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A NOTE ON EXPONENTIAL SUMS

L. CARLITZ

Put S(a) = Σχ,y^o e(x + y + axxyι), where xx1 = yy1 = 1,
e(x) — x + x2 + + x%n~ι and the summation is over all non-
zero x, y in the finite field GF(q), q = 2n. Then it is shown
that S(α) = 0(q) for all a e GF(α).

Let p be a prime and put

S2(a) = Σ, e{x + y + ax'y') ,

where e(a ) = β2;rίx/3> and xx' = yyf = 1 (modp). For a = 0 it is evident
that S(0) = 1. Mordell [3] has conjectured that

( 1 ) S2(a) = 0(p)

for all a. The writer [1] has proved that

S 2(α) - 0(p51*)

for all α.
For the finite field GF(q), q — pn, we may define

S2(a) = Σ e(x + y + αa?'i/') ,

where ae GF(q),

( 2 ) e(α ) = e2πit{x)lP, t(x) = x + xp + + ^ n—l

xx' = w ' — 1> ^ n d t h e s u m m a t i o n is over all nonzero x,ye GF(q). We
m a y c o n j e c t u r e t h a t

( 3 ) S2(a) = 0(ί)

for all aeGF(q).
In this note we show that (3) holds for q = 2\ Indeed if

we show that, for a Φ 0,

(4) Sί(α) = g + S8(α) (g = 2 ) .

Since [2], [4]

(5) , 5 ^ ) 1 ^ 2 ^ ,
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it is clear that (3) follows from (4) and (5). Indeed a little more can
be said. Since, for q — 2n, e(a) = ± 1, it follows that both S^a) and

are rational integers and in fact nonzero. Hence (4) and (5) give

(6) -q <

2* To prove (4), we take

Sl(a) = Σ e[x + y + a(xT + y')\

= Σ e[x + y + a(x + y)x'y'] .

If we put

(7) u = x + y, v = xy

then

( 8 ) Sl(a) = Σ e(u + auv')N(u, v) ,
u,v

where N(u, v) denotes the number of solutions x, y of (7); since v Φ 0,
x and y are automatically =£ 0.

For u = 0, (7) reduces to #2 = v, so that i\Γ(0, v) = 1 for all v.
For tt Φ 0, (7) is equivalent to

( 9 ) x2 + ux = v .

The condition for solvability of (9) is t(u~2v) = 0, where ί(a?) is defined
by (2). Hence the number of solutions of (9) is equal to 1 + e(u~2v),
so that

(10) N{u, v) = 1 + e(u'2v) (uv Φ 0) .

Substituting from (10) in (8), we get

Sί2)(α) = Σ N(0,1) + Σ e(u + auv')N(u, v)

= Σ 1 + Σ e(u + auv'){l + e(u'*v)}

= q - 1 + Σ e(u + auv') + Σ Φ + u'2v + auv') .

Since

Σ Φ % ) = - 1 (a Φ 0) ,

it follows, for a Φ 0, that

Replacing v by u2v, this becomes
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Sl(a) = q + Σ e(u + v + ΛWV)

= g + S2(α) ,

so that we have proved (4).

3* We may define

S3(α) = X β(α; + y + 3 + ax'y'z') .

The writer has been unable to find a relation like (4) involving Sz(a).
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