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INTEGRABILITY OF ALMOST COSYMPLECTIC
STRUCTURES

SAMUEL I. GOLDBERG AND KENTARO YANO

Integrability conditions for almost cosymplectic structures
on almost contact manifolds are obtained. Examples of these
structures are given by taking the direct product of an almost
Kaehler manifold with a line R or a circle S1. If the curvature
transformation of the metric associated with an almost cosym-
plectic space M commutes with the fundamental singular
collineation ό of M, then the related almost contact structure
on M gives rise to a complex structure on M X R. The manifold
M is then a cosymplectic space, examples being given by taking
the direct product of a Kaehler manifold with R or S1. In
particular, an almost cosymplectic manifold is cosymplectic if
and only if it is locally flat.

In a recent paper [3] one of the authors examined the integrability
of almost Kaehler manifolds M(J, g) showing, in particular that if the
curvature transformation of the almost Kaehler metric g commutes with
the almost complex structure tensor /, then / is integrable, that is,
the structure (/, g) on M is Kaehlerian. This is also a special case
of a theorem due to A. Gray [4] whose methods apparently do not
extend to include the results of this paper which, therefore, complement
those given by him. It was also proved that an almost Kaehler space
of constant curvature is a Kaehler space if and only if it is locally
fiat. Our main purpose here is to extend these results to almost
cosymplectic manifolds.

THEOREM 1. If the curvature transformation of the metric g of
the almost cosymplectic manifold M(φ, η, g) commutes with φ, then M
is normal, that is, it is a cosymplectic manifold.

A cosymplectic manifold of constant curvature is locally flat in the
given metric [1]. For almost cosymplectic spaces we have

COROLLARY 1.1. An almost cosymplectic manifold of constant
curvature is cosymplectic if and only if it is locally flat.

By imposing a condition on the scalar curvature of an almost
cosymplectic space, the same conclusion prevails. Examining the
Nijenhuis torsion of the collineation φ, we find that a 3-dimensional
almost cosymplectic manifold is cosymplectic if its fundamental vector
field is a Killing field.
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In § 5, integrability conditions for almost Sasakian manifolds are
also given.

The manifolds considered in the sequel are C°° and connected.

2 Almost contact manifolds* The reader is referred to [1] for
more details on this section, only the bare essentials being presented
here. A (2n + l)-dimensional manifold M having the property that
the structural group of its tangent bundle is reducible to U(n) x 1
is called an almost contact manifold. Several tensor fields are thereby
distinguished, namely, a linear transformation field φ acting in each
tangent space Mm of M, m e M, called the fundamental singular
collineation, a vector field ζ on M called the fundamental vector field,
and a contact form η such that

(21)
rjoφ = o , φ2 = -1+ ξ®y .

An almost contact manifold M admits a Riemannian metric g such
that

g(φX,Y) = -g(X,ΦY),
( ' } g(X, ξ) = v(X),

and in this case we denote the manifold by M(φ, η, g). A 2-form Φ
called the fundamental form of M(φ, rj, g) is defined by

Φ(X, Y) = g(φX, Y) .

From (2.1) and (2.2) it is easily seen that | Φ |2 = <Φ, Φ> = 2n where <,>
denotes the local scalar product induced by g.

If M(φ, η, g) is a contact structure, its fundamental form is exact.
In fact,

(2.3) Φ = dη .

If the fundamental vector field of a contact metric structure is a
Killing field with respect to its contact metric, the manifold is said
to be almost Sasakian. An almost contact metric manifold M{φ, η, g)
is called almost cosymplectic if both its fundamental form and contact
form are closed, that is, if

dΦ = 0 and dη = 0 .

An almost contact manifold M{φ, η, g) is said to be normal if the
tensor field [φ, φ] + dη ® ζ vanishes where

(2.4) [φ, φ](X, Y) - [φX, φY]- φ[φX, Y] - φ[X, ΦY] + φ*[X, Y] .
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A normal contact metric manifold is called a Sasakian manifold.
It is easily shown that the fundamental vector field of a Sasakian
manifold is a Killing field. If M is almost cosymplectic, dη = 0, so
the normality condition is given by the vanishing of the torsion tensor
[φ, φ], and in this case, M is said to be cosymplectic. If M(φ, rj, g)
is Sasakian, then V ί = Φ and VxΦ = ~9(X, •)£ + η®X, where V
denotes covariant differentiation with respect to the Riemannian con-
nection. If M(φ, η, g) is cosymplectic, both S/η and XJφ vanish [1].

3* The curvature transformation of an almost contact metric
manifold* Let M(φ, 7), g) be an almost contact metric manifold. An
orthonormal basis {XO1 Xu , XZn} on Mm with XQ = ζ and Xn+i =
φXiyi = 1, •••, w is called a φ-basis of Mm. In the sequel, we set
i* — n + i.

LEMMA 1 (Moskal [5]). Let M(Φ, Ύ], g) be an almost contact metric
manifold. Then, for every me M, there is a φ-basis of Mm.

The relationship between the curvature transformation R{X, Y), X,
Y e Mm and the metric is given by

(3.1) R(X, Y) - [Vi, Vr] ~ Vu,π

We denote by K(X, Y) the sectional curvature of the plane determined
by the vectors X and Y.

LEMMA 2. Let M(φ, η, g) be a cosymplectic manifold. Then, for
any X, YeMmj

(a) R(φX, φY) = R(X, Y),
(b) K(φX,φY) = K(X,Y),
( c ) JΓ(Xff) = 0f

and when X, Y, φX, φY are orthonormal vectors
(d) g(R(X,φX)Y,φY)=-K(X,Y)-K(X,φY).

Proof. Applying the Ricci interchange formula to the tensor field
φ and employing (2.1), we obtain (a); to prove (b) and (d) apply the
usual symmetry properties of the curvature tensor. The relationship
(c)Jis a consequence of (a).

In terms of a basis {Xa}a=0tU...,2n of Mm we put

Raβyδ — g(R(Xaj Xβ)Xy, Xδ) ,

Raβ = trace (Xy — -R(Xa, Xy)Xβ) ,

and denote the curvature and Ricci tensors by R and S, respectively.
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If {Xa} is an orthonormal basis, the codiίferential1 δω at m of a p-
form ω is defined by

(δω)(Ylf . . . , Y,^) = -ΣίVx^X-X,, Y19 •••, Yp-d .
i

The operator δ is the adjoint of d, that is δω — ( — l)p*d*ω where
* is the Hodge star operation. A differential form is harmonic if it
is a zero of the operators d and δ. We shall denote by Δ the Laplace-
Beltrami operator dδ + δd.

LEMMA 3. The contact form η and the fundamental form Φ of
an almost cosymplectic manifold are harmonic forms.

Proof. By ([2], Proposition 2.12) the forms η and Φ are related by

η = ± , , *Φn .
\Φn\

Hence, since | Φ | is constant and Φ is closed,

drj = + -1 *dΦn

= 0 .

On the other hand, c(Φ)dΦ — 0, where c is the interior product opera-
tion, from which c(Φ)\/Φ = 0. But

— c{Φ)\/Φ = ί(δΦ)Φ - δη-η
Δ

= c(δΦ)Φ + — (Z

and consequently t{δΦ)Φ — 0, since 7̂̂  = 0 and | ^ | = 1. Applying ^
to c(δΦ)Φ we get δΦ + η ® ^(ί)SΦ = <5Φ since r(f)Φ vanishes and η is
closed. Hence, Φ is coclosed.

The following lemma is required in the proof of Theorem 1 (see
[3], Proposition 2).

LEMMA 4. A harmonic p-form of constant length on a Rieman-
nian manifold has vanishing covariant derivative if and only if the
quadratic form

— J? Γaa2'~a ^ ^— J? Γaa2'~avΓβ 4-

1 The codifferential of a tensor field of type (0, p) may be similarly defined (see
§5).



INTEGRABILITY OF ALMOST COSYMPLECTIC STRUCTURES 377

is non negative.

A 2-form ζ on an almost contact metric manifold M(φ, η, g) is said
to be of bidegree (1,1) if ζ(X, φY) + ζ(φX, Y) = 0. The following
result is due to Moskal [5].

LEMMA 5. A φ-basis {Xo, Xi9 φXi}i=i,...,n may be chosen at each
point of an almost contact metric manifold M(φ, η, g) such that the
only nonvanishing components of a 2-form ζ of bidegree (1, 1) are of
the type ζu* = ζ(Xif φX{).

For the components of the 2-form Φ, we have

φif = Φ(Xi9 Xj) = -g(Xt, ΦXS) - 0 ,

Φw = Φ(Xif X3 *) = -g{Xi9 Φ2Xj) = g(Xi9 X,) = δiS ,

= -g(φXif Φ2Xi) = -g(Xif φXά)

= 0 ,

φOa = Φ(XQ9 X a ) - - <

PROPOSITION 2. Let ζ be a harmonic form of bidegree (1,1) on
the almost contact manifold M. Then, the quadratic form F(ζ) on
M may be expressed in the canonical form

+ 8 Σ Rii*jj*ζu*ζjj*

where Kaβ = K(Xa, Xβ).

COROLLARY 2.1. If Mis cosymplectic and curvature is nonnegative
the covariant derivative of a harmonic 2-form of bidegree (1, 1) and
constant length vanishes.

This is an immediate consequence of the identity (d) in § 3.

COROLLARY 2.2. The covariant derivative of a harmonic form
of bidegree (1,1) on a homogeneous cosymplectic space of nonnegative
curvature with respect to the invariant metric vanishes.

4+ Proof of Theorem 1* Since

g(R(X9 Y)φZ9 W) - g(φR(X, Y)Z, W) = -g(R{X, Y)Zf φW) ,

we have g(R(φZ, W)X, Y) = -g(R(Z,φW)X, Y) for all X and Y.
Hence R(φZf W) — —R(Z, φW). For sectional curvature we have the
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corresponding relation K(X, φY) = K(Y, φX). When X, Y, φX and φY
form an orthonormal set

g(R(X, φX)Y, φY) = g(R(X, Y)φX, φY) + g(R(X, φY)X, φY)

= -g(R(X, Y)X, Φ>Y) - K(X, φY)

= -K(X, Y)~η{Y)g{R{X, Y)X, ζ) - K(X, φY)

= -K(X,Y)~K(X,φY)

since g(R(X, Y)X, ξ) = 0, the latter statement following from the fact
that g(R(X, Y)φZ, ξ) = -g(R(X, Y)Z, φξ) = 0. For any tangent vector
X, K{X, ξ) = 0 since R(φX, Y) = -B(X, φY).

Let ζ be a harmonic form of bidegree (1, 1) on the almost
cosymplectic manifold M. Then, the quadratic form F(ζ) on M may
be expressed in the normal form

F(O = Σ Σ (κi3- + κijt)(ζu>y - 4 Σ ( X « + ̂ )C«.C«.
(4.1) ι iΦi ι*

= Σ (κtj + K^iζu* - ζjά,γ .

For, in terms of a ^-basis {Xa}, a = 0,1, , n, 1*, , n*, RaOβo = 0, so

a,β,r a,β,ϊ,σ

= 2 Σ (Xiy + ff«.)C4,ζyy. .

Setting ζ = Φ in formula (4.1), it is seen that F(ζ) = 0. Consequently,
\/Φ vanishes, so M is normal, that is, it is cosympletic.

The proof of Corollary 1.1 is an immediate consequence of the
fact that R(X, Y) vanishes.

Let S be the 2-form defined by

S(X, Y) = S(X,φY),

and let ψ be the 2-form given by (l/2)ε(Φ)R. Then, we have

COROLLARY 1.2. Let M be an almost cosymplectic manifold. If

* = §,

then M is cosymplectic.

COROLLARY 1.3. The same conclusion prevails if

c(Φ)(S - ψ) = 0 ,

that is, if

r - S($, i)
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where r is the scalar curvature.

PROPOSITION 3. If the fundamental vector field of a Z-dimensional
almost cosymplectic manifold M(φ, rj, g) is a Killing field, then M is
cosymplectic.

Proof. We must show that M is normal. To this end, observe
that LSΦ = d:(ξ)Φ + c{ξ)dΦ = 0, where Lx is the Lie derivative operator.
For, Φ is closed and c(ζ)Φ = 0. On the other hand, since Lξg = 0, Lξφ
vanishes.

Let X, φX, ξ be an orthonormal set of vector fields. Then, we
have three cases to examine in formula (2.4).

Case (a) . Y = φX. Then, since η(X) - 0

[φ, φ](X, φX) = [φX, φ'X] - φ[φX, φX] - φ[X, φ*X] + φ\X, φX]

= [φX, -X+ ?(X)ί] - Φ[X, -X+ v(X)ξ]

- [X, φX] + τ]([X, φX])ζ

= rj([X, φX])ξ

- o ,

t h e la t te r following since η is closed and η°φ = 0.

Case ( b ) . Y - ξ. Then,

[φ, φ](X, ξ) = [φX, φξ] - φ[φX, ζ] - φ[X, φξ] + φ*[X, ζ]

- φ([ξ, φX] - φ[ζ, X])

= Φ(LtΦ)X

= 0 .

Case ( c ) .

[φ, φ](φX, ξ) = [φ>X, φξ] - φ[φ2X, ξ] - φ[φX, φζ] + φ\φX, f]

= -φ[-X + η(X)ξ, ζ] + φ\φX, ξ]

= φ[X, ζ] - [φX, ζ] + rj{[φX, ξ])ξ

= 0 .

Observe that in a coordinate neighborhood with the coordinate
vectors X, Y, Z, W, if B(X, Y)φ = φR(X, Y), then

-([Vx, Vr]Φ)(Z, W) = Φ([Vz, Vr]Z, W) + Φ(Z, [Vz, Vr]W)

= g(R(X, Y)φZ, W) + g(R(X, Y)Z, φW) ,
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by (3.1), so an equivalent formulation of the integrability condition of
Theorem 1 is given by

R(X, Y)Φ = 0

where the curvature transformation acts on the 2-f orm Φ as a derivation.
To construct an almost cosymplectic structure on M x R or M x S1

where M is an almost Kaehler manifold take any point (m, t) of either
space and set φ(X, Y) = (JX, 0), Xe Mmi Ye Rt or Si, ξ = (0, d/dt) and
Ύj — (0, dt) where J is the almost complex structure of M.

5* Integrability of almost Sasakian structures* Let M(φ, 7], g)
be a normal contact metric space with structure tensors φ, η and g.
Since M is normal, ζ is a Killing field with respect to g, so by definition
Mis an almost Sasakian manifold. The fact that ξ is a Killing field
also yields the well-known second order condition

(5.1) Aη = 2c{η)S .

Again, by the normality of ikf, the contact form also satisfies the
second order differential equation

(5.2) (VzVzVXY) = (VzΦ)(X, Y) = 9(Y, Z)η(X) - g(X, Z)η(Y) .

Substituting (5.2) into (5.1), we find

c(η)S = — nη .

Forming the codifferential of Φ, we also obtain from (5.2)

(5.3) 3Φ = 2nη .

Observe that η is coclosed, whereas in a cosymplectic manifold, it is
closed. If M is compact,

where V is the volume of M.
We denote by QΦ the 2-form with values

QΦ(X, Y) = ± [S(Y, X) - S(X, Y)] .
Δ

Expressing dΦ in terms of covariant derivatives, then applying
V, employing the Ricci interchange formula, and finally using the
first Bianchi identity, the following decomposition of the fundamental
2-form is obtained
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(5.4) inΦ = δS/Φ + 2QΦ + 2ψ

by virtue of (2.3) and (5.3). Substituting (5.2) into (5.4), we find

(5.5) QΦ = (2n - 1)Φ - ψ .

Conversely, suppose that M(φ, η, g) is an almost Sasakian space
and (5.5) holds. Then, by equation (5.4)

δ\7Φ = 2Φ .

But, since | Φ |2 = 2n

A i Φ |2 = ζδVΦ, Φ> - I VΦ I2 = 0 ,

so that

- 2 I Φ |2 = An .

On the other hand, by setting

Π(X, Y, Z) = (VχΦ)(F, Z) + g(X, Y)V(Z) - flr(X, Z)η(Y)

and computing its square length,

I 77 |2 = I VΦ Γ - &(ξ)δΦ + *n = 0 ,

from which Π — 0, so M is normal, that is Sasakian. Thus, we have
proved

THEOREM 4. In order that an almost Sasakian manifold be
Sasakian, it is necessary and sufficient that

QΦ = (2n - 1)Φ - ψ .

COROLLARY 4.1. // the metric g of an almost Sasakian manifold
M(φ, η, g) is an Einstein metric, that is, if S = Xg (or, if S =

— V ®V)^ and if Ψ — (2n — λ — 1)Φ, £Ae% ikf is Sasakian.
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