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A NOTE ON THE OUTER GALOIS
THEORY OF RINGS

H. F. KREIMER

Let G be a finite group of automorphisms of a ring B,
and let A be the subring of G-invariant elements of B. Call
B an outer semi-Galois extension of A, if the centralizer of
A in B is the center of B and B is a separable extension of
A (i.e., the (B, 2?)-bimodule homomorphism of B(£)AB onto
B, which is determined by the ring multiplication in B, splits).
The principal result of this paper is more easily stated here
under the additional hypothesis that A is a direct summand of
the right ^4-module B.

THEOREM. If B is an outer semi-Galois extension of a
subring AQ and Ao is a direct summand of the right ^Vmodule
B, then the following statements are equivalent for an inter-
mediate ring A.

(1) B is an outer semi-Galois extension of A and A is a
direct summand of the right A-module B.

(2) B is a projective Frobenius extension of A.
( 3 ) A is the subring of invariant elements of B with

respect to a finite group of automorphisms of B (not neces-
sarily a subgroup of G).

For outer Galois theory, this result is an improvement on the
Galois theory for noncommutative rings presented by the author in
[7] and by Y. Miyashita in [8], since the characterization of the
intermediate ring in the Galois correspondence does not depend on
the choice of G. If B is a commutative ring, then essentially the
same result (with a different proof) can be found also in a forthcom-
ing paper, " Galois theory in rings with infinitely many idempotents ",
by O.Villamayo^1 and D. Zelinsky.

A general Galois correspondence between subrings of a ring B
and subrings of the ring of endomorphisms of the additive group of
B is described in §1, and the Galois closure of a subring in B is de-
fined. These results are used to sharpen a theorem on Frobenius ex-
tensions, and the basic concepts of the Galois theory of rings are
summarized. In §2, the concept of outer semi-Galois extension is in-
troduced. The principal results of the paper are proved in §3.

1* Preliminaries. For the most part, the terminology and no-
tation in [7] are followed throughout this paper. The most notable
exception is that, whereas the image of an element a under a mapping
φ was denoted by aφ in [7], the more common notation φ(a) will be
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used in the sequel. In particular, ring will mean ring with identity-
element and subring of a ring will mean subring which contains the
identity element of the ring.

Let B be a ring and let 33 be the ring of all endomorphisms of
the additive group of B. The operations of left multiplication on B
by elements of B form a subring of 33, which is naturally isomorphic
to B. Thus 33 may be regarded as an extension of B and 33 supports
the structure of a left β-module. If A is a subring of B and
Horn (BA, BA) denotes the ring of right A-module endomorphisms of B,
then Horn (BA, BA) is both a subring and a left 5-submodule of 33.
But, if 21 is a subring of 33, then B is a left 2ϊ-module; and, if 21 is
both a subring and a left JS-submodule of 33, then 21 contains the
ring of left multiplications on B by elements of B and the ring
Horn (<%B, %B) of left 2I-module endomorphisms of B must be the ring
AR of right multiplications on B by elements of some subring A of
B.

Let 21 = Horn (BΛ, BA) for a subring A of B. The subring A of
B such that Horn (%B, yβ) = AR will be called the Galois closure of A in
B. Clearly A C A and A is the largest subring of B such that
Horn (BΛ, BA) = Horn (BA, BA). If A = A, A will be said to be Galois
closed in B. 2t is naturally isomorphic to Horn ((B 0 AB)B, BL), which
is the dual of the right jB-module B 0 AB\ and Horn (β2ΐ, βB) is naturally
isomorphic to the second dual of B 0 AB. Now suppose that ΰ is a
finitely generated, protective right A-module. Then B 0 ^B is a fi-
nitely generated, protective right jB-module; 2ΐ is a finitely generated,
protective left J5-module; 21 is naturally isomorphic to B 0 J3om (BΛ, AA);
and Horn (β2I, BB) is naturally isomorphic to B 0 _J5 Since

Horn (j^, AJ S Horn (BA, AA) = Horn (j^, A7l) ,

the natural homomorphism of B 0 ^ Horn (iJ-j, A )̂ into Horn (Bj, Bj) = 2ί
must be epic. Therefore B is a finitely genereted, projective right
A-module and 21 is naturally isomorphic to B 0 ^ Horn (BA, AA) by [1,
proposition A.I]. Moreover B 0 ^B = B 0 iB.

The following proposition gives an application of the concept of
Galois closure to the theory of (projective) Frobenius extensions [6].

PROPOSITION 1.1. Let A be a subring of a ring B such that B
is a finitely generated, projective right A-module; let 21 = Horn (BΛ, BA);
and let A be the Galois closure of A in B.

(1) If B is a Frobenius extension of A, then % is a Frobenius
extension of B and Horn (BA, AA) = Horn (BA, Aj).

(2) If % is a Frobenius extension of 2?, then B is a Frobenius
extension of A.
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Proof. According to the definition and Remark 1 in [6, §1, 2],
3 is a Frobenius extension of B if and only if there is an (3ΐ, B)-
bimodule isomorphism of Horn (β3l, BB) onto SI. Since there is a natural
isomorphism of B (g)AB onto Horn (B2t, BB), Sΐ is a Frobenius extension
of B if and only if there is an (Sί, I?)-bimodule isomorphism of B 0 AB
onto 31. Suppose B is a Frobenius extension of A. Then there is an
(A, Z?)-bimodule isomorphism of B onto Horn (BA, AA) by Remark 1 of
[6, §1.2], Consequently, there is an (31, U)-bimodule isomorphism of
B®AB onto JB (g)4 Horn (JS ,̂ AA). But B®AB = B®ΊB and
B ®A Horn {BA, BA) is naturally isomorphic to 31. Therefore there is
an (31, J5)-bimodule isomorphism of 1? & xB onto 31.

Now suppose that there is an (Sί, J5)-bimodule isomorphism of
B0AB onto Sί, and let 7 e Sΐ correspond to 1 (g) 1 e B (g) AB under this
isomorphism. If b,b' eB and φ e Sί; then φ © φ'. 7 b) = φ(b') 7 6,
since both correspond to <p(b') ® 6 under the given (Sί, I?)-bimodule
isomorphism of B (&jB onto Sί. It follows readily from the definition
of A that 7-6eHorn (BA, AA). Also 7 α = α 7 for α e i . There must
-exist a positive integer n and elements &y, b'ά of B,l ^ j ^ n, such
that Σ?=i bj'Ύ-b'j is the identity map on J5. If a; e B and ψ> e Horn (BA, A2);
then

Thus α/r — 7.C for c — Σ?=i ΨΦj)'b'j- Therefore the composition of the
{A, jB)-bimodule monomorphism of B into B (g)jB which maps b onto
1 (g) 6 with the given (Sί, i?)-bimodule isomorphism of Bξξ)AB onto Sΐ
is an (A, 2?)-bimodule isomorphism of B onto Horn (#2, Aj). Conse-
quently B is a Frobenius extension of X Moreover, if the (Sί, f?)-
bimodule isomorphism of B 0 AB onto Sί is derived from an (A, B)-
bimodule isomorphism of B onto Horn (BA, AA), then 7 e Horn (BΛ1 AA).
Therefore 7 δ e H o m ( ^ , AA) for beB, and

Horn (BA, AA) = Horn (BA1 AA) .

COROLLARY 1.2. Let A be a Galois closed subring of a ring B
such that B is a finitely generated, protective right A-module. B
is a Frobenius extension of A if, and only if, Horn (BA, BA) is a
Frobenius extension of B.

The following three lemmas are restatements of results contained
in [9].

LEMMA 1.3. Let A be a subring of 2?, let Sί = Horn (BA, BA), and
let J7~{BA) be the trace ideal of the right A-module B. ^~(BA) = A
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if, and only if, B is a finitely generated, projective left Wί-module
and Horn (%B, <%B) = AR.

LEMMA 1.4. Let % be a subring and left B-submodule of S3, let
A be that subring of B such that Horn {%B, %B) = AR, and let J?~(%B)
be the trace ideal of the left %-module B. ^~(%B) — 21 if, and only
if, B is a finitely generated, protective right Ά-module and 2ί =
Horn (BΊ, BΊ).

LEMMA 1.5. Let A be a subring of B. J7~(BA) = A if, and only
if, A is a direct summand of the right A-module B.

In the application of these results, the following lemma is useful.

LEMMA 1.6. Let A be a subring of B such that B is a finitely
generated, projective right A-module. J7~(BA) = A if, and only if,
B is a faithfully flat right A-module.

Proof. Since B is a projective right A-module, B is a flat right
A-module. Suppose J7~(BA) = A. Then A is a direct summand of
the right A-module B by Lemma 1.5, and A 0 AX is a direct sum-
mand of the additive group B 0 AX for any unital left A-module X.
But A 0 AX is naturally isomorphic to X. Consequently, if B 0 AX =
0 then X = 0; and B is a faithfully flat right A-module by [3, Chapter
1, §3, No. 1, Proposition 1],

Conversely, suppose B is a faithfully flat right A-module. Let
SI = Horn (BA$ BA) and let τ be the evaluation map of Horn (BA, AA) (&%B
into A. 21 is naturally isomorphic to B§Z)A Horn (BA, AA), B 0 AA is
naturally isomorphic to B, and the map 1 0 τ of B §ξ>A Horn (BA, AA) 0%
B into B &)A A corresponds to the natural isomorphism of 2 1 0 ^ B
onto B. Therfore 1 0 τ is an isomorphism, and τ is an isomorphism
by [3, Chapter 1, §3, No. 1, Proposition 2]. Since ^~(BA) is the
image of τ, j^~(BA) = A.

From Lemmas 1.3 and 1.4 one obtains a Jacobson-Bourbaki type
of correspondence [cf. 5] between the set of subrings A of B such
that B is a finitely generated, projective right A-module and J?~{BA) =
A, and the set of subrings 2ί of 35 such that 2ί is a left ί?-submodule
of 33, B is a finitely generated, projective left 2I-module, and J7~(<%B) =
21. Call B a generalized Galois extension of a subring A if B is a
finitely generated, projective right A-module and J?~(BΛ) = A. In
the definition of generalized Galois extension B of a subring A, the
requirement that ^~(BA) = A may be replaced by either of the equiva-
lent conditions given in Lemmas 1.5 and 1.6. Lemma 1.3 asserts that

= A is a sufficient condition for a subring A of B to be Galois
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closed in B. In particular, if B is a generalized Galois extension of
a subring A, then A is Galois closed in B. It is a consequence of
Corollary 1.2 that a generalized Galois extension B of a subring A
is a Frobenius extension if, and only if, Horn (BAt BA) is a Frobenius
extension of B. This assertion may be seen to be equivalent to the
corollary in [6, §2.4] by observing that, if the right A-module B pos-
sesses a direct summand which is isomorphic to A, then there exists
a right A-module homomorphism of B onto A and J?~(BA) = A.

Let G be a finite group of automorphism of a ring J?, let A be
the subring of G-invariant elements of JB, and let Δ be the crossed
product of B and G with trivial factor set. Clearly A is Galois closed
in B and there is a canonical ring homomorphism i of J into
Horn (BA, BA).

PROPOSITION 1.7. The following statements are equivalent.
( 1 ) G is a strongly independent group of automorphisms of B.

( 2 ) There exist a positive integer n and elements xjΊ y3- of JB,

1 ^ 3 ^ w, s%c& £/̂ α£ Σ?=i σ(xj)ΛVj — î,<χ / o r α ^ σ eG.

( 3 ) B is a finitely generated, protective right A-module and i
is an isomorphism of A onto Horn (2? ,̂

Proo/. If Σ?«i tffo) 2/; = δi>« f ° r all (7 e G, then Σ?=i <*(&*
r (Σi=i τ ~ l σ ( χ 3) Vj) = <5σ,r for all σ,τeG. Therefore, it is a consequence
of [7, Proposition 2.3] that G is a strongly independent set of auto-
morphisms of B if, and only if, there exists a positive integer n and
elements xj9 y, of J3, 1 <£ i ^ w, such that Σ?=i σ(χj)'Vj — δlfff for all
( eG. The equivalence of statements 2 and 3 is proved in [4, Th. 1].

Following the terminology in [2], call B a Galois extension of A
relative to G if any of the statements of Proposition 1.7 is satisfied.
Call B an outer Galois extension of A if B is a Galois extension of
A and the centralizer of A in B is the center of B. Now suppose B
is a Galois extension of A relative to G, and let 31 = Horn (BA, BA).
Then G freely generates the left β-module St. Let {σ* \ σ e G) be the
dual basis for the right i?-module Horn (β2ί, BB). But Horn (βSI, BB) is
also a left 2ΐ-module; and, for 6eZ? and pyσeG, p-σ* = (σ p-1)* and
6.(7* = 0 *.cr(δ). It is easily verified that the left U-module homo-
morphism of SI into Hom^Sί, BB) which maps σ onto 0?-1)*, for σeG,
is an (31, ί?)-bimodule isomorphism. Therefore 31 is a Frobenius ex-
tension of B. B is a Frobenius extension of A by Corollary 1.2. Let
n be a positive integer and let xjy yά be elements of B for 1 <L j <* n,
such that Σ?=i #y ® 2/y e JB (S^ J3 corresponds to 1* e Horn (β2ϊ, BB) under
the natural isomorphism of Horn (β3I, £JB) onto B ®A B. Then

Σ xrVi = 1 and Σ &&,- ® Vy = Σ »y
3=1 3=1 3=1
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for every b e B. Thus B is also a separable extension of A.

PROPOSITION 1.8. Let B be a Galois extension of A with Galois
group G. The following statements are equivalent.

(1) A is a direct summand of the right A-module B.
( 2) B is a faithfully flat right A-module.
(3) JT(BA) = A.
(4) There exists ceB such that Σ σ 6 G ^ ( ^ ) = 1-

Proof. Statements 1, 2, and 3 are equivalent by Lemmas 1.5 and
1.6. Also, statement 4 implies statement 1 by [7, Lemma 2.8]. Now
suppose that B is a faithfully flat right A-module and let a) = Σσe<?^
1 0 0 ) is a left β-module homomorphism of B (g)A B into B (g)4 A, and
B (g)A A is naturally isomorphic to B. There exist a positive integer
n and elements xjf yd of B, 1 ^ j <; n, such that Σ?=i σ(χj)'V — $i,a
ίorσeG. But then Σ ^ i β j ωd/j ) = 1; and, consequently, 1 (g) ω is
an epimorphism. Since 5 is a faithfully flat right A-module, ω is an
epimorphism and there must exist ceB such that ω(c) = 1. There-
fore statement 2 implies statement 4.

It follows from [7, Corollary 3.7 and Lemmas 3.2 and 2.8] that
B is a if-ring with respect to G if, and only if, B is a Galois ex-
tension of A relative to G and there exists ceB such that Σσeσ σ(c) =
1. Propositions 1.7 and 1.8 may be used to formulate a number of
conditions equivalent to B being a K-ήng with respect to G. In
particular, B is a Z-ring with respect to G if, and only if, B is a
generalized Galois extension of A and i is an isomorphism of Δ onto
Ίlom (BA,BA).

The preceding considerations are simpler in the case of commuta-
tive rings. For instance, suppose A is a commutative subring of a
ring B such that B is a finitely generated, protective right A-module.
Then J7~(BA) — A by [1, proposition A.3], and so B is a generalized
Galois extension of A. The situation for noncommutative rings is il-
lustrated by the following example.

EXAMPLE 1.9 Let B be the ring of 3 x 3 matrices over a field F
of characteristic two; and let e{j denote the element of B with entry
1 in the i-th row and i-th column and entry 0 elsewhere, for 1 <Ξ ΐ,
j ^ 3. Let σ be the inner automorphism of B determined by

βi2 + e21 + 3̂3- T h e n

for α;j eF, 1 g i, i ^ 3a 2i

α31
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^ 2 2

^ 3 2
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σ generates a subgroup G of order two in the group of all auto-
morphisms of B. Let A be the subring of G-invariant elements of
B. Since statement 2 of Proposition 1.7 is satisfied for x1 = en = yίf

x2 = e22 = y2, x3 — e32, and y3 = e23; B is a Galois extension of A relative
to G. But since the characteristic of F is two,

~an + a22 α12 + a21 α13 + α23

012 + 021 011 + 022 013 + 023

_03l ι~ 032 031 I" 032 ^

for a,ij G F, 1 ^ i, i ^ 3. Therefore there is no element c of B such
that (1 + σ)(c) is the identity matrix and B is not a if-ring with re-
spect to G. In particular, B is a finitely generated, protective right
A-module and A is Galois closed in B, but J3 is not a generalized
Galois extension of A [cf. 9, Remark 3]. Moreover, since B is a
Frobenius extension of A, this example demonstrates that Corollary
1.2 is a sharper result than the corollary in [6, §2.4].

2 Outer semi-Galois extensions* The central idempotent ele-
ments of a ring play an important role in the outer Galois theory of
rings, as the following lemma indicates.

LEMMA 2.1. Let A be a subring of a ring B, such that the
centralizer of A in B is the center of B and the left B-module
Horn (BAy BA) is freely generated by a finite set M of automorphisms
of B over A. rj e Horn (BA, BA) is a ring endomorphism such that
37(1) = 1 if, and only if, η = ^aeMea^a where {eσ \ σ e M) is a set of
pairwise orthogonal, central idempotents in B such that ^aeM

ea = l

Proof. Let η e Horn (BA, BA); since the left J5-module Horn (BA1 BA)
is freely generated by M, r] has a unique representation as η = Σ σ € J f eσ 0"
where eσeB for σeM. Suppose rj is a ring endomorphism of B such
that η(l) = 1. Then Σ σ e i I / eσ - η{l) = 1, and τj(x)^σeM eσ-σ(y) = τj(x)-
V(v) = V(χv) = ΈioeMeσ 0(χ)mσ(v) for x,yeB. Therefore ΣiσexV(χ)'eσ
o — Σαei/^ φ ) <τ and η(x) eσ — eσ σ(x) for xeB and σeM. Since
Ύ], σeHom (BA, BA); eσ must be an element of the centralizer of A in
B, which is the center of B, for σeM. But then ea*σ = eσ η —
Σrejf βσ βr τ and eσ eΓ = δσ,r eσ for σ, r e i l ί . Thus {eσ | cr G ikf} is a set
of pairwise orthogonal, central idempotents in B such that Σ σ e i ^ =
1. Conversely, suppose {eσ\σeM} is a set of pairwise orthogonal,
central idempotents in B such that ^ΣjσeM eσ — 1. Then ^(1) = Σσejr eo =
1, and 57(053/) = ΣσeMeβ σ(x)'σ(y) = r](x) Ύ](y) for x,yeB. Therefore
97 is a ring endomorphism such that ^(1) = 1.

Let E be the set of all central idempotent elements of a ring B,
and partially order E by setting e <̂  / if e / = e for e,feE. E is
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a Boolean algebra in which the intersection ef]f is e / , the union
e U / i s e + f — e-f, and the complement of e is 1 — e, for e, feE.
An automorphism of B restricts to an automorphism of the Boolean
algebra E; and, thereby, any group of automorphisms of B is re-
presented as a group of automorphisms of the Boolean algebra E.

Let A be a subring of a ring B; and let S be a finite set of
pairwise orthogonal, central idempotents in B, such that Σee^β = 1.
The right A-module B is a direct sum of its submodules Be, e e S;
and Be is a ring containing Ae as a subring for each ee S. Now as-
sume that S g i . If Y is a right A-module then Horn (BA, YA) =
ILes Horn (BeA, YA) = ΐ[eeSHorn (BeAe, YeAe); and it is easily verified
that 5 is a finitely generated, protective right A-module if, and only
if, Be is a finitely generated, protective right Aβ-module for each
ee S. Likewise, it is easily verified that A is a direct summand of
the right A-module B, B is a Frobenius extension of A, A is Galois
closed in B, the centralizer of A in 5 is the center of B, or B is a
separable extension of A, if and only if the respective condition is
satisfied by the ring Be and its subring Ae for each e e S. Moreover
the group of all automorphisms of B over A is canonically isomorphic
to the direct product of the groups of automorphisms of Be over Ae,
ee S; and in the sequel it will be convenient to use this isomorphism
to identify any group of automorphisms of Be over Ae, e e S, with a
subgroup of the group of automorphisms of B over A.

LEMMA 2.2. Let T be a finite set of pairwise orthogonal, central
idempotents in a ring B, such that Σeeτe = 1; let g be a groupoid
of ring isomorphisms between elements of the set {Be\ee T};let
g(Be, Bef) be the set of isomorphisms in g which map Be onto Be'
for e, er e T; and let A = {b e B \ σ(be) — be' for σ e g(Be, Ber) and e,
ef e T}. Then A is a subring of B; and there exist a finite set S of
pairwise orthogonal, central idempotents in B, such that Σees^ = 1
and S Q A; and a group Ge of automorphisms of Be for each ee Sf

satisfying the following conditions.
(1) For each ee S, Ae is the subring of Ge-invariant elements

of Be.
(2) If g(Be, Be) is finite for each ee T, then Ge is finite for

each ee S. If in addition, for each ee T, there exists ceBe such
that ΣσegiBcBe) σ(c) = e%, then, for each eeS, there exists ceBe such
that ΣiσeGeσ(c) = β

(3) // G(Be, Be) is a finite, strongly independent group of
automorphisms of Be for each ee T, then Ge is a finite, strongly
independent group of automorphisms of Be for each ee S.

Proof. The verification that A is a subring of B is straight-
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forward and will be omitted. The condition that g(Be, Be') be non-
empty for e, ef e T defines an equivalence relation on T, and an equiva-
lence class of elements of T will be called a component of the
groupoid g. Letting ec — ̂ eeCe for each component C of g, it is
readily verified that S — {ec \ C is a component of g} is a finite set of
pairwise orthogonal, central idempotents in B such that Σ e e s β ^ l
and S § A. Let C be a given component of g, let m be the cardinality
of C, let β0, eu , em_i be an enumeration of the distinct elements of
C, and choose τi e g(BeQ, Be{) for 0 <̂  i <; m — 1. Observe that
(̂jBβi, jBβy) = τs g(Be09 Be,) τιι for 0 ^ i, i ^ m — 1. It is convenient

to define r< for every integer i by requiring that r< = τ5 Ίί i ~
i(modm). Setting r (Σ?^ 1 & e») = ΣΓΞ'^+i ^ΓXδ ^) for beB,τ is an
automorphism of order m on the ring i? ec. Setting σίΣJLVδ βi) =
Σί^ό^i ^ ^Γ^δ βί) for δeJS and σ e g(Be0J Be0), σ is an automorphism
of the ring ί?-^. and σ τ = τ <?. The correspondence of σ to
ίj e #(£β0, -^βo) ^s a monomorphism of g(Be0, Be0) into the group of
automorphisms of ΰ β̂  and, letting G be the subgroup of the group
of automorphisms of B ec which is generated by the image of g(Be0, Be0)
and τ, G is the direct product of the image of g(Be0, Be0) and the
cyclic group of order m generated by τ . Therefore G is finite when-
ever g(BeQ, Be0) is finite. If p e g(Beif Bβj) for 0 ^ i, j <; m — 1, then
p — Tj-σ-τY1 for some σeg(Beo,Beo) and p coincides with the restric-
tion of r5'"*-^ to Be^ Consequently, the subring of G-invariant ele-
ments of B ec is A ec. Now assume that g(BeQ, BeQ) is finite. If
there exists ceBe0 such that Σσ6g(^o,5eo) &(c) = eQ, then ceB-eG and
ΣΓS 1 Σσe,(βeo,βeo) r«ά(c) - Σ^^174(β0) - Σ S 1 βί - βσ. If g(BeQ, Be,) is a
strongly independent group of automorphisms of BeQ, then there exist
a positive integer n and elements xj9 yd of J5β0, 1 ^ j ^ n, such that
Σi=iΦi)*2/i = î,α βo for σeg(Be0, Be0). But then T^XJ), τ ^ ^ ), 0 ^
i ^ m — 1 and 1 ^ j ^ n, are elements of JS ec; and, for any integer
k and σ e g(Be0, Be,), Σ S 1 Σ;=i ̂ d^x^^Ay^) = Σ Γ ^ Σ ^ i rί+&(<7(^ ))
Ti(yj)> which is eσ if A; = 0 (mod m) and σ = 1, but is 0 otherwise.
Therefore G is a strongly independent group of automorphisms of
B ec. To each eeS, there corresponds a component of the groupoid
g and the preceding construction yields a group Ge of automorphisms
of J? e, satisfying the requirements of the lemma.

The technique of working with a groupoid g of ring isomorphisms,
as in the preceding lemma, is due to Villamayor and Zelinsky [10].
Note that, if A is a subring of a ring B such that the centralizer of
A in B is the center of B, then the center of A is the intersection
of A with the center of B. The author is indebted to Ό. Zelinsky
for suggesting the following theorem.

THEOREM 2.3. Let A be a subring of a ring B such that the
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centvalizer of A in B is the center of B. The following statements
are equivalent.

(1) B is a separable extension of A and A is the subring of
invariant elements of B with respect to a finite group of auto-
morphisms of B.

(2) There exists a finite set S of pairwise orthogonal, central
idempotents in A, such that Σees^ — 1 and Be is a Galois extension
of Ae (relative to some finite group of automorphisms of Be) for
each e e S.

Proof. Suppose B is a separable extension of A and A is the
subring of invariant elements of B with respect to a finite group G
of automorphisms of B. Since B is a separable extension of A, there
exist a positive integer n and elements xd, y3- of B, 1 ^ j <£ n, such
that Σ i = i ^ 2/i = 1 a n d Σ ? = i ^ ® 2/, = Σi=i&iΘ2//& ί n

 B®AB for
every beB. Setting ea = Σ ^ i ^ ί ^ l/i f° r ^eG, cr(6) βσ — β̂  δ for
6 6 B and # 6 G. Therefore eσ is an element of the centralizer of A
in B, which is the center of B, for σ e G. Moreover, e2

σ — Σ?=i σ(χj)
2/i ^ = Σi=i ^(^i) * eo' Vi = Σi=i e* a?,- Vj = eσ for <J G G. Therefore
{σ(βΓ) I σ, τ e G} is a finintie set of central idempotents in B, which
generates a finite, G-stable subalgebra Eo of the Boolean algebra E
of all central idempotents in B. Let T be the set of minimal ele-
ments of Eo. For ee T and fe Eo, either ef — e or ef — 0; and it is
easily verified that T is a finite, G-stable set of pairwise orthogonal,
central idempotents in B, such that Σβerβ = l A groupoid # of
ring isomorphisms between elements of the set {Be \ e e T) is obtained
by letting g(Be, Be') be the set of isomorphisms of Be onto Be' which
are restrictions of elements of G for e, e' e T. Since A is the subring
of G-invariant elements of B, A = {b e B \ σ(be) = be' for σ e g(Be, Be')
and e, e' e T}. Since G is finite, g(Be, Be) is finite for each ee T.
F o r ee T a n d peG, Σ ? - i P(XJ)'VJ^ — e

P-e. E i t h e r ep-e = e or ep-e = 0;
b u t , i f ep e = e, t h e n <o(6) e = p(b)-ep-e — ep-b-e = δ e f o r δ e j B . C o n -
sequently, Σj=iσ(χje)*yje = $i,o-e for all σ G flr(J?e, Be); and g(Be, Be) is

a finite, strongly independent group of automorphisms of Be for ee T.
By Lemma 2.2, there exist a finite set *S of pairwise orthogonal, central
idempotents in A, such that Σee^β = 1; and, for each e e S, a finite,
strongly independent group Ge of automorphisms of Be, such that Ae
is the subring of Ge-invariant elements of Be. Therefore Be is a
Galois extension of Ae relative to Ge for each ee S.

Conversely, suppose there exists a finite set S of pairwise orthogonal,
central idempotents in A, such that Σees^ — 1 a n d Be is a Galois
extension of Ae relative to a finite group Ge of automorphisms of Be
for each ee S. Since Be is a Galois extension of Aβ, Be is a separable
extension of Ae for e e S . Therefore B is a separable extension of
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A. Let G be the subgroup of the group of all automorphisms of B
over A, which is generated by the GeJ e e S. Clearly A is the subring
of G-invariant elements of B. But G is the direct product of its
subgroups Ge and Ge is a finite group for ee S. Therefore G is finite.

DEFINITION 2.4. Let A be a subring of a ring B such that the
centralizer of A in B is the center of B. Call B an outer semi-Galois
extension of A if either statement of Theorem 2.3 is satisfied.

Suppose B is an outer semi-Galois extension of a subring A; and
let S be a finite set of pairwise orthogonal, central idempotents in A,
such that Σ e 6 S e — 1 and Be is a Galois extension of Ae relative to a
finite group Ge of automorphisms of Be for each eeS. Then for
each eeS, Be is a Frobenius extension of Ae and Ge freely generates
the left l?e-module Horn (BeAeJ BeAe). Therefore B is a Frobenius ex-
tension of A. Moreover, if G is the group of automorphisms of B
which is generated by the Ge, ee S, then G is finite and it is easily
verified that G generates the left j?~module Horn (BA, BA).

PROPOSITION 2.5. Let B be an outer semi-Galois extension of a
subring A. Any finite set of automorphisms of B over A generates
a finite group of automorphisms of B.

Proof. Let M be a finite set of automorphisms of B over A.
First suppose B is a Galois extension of A relative to a finite group
G of automorphisms of B. Then G freely generates the left JS-module
Horn (BA1 BA); and any automorphism η of B over A has a unique re-
presentation as Ύ] = ΣσeGev,σ (7, where {eη>σ\σ eG} is a set of pairwise
orthogonal, central idempotents in B such that Σσec?βrΛσ = 1, by Lem-
ma 2.1. {σ(eη,τ)\σ,τ eG and either ηeM or Ύ]~ιeM} is a finite set
of central idempotents in J5, which generates a finite subalgebra Eo

of the Boolean algebra E of all central idempotents in B. Let H be
the group of automorphisms of B generated by M. If Θ e H, then it
may be verified by straightforwad calculations that eo,σ e Eo for σ e G.
Since Eo is finite, H must be finite. Now suppose B is an outer
semi-Galois extension of A; and let S be a finite set of pairwise
orthogonal, central idempotents in A, such that Σees^ = 1 and Be is
a Galois extension of Ae for each ee S. But, for each e e S, a finite
set of automorphisms of Be over Ae is obtained by restricting the
elements of M to Be, and it has now been established that this finite
set of automorphisms of Be over Ae generates a finite group He of
automorphisms of Be. Let H be the subgroup of the group of all
automorphisms of B over A which is generated by the He>ee S. Then
M £ H, and H is a finite group since it is the direct product of its
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subgroups He, eeS. Therefore the group of automorphisms of B
generated by M must be finite.

Suppose B is a Galois extension of a subring A relative to a finite
group G of automorphisms of B, and S is a finite set of pairwise
orthogonal, central idempotents in 2?, such that S Q A and Σ e e 5 β =
1. For e e S, the canonical projection of the group of all auto-
morphisms of B over A onto the group of automorphisms of Be over
Ae determines a representation of G as a group of automorphisms of
Be. Since A is the subring of (-^-invariant elements of B, Ae must
be the subring of G-invariant elements of Be. Let n be a positive
integer and xjf yό be elements of B for 1 <; j <: n, such that ]ΓJ=1

 σ(^i)
^ = δlta for all C G G . Then xόe, y3e are elements of Be for 1 ^ i ^ w,
and ̂ Σli=rθ(%5e)*y5e = hliO e for all σeG. Therefore only leG acts
as the identity automorphism on Be, the representation of G as a
group of automorphisms of Be is faithful, and Be is a Galois extension
of Ae relative to G. It is evident from this observation, that to
construct an example of an outer semi-Galois extension which is not
a Galois extension one needs only to take the direct product of two
outer Galois extensions which cannot have isomorphic Galois groups.

EXAMPLE 2.6. Let B be an outer Galois extension of a subring
A relative to a nontrivial group G of automorphisms of B, and let
B x B denote the direct product of B with itself. A faithful re-
presentation of G as a group of automorphisms of B x B is obtained
by setting σ(b, b') = (σ(b), σ{b')) for σ eG and 6, V e JS; and it is not dif-
ficult to verify that B x B is an outer Galois extension of its subring
A x A relative to G. Since B is trivially an outer Galois extension
of JB, B x B is an outer semi-Galois extension of its subring A x B.
In particular, B x B is a Frobenius extension of A x JS. But B x B
cannot be a Galois extension of A x B.

3* Outer Galois theory*

LEMMA 3.1. Let B be an outer Galois extension of a subring
Ao relative to a finite group G of automorphisms of B; and let A be
a subring of B such that AQQ A and B is a Frobenius extension of
A.

(1) If A is Galois closed in B, then B is an outer semi-Galois
extension of A.

(2) If B is a K-ring with respect to G, then B is a generalized
Galois extension of A.

Proof. Since the centralizer of AQ in B is the center of J5, the
centralizer of A in B must be the center of B. Since B is a Galois
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extension of AQ, the left J3-module Hom (BAo, BA) is freely generated
by G. Finally, since B is a Frobenius extension of A, B is a finitely
generated, protective right A-module and there is an (A, J5)-bimodule
isomorphism of B onto Hom (BAf AA). Let 7 e Hom (BAy AA) correspond
to 1 e B under an (A, j?)-bimodule isomorphism of B onto Hom (BA, AA).
Since 7 e Hom (BAύ, BAo), 7 has a unique representation as 7 = Σ<re<? <V#"
where eσeB for σeG. If ae A; then ^σeGa*eσ'σ = a*y = y a =
Σσeσββ σ(α) σ, since both correspond to α under the given (A9 B)-
bimodule isomorphism of B onto Hom (BA, AΛ), and a-eσ = eσ <7(α) for
<7GG. Therefore βσ must be an element of the centralizer of Ao in
By which is the center of B, for σeG. Since there is a natural
isomorphism of B (g)A Hom (i?^, AA) onto Hom (JS ,̂ Z?J, there must exist
a positive integer m and elements 6, , δ' of J?, 1 ^ i ^ m, such that
ΣS=i &«•?•&< = Σ α e β Σ ί ^ i ^ βα σ ^ σ is the identity automorphism of
j?. But then Σί^i&rβσ 0'(&') = <51>σ for σ e G , and ex must be a unit
in the center of B. Since an (A, J5)-bimodule isomorphism of B onto
Hom (2? ,̂ AA) is given also by the mapping 6—>y-eτ1 b, b e j?; one may
assume that an (A, i?)-bimodule isomorphism of B onto Hom (BA, AA)
has been chosen so that et — 1.

Let w be a positive integer and xiy yά be elements of B, 1 ^ j g π,
such that Σ?=i σ(xj)'Vj = ^i,σ for all σ 6 G. Then βo p = Σ?=i P(®s) Ύ Vs
and e^f e Hom (J5^, J5 )̂ for peG. Therefore Σσeα eP'P(eσ)-pσ =
ep ρ y = 6^-^(1)-7 = e^-7 = Σ*e<? ve«, ff, a n ( i ep*ρ(eσ) = ê  β^ for />,
o-eG. In particular, ê  — eP'p(ex) = β̂  ê  for ^ G G . Consequently,
{ίτ(βr) I σ, r e G} is a finite set of central idempotents in 5 , which
generates a finite, G-stable subalgebra Eo of the Boolean algebra E
of all central idempotents in B. If T is the set of minimal elements
of Eo; then T is a finite, G-stable set of pairwise orthogonal, central
idempotents in B such that Σ«erβ = 1. Let eeT,beB, and σ e G .
If βff σ(β) = 0, then eσ-σ(be) = 0; but if eσ σ(e) Φ 0, then ea σ{e) = σ(e)
and βσ σ(δe) = σφe). Observe that for eeT and σ,τeG such that
eσ σ(τ(e)) = α(τ(β)), eσ r crr(e) = βαr βσ σr(β) = σ(βΓ) βσ ί7τ(β) = σ(6 r .τ(e)) .

Therefore, if in addition βT r(β) = τ(e), then βσr σr(e) = στ(e). But
letting r = a*1, one obtains from the preceding observation that, if
eσ σ(σ~ι(e)) = σ(σ~ι(e)), then et e — σ(ea^σ~ι(e)) or βσ_1 σ-1(e) = σ"1^)
since ex — 1. With these facts it may be verified that a groupoid #
of ring isomorphisms between elements of the set {Be\ee T} is ob-
tained by letting g(Be, Be') be the set of isomorphisms of Be onto Be'
which are restrictions of elements σ of G satisfying eσ σ(e) = er for
e, ef G T. Let A be the Galois closure of A in B. Clearly, A —
{beB\y(xb) — y(x) b for all xeB). But 7~Σσeί?βσ σ and eσ σe
Hom(J5^, J5J for σeG. Therefore A = {beB\eo*σ(b) = eσ-b for σeG} =
{6 e J5 I i?(δe) = 6 e' for η e (Be, Be') and β, e' G Γ}.
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Now let ee T and let if be the subgroup of automorphisms in G
which restrict to elements of g(Bey Be). Since G is finite, g(Bey Be)
is finite. Since Σ i = i Φ i β ) ^ = °ι,σ-e for all σeG, g(Bey Be) must be
a strongly independent group of automorphisms of Be. Moreover,
only 1 e H restricts to the identity automorphism of Be. Therefore
distinct elements of H restrict to distinct elements of g(Bey Be).
Suppose that B is a K-ήng with respect to G. Then there exists
ceB such that ^σeGσ(c) = 1. Let p be the index of H in G, let
{τk 11 ^ k <Ξ p} be a system of representatives of the left cosets of H
in G, and let c' = ΣL-i rfc(c). Then Σ σ e / / σ(c') - 1 and Σ*e,<*.,B.> J?(e'e) =
e. By Lemma (2.2) there exist a finite set S of pairwise orthogonal,
central idempotents in A, such that Σees# — 1; and, for each eeSy

a group Ge of automorphisms of Be with the properties that Be is
a Galois extension of Ae relative to Gey and Be is a iΓ-ring with
respect to Ge if 5 is a if-ring with respect to G. Therefore, if A =
A, then B is an outer semi-Galois extension of A. If B is a iί-ring
with respect to G, then Be is a generalized Galois extension of Ae
for each e e S . But then B is a generalized Galois extension of A
and ^(BΊ) = A. Since Horn (BAy AA) = Horn (J? ,̂ AΊ) by Proposition
1.1, ^ ( J 3 : Ϊ ) = J Π # J g A g l Therefore ^"(J?^) - A and β is a
generalized Galois extension of A.

THEOREM 3.2. Let B be an outer semi-Galois extension of a
subring Ao, and let A be a subring of B such that Ao £ A. The fol-
lowing statements are equivalent:

(1) B is an outer semi-Galois extension of A.
(2) A is Galois closed in B and B is a Frobenius extension of

A.
(3 ) A is the subring of invariant elements of B with respect

to some finite group of automorphisms of B.

Proof. Since B is an outer semi-Galois extension of Ao, B is a
separable extension of AQ. Therefore B must be a separable extension
of A, and the equivalence of statements 1 and 3 follows from De-
finition (2.4). The remarks following Definition (2.4) establish that
statements 1 and 3 imply statement 2. But suppose A is Galois
closed in B and B is a Frobenius extension of A; and let S be a finite
set of pairwise orthogonal, central idempotents in AQy such that
Σeesβ = 1 and Be is a Galois extension of AQe for each eeS. Then
Be is an outer Galois extension of Aoey Ae is a Galois closed subring
of Be such that Aoe £ Aey and Be is a Frobenius extension of Aey

for eeS. By Lemma 3.1, Be is an outer semi-Galois extension of
Ae for ee S. It follows easily that B is an outer semi-Galois ex-
tension of A. Therefore statement 2 implies statement 1.
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If, in addition to the hypotheses of Theorem 3.2, Ao is a direct
summand of the right ^-module B; then Theorem 3.2 may be modified
to read as follows:

THEOREM 3.3. Let B be an outer semi-Galois extension of a
subring Ao such that AQ is a direct summand of the right A0-module
B; and let A be a subring of B such that Ao £ A. The following
statements are equivalent:

(1) B is an outer semi-Galois extension of A such that A is
a direct summand of the right A-module B.

( 2) B is a Frobenius extension of A.
( 3) A is the subrίng of invariant elements of B with respect

to some finite group of automorphisms of B.

Proof. Statement 1 implies statement 3 and statement 3 implies
statement 2 by Theorem 3.2. Suppose B is a Frobenius extension of
A) and let S be a finite set of pairwise orthogonal, central idempotents
in Ao, such that Σ e e s ^ = 1 and Be is a Galois extension of AQe re-
lative to a finite group Ge of automorphisms of Be for each ee S.
Let ee S. Then AQe is a direct summand of the A0e-mod\ύe Be.
Therefore Be is not only an outer Galois extension of Aoe, but Be is
also a K-ring with respect to Ge. Moreover Ae is a subring of Be
such that Aoe £ Ae and Be is a Frobenius extension of Ae. By Lem-
ma 3.1, Be is a generalized Galois extension of Ae. Therefore B is
a generalized Galois extension of A. In particular, A is Galois closed
in B and A is a direct summand of the right A-module B. It now
follows from Theorem 3.2 that statement 2 implies statement 1.

Observe that in Theorem 3.3, the condition that Ao (resp. A) be
a direct summand of the right A0(resp. A)-module B may be replaced
by either of the equivalent conditions given in Lemmas 1.5 and 1.6.
Also, in view of Proposition 2.5, the word " group " may be replaced
by " s e t " in statement 3 of either Theorem 3.2 or 3.3.
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