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UNCOUNTABLY MANY ALMOST POLYHEDRAL
WILD (k - 2)-CELLS IN E* FOR k ^ 4

LESLIE C. GLASER

In [1] infinitely many almost polyhedral wild arcs were con-
structed in Ez so as to have an end point as the "bad ' point.
In [5] uncountably many almost polyhedral wild arcs were
constructed in Ez with an interior point as the "bad"
point. In [4] Doyle and Hocking constructed an almost poly-
hedral wild disk in E4 with the property that the proof of the
nontameness is perhaps the most elementary possible. They
state that essentially the same construction yields a wild
(n — 2)-disk in En for n ^ 4. Here, making use of the con-
struction given in [4], we prove that for each k ^ 4, there
exist uncountably many almost polyhedral wild (k — 2)-cells in
Ek. To obtain the above result we also prove that for each
k ^ 3, there exist countably many polyhedral locally flat
(k — 2)-spheres in Ek so that the fundamental groups of the
complements of these spheres are all distinct and given any
two of these groups, one is not the surjective image of the
other.

A set S in Ek is polyhedral if it can be covered by a finite recti-
linear subcomplex of Ek. A (k — 2)-cell D in Ek is almost polyhedral
if for some point q e Z>, D — {q} can be covered by an infinite locally
finite rectilinear subcomplex of Ek — {q}. The (k — 2)-cells constructed
here all have q e Bd D. D is wild if there does not exist a homeo-
morphism h of Ek onto itself such that h(D) is a finite rectilinear
subcomplex of Ek. An ^-manifold Mn c Ek is locally flat if each
p e int M(p e Bd M) has a neighborhood U in Ek such that the pair
(U, UΓiM) is homeomorphic as pairs to (Ek, En) (to (E\ ED).

THEOREM 1. There exist countably many polyhedral simple closed
curves {Jn} (n = 1, 2, 3, •) in Ez so that if Gn = π^E* — Jn), then
for all positive integers n and m (n Φ m),Gn & Z and Gn & Gm.
Furthermore, if m > n, then there is no surjection of Gm onto Gn.

Proof. Expressing points of E3 in terms of cylindrical coordinates
(θ, r, z), let T be the "unknotted" torus (r - 2)2 + z2 = 1. Let Kp>q

denote the torus knot of type p, q, where p and q are relatively prime
nonnegative integers and Kp,q is a curve on the surface T that cuts
a merdian in p points and a longitude in q points. More precisely,
Kp>q is defined by the equations r — 2 + cos (qθjp) and z — sin (qθ/p).
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A presentation for πx(Ez — Kp>q) is Pp>q = {x, y \ xp = y9} [3] .

Suppose q is an odd integer > 1 , p is a prime > g , and Gp,g denotes
a group having presentation P ^ . Then Gp>q has a nontrivial repre-
sentation in the symmetric group Sp by sending x —> (1, 2, 3, « , p )
and y —> (1, 2, 3, , q). Let S p denote t h e subgroup of Sp generated
by (1, 2, 3, , p) and (1, 2, 3, , q). Then we have a surjection

Since

( 1 , 2 , 3 , . . . , β ) ( l , 2, 3, . . . , ? , . . . , p )

= (1,3, . . . , g - 2 , g , 2 f 4 , . . . , 9 - l , g + 1, ? + 2, - . . , p )

and

( 1 , 2 , 3 , . . . , g , . . . , p ) ( l , 2 , 3 , -- ,g)

= (1,3, - . , ? - 2 ,g ,g + l , g + 2, . . . , p , 2 , 4 , . . . , g - 3,g - 1) ,

S, is not commutative and hence GP)Q & Z.
Let {(pn,qn)} (w = l , 2 , 3 , " ) b e a sequence of pairs of positive

odd integers, where

Qi = 3 < px < q2 = p,\ + 1 < p 2 < < 2>Λ-! < gw

and the pw 's are all distinct primes. Let {Jn} (n = 1, 2, 3, •) be a
sequence of polyhedral simple closed curves in E\ so that for each n,
we have a homeomorphism hn of i£3 onto itself carrying Jn onto KPn,q%.
Then τr1(£f3 — Jw) = Gn ~ GPnyQn & Z. Suppose for some m > n there
is a surjection ψ carrying Gm onto Gn. Since Gm = GPm,qm and Gn~GPn,qn

we can suppose we have a surjection, which we also denote by ψ,
carrying GPmtQn onto GPn,Qn. Then p = φoψ is a surjection carrying
GPmyqm onto jSPn. Since x and 2/ generate GPm,qm, u = (̂α?) and v = (̂2/)
generate S^. But in considering the relation defining GPm,qm we get
that uPm = vQm. Since the order of SPn is pn\ and since qm = pm^\ + 1
and pm_! ^ p n , it follows that v9m = 1; and hence uPwι — v. This gives
the contradiction that the noncommutative group SPn is generated by
two commuting elements u and y. Therefore, for all m > n there is
no surjection of Gm onto Gn and hence Gm^Gn.

THEOREM 2. ifyr βαcfc k ^ 3, ίfcβre ea isέ countably many poly-
hedral locally flat (k — 2)-spheres {Sf2} (n = 1, 2, 3, •) in Ek so that
if Gn ~ πλ(Ek — Sn~2), then for all positive integers n and m (n Φ m),
Gn £ Z and Gn £ Gm. Furthermore, if m > n, then there is no sur-
jection of Gm onto Gn.
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Proof. We could easily obtain the desired result if we omit the
local flatness from the conclusion by taking repeated suspensions of
the sequence {Jn} of Theorem 1. This follows since the fundamental
group of the complement of a (k — 2)-sphere Sk~2 in Ek is isomorphic
to the fundamental group of the complement of the suspension of

The proof will be by induction on k. For k = 3 the result follows
by taking the sequence of polyhedral locally flat 1-spheres {S^} to be
the {Jn} of Theorem 1. Suppose inductively for each fc, 3 ^ k ^ m,
there exist countably many polyhedral locally flat (k — 2)-spheres
{Si~2} (n = 1, 2, 3, •) in Ek having the desired properties.

We now consider the collection {SZ~2} of polyhedral locally flat
(m — 2)-spheres in Em. Let S e {S?~2} be an arbitrary (m — 2)-sphere
from our given collection. Since S is polyhedral we can assume that
S lies in Em c Em+1 so that we have

S c E? = {(xu x2, , xm, xm+ί) e Em+1 \xm^0, xm+1 = 0}

and so t h e S Π Em~ι is a (m — 2)-simplex 4 eSy where

E*-1 = {(xu xt, , xm, xm+1) I xm = 0 = α;w+1} = Bd J?^ .

Let D be the closure of S — Δ. Let #, : E+ —> JS rm+1 be the rigid rota-

tion in Em+1 = {(yίf » „ . . . , y w f 2/m+1)} of ^ = {(a?lf . . , xm9 0)} defined

by the equations

Vi = Xi i <*m — 1 ,

ym = xm cos ί ,

1/m+i = #m sin ί .

Then the set K = {αt(r) 6 J57m+11 r e D and ί 6 [0, 2π]} is clearly an
(m — l)-sphere in JE7W+1. By the proof given in [2], if follows that

πi(Em+1 - K) = TΓ^E"'1 - S). Since S is locally flat in Em, it follows
that K is locally flat in Em+1. Hence using the sequence {S^"2} and
constructing a Kn as above for each Snj we obtain countably many
locally flat (m — l)-spheres in Em+1 having all the desired properties
except that of being polyhedral.

Now for each S e {S?~2} we have a continuous family of functions
{at: E?-+ Em+1 \te[O, 2π]} and a locally flat (m - l)-sphere Kcontain-
ing D = S — Δ so that

π^E^1 - K) ~ π,(Em - S) .

For each reE™ — Em-\ let Cr be the circle in Em+1 determined by
the point set {at(τ) e Em+1 \ te [0, 2π]} and let Cr be the polyhedral
simple closed curve in Em+1 consisting of the union of the four seg-
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ments [αo(r), aπl2(r)], [aπ,2(r)f aπ(r)], [aπ(r), ai3π)J2(r)], and [ai3π)l2(r), a2π(r)].

Let K denote the point set \Jr {Cr \ r e D - E"-1} U D Γ) Em~\ Then
i ί is a polyhedral (m — l)-sphere containing D ~ S — A a E+. The
claim is that there is a homeomorphism /*, carrying Em+1 onto itself
so that h(K) = K. It would follow then that K is also locally flat
and τr1(£rm+1 — K) ~ ττ1(J&m+1 — i?) and hence we could obtain the desired
result.

To see that such an h exists, let E+t denote at(E™). For each
reE™ — Emlrl we define h sending E+t onto itself by defining

h(at(r)) = h(Cr Π ETt)

to be the point Cr n E?t and for r e ^ Π Em~ι = ΐ;^1-1 we let Λ,(r) = r.
It is clear then that h(K) — K. h can also be defined explicitly as
follows. Let s: [0, 2π] -* [0,1] be defined as follows.

8(t) =

V 2 2 sin 0 ^ ί ^ ττ/2 ,

V 2 12 sin (t - —) ττ/2 ^ t ^ π ,
/ V 4 /

^ - ί ) ;

l / 2/2 sin U - 5τr 3τr < t < 2ττ .

If r0 = (a?!, x2, , ^m_i, 1, 0) e E'ί, then s(t) is merely the distance of
the point Crς> Π E+t to the origin of Em+1. h is then defined by sending
(a?i, α?2, , ^m_!, ^m cos ί, xm sin t) to

(»!, »2, , xm_u s(t)xm cos ί, s(t)xm sin ί) .

Suppose Si and S2 are two polyhedral (ft — 2)-spheres in Ek with
Gf = TΓ̂ JE *̂ — Si) (i = 1, 2) so that there exists no surjection φ: G1—>
G2. Let Dι be the polyhedral (k — l)-cell in £rA;+1 obtained by taking
the cone over Sx. That is,

where px e E*+ι - Ek "above" St. Similarly let D2 = p%* S2aEk+1c:Ek+1.
Let xik+1 (i — 1, 2) denote the (ft + Incoordinate of pt and P^ denote
the horizontal ft-plane in Eζ+1 parallel to Ek given by

3
l > J — l , ώ , d , • • • ^ — l , ώ .

We note each P i y lies below ^ (i = 1, 2) and P n = J5* = P2 1. Let



POLYHEDRAL WILD (k - 2)-CELLS 271

{NiS} (i = 1, 2;j = 1, 2, 3, •) denote two sequences of (k + l)-cells
obtained as follows. Each Ni3 is to be "centered" at Pi having its
"bottom" face Bi3 in Pi3 so that int Bi3 => Pi3 U A , so that the part
of A lying on or above Pi3 lies in (int Ni3) (J Bi3, and so that the
following properties hold for i = 1, 2:

(a) Nit z> int JV^ 3 i\Ti2 z> int iVί2 z> iVi3 =) ,

(b) n j U t f « = ft.
(c) ^(JVii — A ) is isomorphic to 7r1(£rfc — S<), and
(d) the injection TΓiίiSΓ̂ y — D,) —> π^Nn — JD, ) is an isomorphism

onto for each j .

THEOREM 3. Suppose F1 and F2 are two (k - l)-cells in Ek+1 so
that if Dt and D2 are the polyhedral (k — l)-cells as given above, then
there exist homeomorphisms fuf2 taking Ek+ί onto itself so that
Λ(A) c Fx and f2(D2) c F2. Let ? 1 - Up,) e F, and q2 = f2(p2) e F2.
Then there exists no homeomorphism h: Ek+1 —> £ r A + 1 carrying Fx

onto F2 with h(qj) = q2.

Proof. Suppose there exists a homeomorphism h taking Ek+1 onto
itself carrying i*\ onto F2 with Λ(̂ i) = ^2 We now consider the
sequences {Nl3)y {N2j} given above. There exists an N2m so that

f2(N2m) ΠF2= f2(N2m) n /2( A ) .

Let Nln be chosen so that fx(Nln) Π Λ(A) = fi(Nln) Π ί7! and

hfAN^cz int f2(N2m).

Finally, let N2r be chosen so that f2(N2r) c int hf^N^). Since

/,(jvar) c int ft(NΛm), MN2r) n /2(A) = Λ(N2r) n i^ 2.

The commutativity of the inclusion diagram

> hf(Nln)

implies the commutativity of the induced injection diagram

~ A)) > πi(hf(Nίn - A))

- A)) .

Since ί* is onto, j * must be onto. But

1% - A)) = πάNln - A ) = * - A ) = πx{Ek -
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and

*i(A(N%m - A)) = πx{N2m - A ) = π,(NΆ - A ) = πx(Ek - S2) ~ G2.

It follows then that there would be a surjection φ of G1 onto G2,
which by assumption is impossible and hence the result follows.

Given any fixed integer k ^ 3, let {Sn} (n = 1, 2, 3, •) be the
countable collection of polyhedral locally flat (k — 2)-sheres in Ek given
by Theorem 2. For any subsequence a — (nun2,n3, •••) of positive
integers we will define an almost polyhedral wild (k — l)-cell in Ek+1

using the construction given in [4]. That is, in Ek let {JBJ be a
sequence of disjoint A -balls converging to a point q. For each i —
1,2,3, •••, we suppose that Sn. is embedded in i n t A by "shrinking"
and translating each Sn. in an appropriate manner. In Ek+1, let {p{}
be the sequence of distinct points converging to q where pt lies above
the "center" of Bt and is a distance 1/i from Ek. If Pi*Sn. is the
cone over Sn. with vertex pif then the polyhedral (k — l)-cells {Pi*Sn.}
are disjoint in pairs and each Pi*Sn. is locally flat except for pim

The fact that Pi*Sn. is locally flat at points other than p{ follows
since Sn. is locally flat in Ek. The fact that Pi*Sn. is not locally
flat at Pi follows in a manner similar to that used in the proof of
Theorem 3. That is, there are arbitrarily small neighborhoods N about
Pi in Ek+1 such that π^N — (Pi*Sn.)) = Gn.. If Pi*Sn. were locally
flat at Pi then there would be arbitrarily small neighborhoods M about
Pi such that πx(M — (Pi*Sn.)) = Z. Hence we would be able to obtain
a surjection of Z onto Gn., which would allow us to obtain a surjec-
tion of Z onto Sn. which is noncommutative.

Now in Ek join p^Sni and p2*Snz by a polyhedral (k — l)-cell Dx

so that Pι*Sni U A U P2*S%2 is a polyhedral (A — l)-cell disjoint from
(Uΐ=3Pi*Sni) U # that is locally flat except at pt and p2. Next we
join p2*Sn2 and p3*Sns by a polyhedral (A — l)-cell A in -E^ so that
Pι*Sni U A U P2*Sn2 U A U Pz*Sn3 is a polyhedral (A — l)-cell disjoint
from (\jT=*Pi*Sni) U g that is locally flat except at plf p2 and pz. This
process is continued so that as i —* oo the diameter of A tends to
zero and the desired (k — l)-cell Da is (UΓ=iPi*>S%ί U A ) U q* As a
subset of Ek+1, Da is almost polyhedral except perhaps at q. Also Da

is locally flat except at the points q and pt (i — 1, 2, 3, •). By [4],
A is wild. That is, if there is a homeomorphism h of JE*^1 onto
itself such that h(Da) is the union of a finite number of (k — l)-sim-
plexes, then some point of {h(pβ)} lies in the interior of a (k — l)-cell
formed by the union of two (k — l)-simplexes of h(Da). Then by
rotating one of these (k — l)-simplexes (if necessary) keeping the other
fixed so that the union of the two lies in a (k — l)-plane in Ek, it
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would follow that h(Da) is locally flat at this point. This contradicts
the fact that Da is not locally flat at the preimage of the given point.

THEOREM 4. For each k ̂ 4 , there exist uncountably many almost
polyhedral wild (k — 2)-cells in Ek.

Proof. Let {a} be an uncountable collection of sequences of
positive integers such that in two different ones some integer occurs
more in one than in the other. For any fixed integer k ^ 3, let {Da}
be the corresponding uncountable sequence of almost polyhedral wild
(k — l)-cells in Ek+1 constructed as above. Suppose for some

a = {nl9 n2, n3, •} Φ a! = {n[, n'2y n'2i •}

there exists a homeomorphism h of Ek+ί onto itself such that h(Da) =
Da,. Since each of Da and Όa, is locally flat except at {qa U U P J
and {qa, U U 2Vj> respectively, and qa and qa, are limit points of the
nonlocally flat points, it follows that h(qa) = qa, and for each i =
1, 2, 3, , h(pn.) = pn, for some j . Since some integer in a occurs
more in a than it does in ar, there is an integer n{ such that h(pn.) =
pn,. and n{ Φ n'ό. But by Theorem 3, this is impossible and hence the
result follows.
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