute Nirlund summability of Fourier series, Indian J. Math. 6
(1964), 129-136.

14. Q. P. Varshney, On the absolute Norlund summability of a Fourier series, Math.
Z. 83 (1964), 18-24.

Received June 10, 1967.

UNIVERSITY OF ALLAHABAD
ALLAHABAD, INDIA





