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INITIAL SEGMENTS OF ONE-ONE DEGREES

A. H. LACHLAN

Let 0 be the one-one degree consisting of the infinite
recursive sets whose complements are also infinite. In this
paper are studied initial segments of the one-one degrees ^ 0 .
A characterization is stated of the order types of those initial
segments with greatest member which are at the same time
initial segments of the many-one degrees. It is shown that
any finite initial segment with greatest member is a lattice,
and that any finite recursively enumerable initial segment
with greatest member is a distributive lattice.

According to the usual definition of one-one reducibility a set of
natural numbers A is one-one reducible to a set of natural numbers
B written A ^ 1B if there is a one-one recursive function p such that
p-^B) = A. The relation of one-one equivalence =1 defined by

A^.B^iA^.B and B^,A]

is an equivalence relation, and the equivalence classes into which it
partitions the sets of natural numbers are called one-one degrees. The
natural ordering of these degrees induced by ^ is denoted by Ξ̂. In
this paper we shall be wholly concerned with the one-one degrees ^ 0 .
Notice that if A has one-one degree ^0 then neither A nor its com-
plement is immune. In this context it is convenient to adopt a new
definition of one-one reducibility: we say that A is one-one reducible
to a set of natural numbers B, again written A ^ιB, if there exists
a one-one partial recursive (p.r.) function p such that dom ô (the do-
main of p) and 4U dom ô are both recursive, and such that p~\B)~
Andom^. On sets whose one-one degrees in the old sense are ^0
the new definition of ^ is the same as the old. Also, for any set
A there is a set B whose one-one degree in the old sense is ^0, and
such that A=ιB in the new sense. Thus adopting this new defini-
tion leaves the one-one degrees ^0 unchanged, and suppresses the
remaining one-one degrees.

We adopt the usual definition of many-one reducibility save that
0 , N (the set of all natural numbers) are both by convention in the
zero many-one degree consisting of all recursive sets.

The only notations likely to be unfamiliar consist in writing
A 0 B for the set {2x \ x e A} U {2x + l \ x e B}, A' for the complement
of Ay and rng p for the range of p.

1* Common initial segments of the manyΌne and one-one
degrees* In [3] we obtained a characterization of the isomorphism
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types of the initial segments of the many-one degrees. We can sharpen
the construction in §2 of [3] to obtain:

THEOREM 1. An upper semilattice L is isomorphic to a common
initial segment of the many-one and one-one degrees with greatest
member Φθ if and only if there are sequences ζD^ of finite dis-
tributive lattices of cardinality >1, and <^> of maps, such that for
each i, χ{ is an upper semilattice homomorphism of Di into Di+1 pre-
serving 0 and 1, and such that L is isomorphic to the direct limit
of the sequence

D χ° > D χi > ••• Xi"\ D χι > •••

(By saying that %{ "preserves 0 and 1" we mean that χ{ maps the
least element, greatest element respectively, of Ό{ into the least ele-
ment, greatest element respectively, of Di+1.)

Clearly if we consider only finite initial segments then the condi-
tion of the theorem reduces to: L is a finite distributive lattice of
cardinality > 1 . By an argument not unlike Friedberg's maximal set
construction one can establish:

THEOREM 2. If L is a finite distributive lattice then there is a
common recursively enumerable (r.e.) initial segment of the many-
one and one-one degrees isomorphic to L.

It follows from Theorem 1 that the elementary theory of the
partial ordering of one-one degrees is undecidable (for details see [1],
§3). From Theorem 2 the same is true of the partial ordering of the
r.e. one-one degrees, but for this one has to use the fact that the
sets of first order sentences true of no distributive lattice, and true
of some finite distributive lattice respectively, are recursively inse-
parable. (Unfortunately, we know no reference for this result.)

2* Finite initial segments of the one-one degrees* In this
section we shall show that every finite initial segment of the one-one
degrees is a lattice of a certain kind.

The disjoint union α © 5 of a pair of one-one degrees α, b is
defined to be the one-one degree of A © B where A, B are any re-
presentatives of α, 6 respectively. The reader will easily verify that
a 0 6 depends only on α, b and that the operation 0 is associative
on one-one degrees. For each one-one degree a and natural number
n, let na be 0 if n — 0, and be
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α φ α φ ••• φ«
n times

otherwise. A one-one degree a is called a cylinder just if 2a = α
notice that α is a cylinder just if all its representatives are cylinders
in the sense of Myhill [5].

A one-one degree a is called decomposable if there exist one-one
degrees 6, c both <α such that α — δ φ c ; otherwise a is called inde-
composable.

A finite sequence {aua2 , an} of one-one degrees is called a cα-
nonical decomposition of a one-one degree α if α = αx φ α2 φ φ an

where each a{ is indecomposable and where deleting any of alf α2, , an

in the last equation destroys the equality. We shall first show that
when canonical decompositions exist they are unique. To this end we
prove:

LEMMA 1. / /

α0 φ a, φ φ aw_t = b0 φ b, φ . .. φ bn_,

with m,n both ^ 1 then there exist one-one degrees {aifj\i<m, j<n}
such that

<ti = ai}0 φ aitl φ φ aitn-lf i < m

ΐ>5 = αo,i φ auj φ φ αw_ l f i, j <n .

Proof. For i <m let A{ be a representative of aίy for j < n let
Bj be a representative of 6y. Let

A — {mx + i\xeAi and i < m} ,

5 — {wa? + i I x e Bj and j < }̂

then A, B have one-one degrees

respectively. By hypothesis these are equal and without loss of ge-
nerality we may suppose that A, B are one-one equivalent in the old
sense. By a result of Myhill ([4], §5) there is a recursive permuta-
tion p mapping A onto B. For i < m, j < n define

Aifj = {x I p (mx + ΐ) = j mod w and sc e A%) .

Letting αίfJ be the one-one degree of Aifj the lemma follows by in-
spection.

THEOREM 3. If a one-one degree has a canonical decomposition
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then its canonical decomposition is unique to within a permutation.

Proof. Let α0 0 αx © φ am_u 60 Θ &i Θ K-i be two canoni-
cal decompositions of the same one-one degree. Applying Lemma 1
and using the notation above, since α; is indecomposable, there exists
a{i) such that α̂  = ai>aii). Similarly there exists β(i) such that b{ =
aβ{i)}i. As i runs through the numbers <m, a(i) must run through
all numbers <n; for suppose a(i) is never zero then

«o θ a, 0 0 am^ ^ &! 0 62 0 0 bn_,

which contradicts the definition of canonical decomposition. Similarly
β(i) runs through all numbers <m. Hence m=n and a, β are both
permutations of the numbers <m. We claim that α̂  = ba{i) and b—
aβU) for each i < m. It is clear that α̂  ̂  ba{i) and b{ <Ξ α^(i, for each
i < m. For reductio ad absurdum suppose that our claim is false then
the set

S = {cii I at < 6β { ί ) and i <m}[}{bi\bi< aβ{i) and i < m}

is nonempty, and without loss of generality we may suppose that
«fc < ba{k) and that ak is a maximal member of S. By choice of k we
have

But /So: is a permutation and so one of the suffixes of a in the chain
of equalities is equal to k. This contradiction completes the proof of
the theorem.

Let α, 6 be one-one degrees then b/a is defined to be sup {n \ na^b};
b/a may take any of the values 0,1,2, •••, oo. Notice that for any
indecomposable α, (6φc)/α = (b/a) + (c/a) where it is understood that
a;+oo = oo+α;=:oo. I f α i s not a cylinder then α, 2a, 3α, is a
strictly increasing sequence of one-one degrees whence α/α = l. If a
is a cylinder then b/a is zero or oo, and if a ^ 6 and a is a cylinder
then 6 0 a = 6.

Notice that if a one-one degree a has only finitely many predeces-
sors then some sequence of the degrees ^ α must constitute a canoni-
cal decomposition of α; for example if a is indecomposable then it is
its own canonical decomposition.

LEMMA 2. Let a, b be one-one degrees such that a has only finite-
ly many prodecessors. Let α o 0 α ! 0 • 0αT O δβ the canonical decom-
position of a. Then a ^ b if and only if a/a{ for all i 5g m.

Proof. The "only if" part is immediate. For the "if" part we
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proceed by induction on m. Since the result is immediate for m = 0
we may suppose that m > 0. Let α* = a0 0 aγ 0 am^ and suppose
that a/cii ̂  6/α̂  for all i ^ m. It follows from our induction hypo-
thesis that α* ̂  6 since it is easy to see that α0 0 «! 0 0 αm_! is
the canonical decomposition of α*. Without loss of generality we
assume that am is minimal among α0, αx, , αm.

Let S be a representative of 6. It is convenient to introduce a
map Ψ from the r.e. sets onto the one-one degrees ^ 6 . If W is
finite let Ψ(W) = 0, if W is an infinite r.e. set let ω be any one-one
recursive function whose range is W and let Ψ(W) be the one-one
degree of {x\ ω(x)eB}. It is easy to see that Ψ{W) does not depend
upon the choice of w, that Ψ is order preserving, and that

Ψ(W) = ι ^ o 0 ^ i 0 •••®HV_1

if and only if W is the union of disjoint r.e. sets WQ, Wlf •••, We^
such that Ψ{Wi) = I*?; for each i < e. Since α* ̂  6 there exist dis-
joint r.e. sets Ao, 4^ , Am_! such that ^(A,) — α̂  for each i < m.
There are two cases to consider:

Case 1. α/αm is finite. Then am is not a cylinder because of the
remarks that precede this lemma. Let a*/am = k so that b/am ^ α/αm ̂ >
k + 1. It easily follows that there are disjoint r.e. sets Co, CΊ, •••,
Ck such that ^(C,,) = am for each y ^ k. Effectively enumerate the
r.e. sets AOJ A19 , Am_ίy Co, C19 , Ck simultaneously stage by stage
letting Al and Cf be the finite sets enumerated up to stage s for each
i < m and j tί k. We then define

Fi = {x\ (3s)[α G Λ and (Vi)y^fc(Vr)r<.[α? ί C J]}, i < m

Gy = {x I (3s)[a? e C; and (Vΐ)ί<m(Vr)r,s[x e A;]]} , i ^ f c .

Also, for each ί < m let Ft be the r.e. set Ai — Fi9 and for each-j<Zk
let G; be the r.e. set C, - G3. Observe that Ft S Go U GL U U Gk

for all i < m and G j g F o U f i U U i ^ for all j ^ A:. Also, it can
be seen that Fo, F19 , Fm_ly GO9G19 * ,Gk constitute a decomposition
of Ao U A, U U Am_! U CO U C, U U Ck into disjoint r.e. sets.

For each i ^ m, α̂  is indecomposable. This implies that either
5T(Ff) = a, or ?F(Ff) = a, for each i < m and that either ?Γ(Gy) = am

or 5Γ(G;) = am for each i ^ k. Define P, Q by

P = {i\i<m and ^(ί7,) = α j ,

Q — {i\ί < m and i g P] .

Now if i € Q then Ψ(F?) = α .̂ But i^* is the union of the disjoint r.e.
sets JFV* Π Go, , .F* Π Gk so that for each ί e Q there exists a(i) ^ A;
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such that Ψ(F? Π GaU)) = a{.
Consider the set

D = a(Q)U{j\j<k and Ψ(Gf) = am] ,

and let β be a map from a(Q) into Q such that #/2(i) = j for all
For each jeD we define

Gf if

\Fβ*U) Π Gy otherwise .

This is a sound definition because if Ψ(G]) Φ am then j e a(Q) and so
β(j) is defined.

We first claim that Ψ(Dά) = am for all j e D. For, if Ψ(Gf) Φ am

then β(j) is defined and Ψ{Gj) — am. Since Ψ is order preserving it
follows that

aβιj) = Ψ(Fβ% Π Gs) ^ W(Gj) = am ,

and because am is minimal we deduce that aβ{j) = am. It follows that
Ψ(Ff{j) n Gj) = Ψ(Dj) = αm. This proves our first claim.

Next we use this to deduce that j & D for some j tί k. For,
otherwise (k + l)αm = Ψ(D0 U U ΰ ^ ^ ( Λ 0 U A ^ ) = α*, be-
cause Z)0) Dlf - - -, Dk are disjoint r.e. subset of Ao U U i4.w_!. But
«*/«m = A and so this is impossible.

Now let j be a fixed number ^k which does not belong to D and
for each i ^ m define

F< if iG P

Ft Π Gα(ί) if i e Q ,

Then Eo, El9 — ,Em are disjoint r.e. sets and Ψ(Ei) = ai for all ί ^ m .
Since ^(EΌ U U i7w) = α it follows that a ^ b which completes this
case.

Case 2. ajam=^% Then am is cylinder, otherwise a would have
an infinite number of predecessors. Suppose am ^ α*, then by the
remarks preceding the lemma we have α = α* φ αm = α* which con-
tradicts α o φ α ^ φα™ being a canonical decomposition of α. Thus

α * / α m = o. Now, taking k = 0, proceed just as in the last case.
Before turning to the next theorem, we note that any finite upper

semilattice is in fact a lattice as long as it has a least element. For,
if least upper bounds exist then greatest lower bounds exist by the
definition:
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b fl c — sup {x\x <Lb and x ^ c} .

THEOREM 4. Le£ a be a one-one degree which has only a finite
number of predecessors then the predecessors of a form a lattice.

Proof. In view of the observation that precedes the theorem, we
have only to show that the predecessors of a form an upper semilat-
tice. Let 6, c be any one-one degrees ^ α and suppose that a has
only a finite number of predecessors. Let a19 α2, , ap be an enumera-
tion of all the indecomposable one-one degrees ^ α arranged so that
for any i, j

P ^ i > j ^ 1 implies a{ ^ a3- .

To show that 6 (J c exists we shall define an increasing sequence
e19 e2, , ep of one-one degrees <^α and simultaneously we shall show
that for all i, 1 <J i ^ 2>y and all rf ^ α

( 1 ) H d and c ^ i . ^ e ^ d

and

{ 2 ) βi/tti ^ max (b/ai9 c/at) .

Define

(«! if one of b/aίf c\aγ is oo
^ — J

(max (&/«!, c/a1)a1 otherwise

then ^i ^ α and (1), (2) are certainly satisfied for i — 1. Suppose that
βi has been defined for 1 ^ ί ^ k where k < p so that (1), (2) are
satisfied for 1 <: i ^ k. If

ek/ak+ι ;> max (b/ak+1, c/ak+1) ,

then set ê +i = e/c, in which case (1), (2) are clearly satisfied for i =
fc + 1. Otherwise let r, s be the numbers on the left, right respective-
ly of the last inequality with the proviso that if ak+1 is a cylinder
then s = 1. Set ^ + 1 = efc 0 (s — r)ak+1. Any degree appearing in the
canonical decomposition of ek+1 is clearly one of au α2, , ak+1. Hence
by Lemma 2, ek+ι ^ a. Suppose that b ^ d and c ^ d then from (1)
for i — k we know that ek ^ d which implies that d/a{ ^ ek\Ui for
1 <J i <̂  Λ. But since we are assuming ek+1 Φ ek we can deduce that
ak+1 is different from all of alf α2, , αΛ and does not exceed any of
them. Thus

d/ai ^ βjfe/αi = ek+1/a{ , 1 ^ i ^ yfc .
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Also

d/ak+1 ^ s = ek+1/ak+1 .

Any degree which appears in the canonical decomposition of ek+1 is
one of «!, α2, , ak+1. Hence ek+1 ^ d by Lemma 2. It is immediate
that (2) is satisfied for i = k + 1. This completes the induction step.
It is clear that ep is the least upper bound of 6, c. For b ^ ep and
c ^ ep by (2) and Lemma 2, and ep is the least among the common upper
bounds of 6, c from (1). This completes the proof of the theorem.

The next theorem gives a necessary condition for a finite lattice
to be an initial segment of one-one degrees.

THEOREM 5. Let a be a one-one degree with only a finite number
of predecessors then there exist finite separated distributive lattices
Lί? L2 and an order preserving map ¥ of L2 onto the one-one degrees
<a satisfying the following four conditions in which £ , 0 denote
the partial order and least element of L2 respectively.

( i ) Lγ is an initial segment of L2 containing at least 0 and
Ψ(LX) is a distributive lattice,

(ii) if x f)y=0 then Ψ(x U y) = Ψ(x) if and only if y eLt and
Ψ(y) < Ψ(x),

(iii) if x, Π x2 = Vι Π y2 = 0 and Ψ(Xi) = ¥(y{) for i = 1, 2 then
W(x, U x2) = Ψ(y, U 2/2),

(iv) for any x e L2 and y ^ Ψ(x) there exists y £ x such that
Ψ(y) = y.

Proof. We proceed by induction on the number of predecessors
of a. When a = 0 the theorem is obvious. Suppose that 6 > 0 has
only a finite number of predecessors and assume the result for a<b.
Assume in addition that for any a < b we can choose L19 L2, Ψ such
that Ψ{L^) consists of the cylinders rgα, and if xL Π oo2 = 0 then

Case 1. Suppose that b has just one maximal predecessor b19 Let
L[ι), Lίυ, ?Γ(1) be the finite separated distributive lattices and map whose
existence is predicted by the theorem, and satisfying the additional
conditions, when a — blm Let L2 = L{

2

1) U {b} where b^L{

2\ and let

(L[1] U {b} if 6 is a cylinder

[L^ otherwise.

Let xξΞ:y in L2 if and only if y = b or x,y are both in L{

2

1) and x^y
in I/^υ. Let ¥(b) = b and otherwise let Ψ agree with Ψ{1). It is easy
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to check (i) — (iv) and the additional conditions for a = 6.

Case 2. Suppose that b has at least two maximal predecessors
blf b2. Using the technique of Lemma 2 it is easy to show that there
exist cλ <Ξ &! and c2 <̂  b2 such that & = d 0 c2. For i = 1, 2 let Lίί},
L^, Ψ{i) be the finite separated distributive lattices and the map pre-
dicted by the theorem, and satisfying the additional conditions, when
a = cim For j = 1,2 let Lά be the direct union of Lf\ Lf. Then for
j = 1, 2, Ly is a finite separated distributive lattice, and Ẑ  is an in-
itial segment of L2. For any pair (x, y) in L2 define

Ψ(x, y) = f(1)(a0 0 Ψ^{y) .

It is again easy to check (i)-(iv) and the additional conditions for
a = b. This completes the proof of the theorem.

We conjecture that the converse of Theorem 5 is true in the fol-
lowing sense. Let P be any partially ordered set such that there
exist finite separated distributive lattice L19 L2 and an order preserv-
ing map Ψ of L2 onto P such that (i)-(iv) are satisfied. We conjecture
that there exists a one-one degree p such that the lattice of one-one
degree ^p is isomorphic to P, and that under the isomorphism Ψ{L^)
maps into the set of cylinders ^/>, and that for any xu x2 disjoint in L2

the image of Ψ(xι U x2) under the isomorphism is the disjoint union of the
images of Ψ(x^, W(xz). In the next section we shall prove a particular
case of this conjecture. Although it is by no means obvious this con-
jecture is consistent with the earlier results of this section, e.g., it
follows from the conditions imposed upon P that P is a lattice. This can
be shown by a suitable modification of the proof of the earlier results.

There are a number of observations which are almost immediate
from what has been proved above. First notice that if a19 a2 both
have only a finite number of predecessors then a10 a2 has only a
finite number of predecessors and so from Theorem 4, aλ U a2 and
aί Π «2 exist in the partial ordering of one-one degrees. Next, if au

α2, « ,α% are distinct one-one degrees minimal >0, then

and the one-one degrees ^aγ@ a2® © α , form a Boolean algebra
of order 2n. This shows that neither of the two nondistributive lat-
tices of order five can be isomorphic to initial segments of the one-
one degrees. One can also show rather easily that many other non-
distributive lattices of small order cannot be isomorphic to initial
segments of the one-one degrees, e.g., the lattices depicted in the
usual way:
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Fig. 1 Fig. 2 Fig. 3

As an example take the second of these and suppose for reductio and
absurdum that the initial segment whose greatest member is a is iso-
morphic to this lattice. Let Llf L2, Ψ be the separated distributive
lattices and the map given by Theorem 5 and let the additional con-
ditions of the proof of Theorem 5 be satisfied. Let alf α2, α3 be maximal
below α, and let 6 be minimal above 0. Let a19 a2 be elements of L2 such
that Ψ(a{) = at for i = 1, 2. Since L2 is separated there exist blf b2

such that hi £ a{ for i = 1, 2 and such that bλ U b2 = αx U α2 while
6i Π 62 = 0 . Clearly, (̂6 )̂ ^ α̂  for i = 1, 2. Also,

F f o U α2) - ^(6, U δa)

is ^ both aλ and α2 since Ψ is order preserving. Thus Ψ(bx U b2) = a.
From (iv) there exists α3 £ 6i U b2 such that ?F(α3) = α3. Now for i =
1, 2 f\α3 Γl 6<) is ^ both α3 and Ψφi) and hence is either 0 or 6. But
F(α3) = Ψ(a3 n δx) © Ψ(a3 n δa), whence α3 = 6 © 6. Similarly, a, = b © 6,
contradiction.

3* Not every initial segment is distributive* In this section
we verify one particular consequence of our conjecture and in so doing
we construct an initial segment of one-one degrees which is isomorphic
to the lattice:

Fig. 4

Let M be a maximal r.e. set. Let 3Γ,^Γ(M), £f{M) denote the
classes of all r.e. sets, all r.e. subsets of M, all recursive subsets of
M respectively. For our construction we shall require the following:

LEMMA 3. There exists a class ^€ of r.e. sets, £f(M) £
J%Γ(M), such that if W is a finite union of members of ^ then
I f e ^ f and M — W is infinite, and such that if We<5Γ(M)-
then some member of Λ€ complements W relative to M.
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Since this is easy we omit its proof; notice that the property we
require of ^ is simply that J2Γ(M) — ̂ /ί should be the intersection
with ^Γ{M) of a nonprincipal ultrafilter over M which contains no
member of J*?(M). It is clear that there exists an increasing sequence
Mo, Mi, of members of ^€^ such that every member of ^y// is
SΛfi for some i. Choose a strictly increasing sequence m0, m1( of
members of M such that for all i, m< e M — Λf<. Since M — Mi is
infinite for each i, the sequence m0, m19 can be found. Let M* =
{rrii I i ^ 0}, then M* n Af* is finite for each i. For j = 0,1 let #, =
{2a? + i I a; ̂  0} and S, = {2x + i | x e M}. Let Po, Px be infinite disjoint
sets both gJlί'. Let α be the one-one degree of the set

A = {2x + j I x e M* and i ^ 1} U {2x + i | x e P3 and i ^ 1} .

We shall show that the degrees tίa with their natural ordering do
form a lattice of order eight isomorphic to the one depicted above.
We shall again use the map Ψ introduced in Lemma 2. If W is finite
then Ψ(W) = 0, while if W is an infinite r.e. set we let o) be any
one-one recursive function whose range is W and Ψ(W) is defined to
be the one-one degree of {x \ ω(x) e A}. We shall use the properties of
Ψ which were stated above without proof. Let a3 be Ψ(Rj) for j —
0,1 and let m = Ψ(S0) - WiSJ; it is apparent that Ψ(S0) = ¥&) when
one considers the map: 2x goes to 2x + 1, restricted to So. It is clear
that a — α0 0 a19 that m ^ a3 for j = 0, 1. Thus all of 0, m, m 0 m,
«OJ «i> «o © ^ o ^ m ^ are ^ α . It now suffices to show that these
are the only one-one degrees ^ α and that they are all different. Let
b be any one-one degree ^ α then there exists some r.e. set B such
that Ψ(B) = b. Now

Ψ(B) = Ψ(B n Ro) 0 Ψ(B Π Rd ,

thus to prove that the degrees listed are the only ones ^ α it is suf-
ficient for j = 0,1 to show that Ψ(B Π Rj) is one of ajf m, 0. Now
¥ does not distinguish between r.e. sets whose symmetric difference
is finite, hence because M is maximal we may suppose that B f] RQ S
S3 or (B Π Rj) U Sy = βy. We now consider three cases which exhaust
all the possibilities. Let ^ = {{2x + j \ x e X} | Xe ^/ί).

Case 1. B n β, e ^ . Then J5 n iZy Γ) ̂  is finite, and so

Ψ(B Π Λy) - 0 .

Case 2. 5 n Rj e ^ T ( S y ) - ^ ^ . Then there exists W in ^ such
that (i? n iϋy) U W = S3: Since ^ " is separated there exist disjoint
r.e. sets T, U included in B n R3, W respectively such that T\JU= S3 .
Now Ψ(S3) = Ψ{T)®Ψ{U). But Ψ(W) = 0, whence Ψ{U) = 0. Thus
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) = Ψ(Sj) = m. Since T £ B Π # ; C S, , we also have Ψ(B{\R3) =

Case 3. (B Π R3) U S; = i2y. Then since JΓ is separated there
exist recursive sets T, U included i n ΰ ί l Rj, S3 respectively such that
T\JU= R3. Since £f(M) £ ^f, we have C7e ̂  whence ?Γ(Ϊ7) = 0.
Thus y(Γ) = Ψ{R3) = a3. Therefore W(B Π R3) = αy.

This completes the proof that each one-one degree ^ α is one of
the eight listed. We now turn to the task of showing that all eight
are distinct. It is easy to show that no cylinder >0 can be represent-
ed by an immune or coimmune set. But A Π S3 is immune since other-
wise A n S3 would have an infinite recursive subset which is impos-
sible. Hence m = Ψ(S3) is represented by an immune set, whence
m φ m Φ m. Suppose for reductio ad absurdum that α0 ^ aι then
there exists a one-one partial recursive function p such that dom p^R0,
rng p £ Rlf such that dom p and Ro Π (A (J dom p) are both recursive,
and such that for all x in

( 3 ) xe A<=> ρ(x) e A .

It is easy to see that Ro Π (dom p)' n A is finite since A is immune.
Therefore (dom p)f cannot contain all but a finite number of members
of Ro — So, therefore dom p does contain all but a finite number of
members of Ro — So. Now ρ(RQ — SQ) is clearly cohesive and so either
S, Π p(R0 - So) is finite or (Rλ - S,) Π ρ(R0 - So) is finite.

Case 1. St Π p(R0 — So) is finite. Define the one-one partial re-
cursive function σ by

σ(χ) = y<=> p(2x) = 2y + 1 .

Then σ(M') Π M is finite. Write x — y if either x = y, or a? can be
obtained by iterating σ on y, or ?/ can be obtained by iterating σ on
x. Since σ is one-one, — is an equivalence relation on N. Consider
the equivalence classes intersecting M'; none of them can have infinite
intersection with M' because this would mean that M' had an infinite r.e.
subset. Thus there are an infinite number of equivalence classes in-
tersecting ikF. Since σ(Mr) Π M is finite and M is maximal, Mf — σ(M')
is also finite. Hence only a finite number of equivalence classes inter-
sect both M and M'. Since Po, P1 are disjoint it follows from (3) that
σ(x) Φ x for infinitely many x in M'. Hence there exist infinitely
many equivalence classes S M ' of cardinality > 1 . We now have a
contradiction, because we can construct two disjoint r.e. sets each of
which intersects all the finite equivalence classes of cardinality >1,
and hence each of which has infinite intersection with M'.
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Case 2. p(R0 - So) Π (Ri - SJ is finite. By Theorem 3 of [2] it
follows that R1 — p(R0 — So) is r.e. and hence there exists a recursive
set T 3 p(R0 - So) such that T - S, is finite. Now T Π Si being re-
cursive is in Λ2[ and so has only a finite intersection with A. Hence
p(R0 — So) has only a finite intersection with A. This contradicts (3),
because p is one-one and Ro — So has infinite intersection with A.

We have now shown that α0 ^ αx; similarly ax ^ α0. It only re-
mains to show that aάlm = 1 for j — 0,1. Suppose for reductio ad
absurdum that a^m Φ 1, then α̂  = m φ m, because we have shown
above that the only one-one degrees <α y are 0 and m. Since aά =
f*^.) = m φ m there exist disjoint recursive sets Γ, U whose union
is Rj such that Ψ(T) = W(U) = m. One of T, U has only finite inter-
section with Rj — Sj. Thus we may suppose TξΞzSj, whence Γ e ^ ,
which means that Γ n A is finite. Therefore F(T) = 0, again a con-
tradiction. Using the results of §2 it now follows easily that the
initial segment of one-one degrees ^ α is isomorphic to the nondis-
tributive lattice depicted above.

The use of Theorem 3 of [2] may be eliminated if we construct
Af) (Ro — So), Ap[ (i?! — Si) with the immediate intention that α0, ax

should be incomparable and both >ra.

4* Recursively enumerable initial segments* In this section
we prove a theorem about r.e. one-one degrees and deduce that all
r.e. finite initial segments are distributive. The theorem we shall
prove is of the same genre as Theorem 3 of [2] quoted above.

THEOREM 6. Let α, 6 be indecomposable r.e. one-one degrees such
that b < α, then a — a φ 6.

Proof. Let A be a representative of α. Let Ψ be the map of
the r.e. sets onto the one-one degrees gα defined in the last section.
It is clear that Ψ(W) = Ψ(W U A) for every r.e. set W. Let {φj be
a recursive enumeration of all p.r. functions of one argument. Let
{φx,y} be an s.r.e. double sequence of finite functions such that for
each x, φX}0 £ φxΛ £ and limy φx>y = φχm Let B be an infinite r.e.
set such that £ 3 4 and Ψ(B) = b. Let J3 be a one-one recursive
function enumerating B. We shall effectively enumerate in steps
0,1, 2, disjoint r.e. sets B°, B1 whose union is B. For j = 0,1 let
Bj

s be the finite set of numbers enumerated in B3 before step s. While
enumerating B°, Bι we simultaneously enumerate A. Let As be the
finite set of numbers enumerated in A before step s. Let P be the
set of all pairs (e, j) of natural numbers with j <k 1. We will order
P according to
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( β , i ) < ( / , * ) « [ K / V β = / and j<k].

In order to describe step s we need two auxiliary functions:

Ύί(e) = sup {x I x = e V (y)v<x[y e Bί ->: 9>β,.(2/)

is defined .&. φβ,8(y)eBιr3'-&-yeA8<=χpβt8(y)eA8]},

8{(e) = sup [τϊ(y) I x £ s & (y,k)^(e,j) & (y,k)eP}

each defined only for (β, i) in P. The construction can now be stated
very easily. In step s let (e,j) be the least pair in P such that
β(s) < δi(e). Enumerate β(s) in B3.

To prove the theorem notice that

6 = ψ(B) = Ψ(B°) © Ψ(Bι) .

Since 6 is indecomposable, for either j — 0 or j = 1 we have Ψ(B3)^
Ψ(Bι~3). Thus there exists a partial recursive one-one function φe such
that B3 — dom <̂ e, B

3 — (A U dom φe) are both r.e., such that domφe

>e S β1- '̂, and

(4) yeA<=> φe(y) e A

for all 7/ in dom^?e. Now Af]Bι~3' is obviously infinite and r.e., thus
we may suppose that B3-dom φe g A'. Further, if Bι~3 — A has an
infinite recursive subset, we may suppose that ^ = dom^e. However,
if B1*3 — A is immune, we may suppose that B was chosen so that
B — A is since Ψ(Bι~3) = 6. Thus in any case we may suppose that
B3 — dom φe is finite. By a suitable adjustment of φe we can make
domcpe - J3' unless Ψ{B3) = Ψ(Bι~3). However, if Ψ(B3) = Ψ(Bι-j), b
is a cylinder and the theorem is immediate. Thus we shall suppose
that dom<£>e = B3. Clearly, limx7x(β, j) = co whence limxδx(e,j) = ©o.
Let (β,i) now be the least pair in P such that limxδx(e,j) =oo, then
lim^ίe, i) = oo and F(B0 ^ ^(β1-^) = 6. For each pair (/, k) in P
which is <(e,j), limxδx(f, k) is finite because δs(f,k) is increasing
with s. Let

m = sup {δx(/, A;) I a? ̂  0 & (f,k)eP & (f,k) < (e,j)} .

At any step s where β(s) ^ m , we can have β(s) enumerated in Bι~3

only if δa(e,j)^β(s). But δs(e,j) increases with s and \imxδx(e,j) = oof

therefore Bι~3 is recursive. Now

a = Ψ(N) = W(B1-3) 0 f((Bl~3Y) .

But a is indecomposable and Ψ(B1~3) = 6 < α, whence Ψ((Bι~3Ύ) = α.
The last equation is now α = 6 0 α which proves the theorem.
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THEOREM 7. Let a be an r.e. one-one degree which has only a
finite number of predecessors then the one-one degrees rgα form a
distributive lattice.

Proof. Let 6, c, α* be one-one degrees ^ α such that one of 6/α*,
c/a* is finite. Then min (6/α*, c/a*)a* is ^ both 6 and c. Hence

( 5 ) 6 Π c/a* = min (6/α*, c/a*) .

It is clear that we can relax the condition that one of 6/α*, c/a* be
finite. Now let α* be a maximal indecomposable degree ^ α * . Then
in the proof of Theorem 4 we may choose αx — α* and so from the
construction of 6 (J c in that proof

( 6 ) 6 U c/a* = max (6/α*, c/a*) .

It is clear that (6) also holds when a* is a cylinder.
Now let x,y,z be any r.e. one-one degrees ^ α , to prove the

theorem it is sufficient to prove

(x u y) n z ^ (x n z) u (y n *).

From Lemma 2 it is therefore sufficient to show that

{(x Uy)Π z}/a* ^ {(ΛΓ Π Z) U (y Π *}/α*

for every indecomposable degree a* ^ a. From Theorem 6 any such
α* is either a maximal indecomposable degree ^ α or is a cylinder,
thus (5) and (6) are applicable. Using (5) and (6) this reduces to
showing that

min (max (x/a*, y/a*), z/a*) <£ max (min (x/α*, z/a*) ,

mm (y/a*,z/a*)).
However, it is easy to verify that equality obtains in the last line

using only the definitions of max and min. This completes the proof
of the theorem.

5* Conclusion* Above we have hardly touched upon the general
question of characterizing arbitrary initial segments of the one-one
degrees. A certain amount of information can be obtained by study-
ing the map Ψ introducted in the proof of Lemma 2. However, there
is a serious obstacle to a complete solution of the problem. Suppose
that we are considering the one-one degrees £ α where α is a cylinder.
If there is a noncylinder 6 ^ α then from the work of Young in [7]
there exists a collection of one-one degrees ^ α , and in the same many-
one degree as 6, which has the order type of the rationals. Thus it
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seems that the approach to initial segments via finite substructures
which has been successful for the many-one degrees in [3], is doomed
to failure in the case of one-one degrees.

Our final comment concerns the relation between the notion of
one-one degree used in this paper and the usual notion. Let a be the
one-one degree of a simple set such that the order types of the initial
segments of one-one degrees ^ α , under our definition and the usual
definition, are θ and θ* respectively. From Theorem 1 of [6] it is
easy to see that

θ* = ω@{(θ - {1}) o (fi>* 0 ω)} 0 ω* ,

where θ — {1} is the order type obtained from θ by deleting its grea-
test member, where 0 and ° denote ordinal sum, and product respec-
tively, where ω is the order type of the natural numbers, and where
ω* is the converse of ω.
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