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THE AVERAGE OF A GAUGE

CHARLES D. MASIELLO

The setting for the discussion is a real linear space Jδ̂ 7

with an inner product (x, y). It is assumed that Jzf is com-
plete with respect to the norm generated by this inner product.
Clearly the gauges on J?f and the bodies (closed, bounded,
absolutely convex sets containing the origin θ as an interior
point) generate each other. The norm e(x) = (x, x)% is a special
gauge; it is customary to write \\x\\ instead of eix). In ge-
neral, a gauge will be denoted φ(x), or briefly by 0; the sym-
bol φ* represents the conjugate of 0.

PROBLEM. Consider two gauges 0i and φ2 such that e ^
Φi ̂  02. Under what conditions may one conclude that

That such an order relation may exist is suggested by the
fact that for any gauge φ, its "average" (0 + 0*)/2 is well
behaving with respect to e, being always ^e . Moreover, the
average of the average is a better approximation to e, and
so on. Indeed, it is known that the sequence of successive
averages converges decreasingly to e.

SOLUTION. With each gauge φ (body K) we associate its
spread &(x). The last concept is a very natural one and is
defined as follows: For θ Φ x e Jzf, consider the line joining
θ and x. Let ω(x) represent the (width) distance between the
two support hyperplanes of K orthogonal to that line, while
δ(x) represents the (diameter) length of the chord of K lying
on that line. We then define <&φ(x) = <&κ(x) = ω(x) — δ(x).
Clearly, <?>(x) = <&(λx) for λ Φ 0. It turns out that for any
pair of gauges 0i and φ2 such that e S 0i ^ φ2, the relation
®ΦX ^ &Φ2 implies inequality (*) and also 0x0i* ^ 0202*.

In particular, for any pair of the well-known gauges (Σ?=i I χs \p)Uv,

the corresponding spreads satisfy the above relation. We may ex-
press, therefore, the following:

Let p ^ 1. Define q = p/(p — 1) if p > 1, and q = °o if p = l . For
any fixed point (xly x2) , xn),

»[(§
and
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are decreasing functions of p in the interval 1 ^ p ^ 2.

Preliminaries* A body is a closed, bounded, and absolutely con-
vex set containing θ in its interior. The boundary of a body is called
its surface. For θ Φ x e j*f, the ray determined by x is {Xx: λ > 0}.
The gauge of a body if, denoted φKi is defined as follows. φκ(x) ~
inf {λ: λ > 0, x e λif}. Clearly φ = φκ possesses the following proper-
ties: φ(x) ̂  0, φ(x + y) ^ φ(x) + Φ(y), and 0(α#) = | a \ φ(x) for all sca-
lars α. Also, φ(x) is necessarily continuous.

Moreover, if K is a body having φ as its gauge, then K ~
{x: φ(x) ^ 1}; its surface S = {#: 0(a?) = 1}. A body and its gauge de-
termine each other. Indeed, φ(x) = \\x\\/\\S(x)\\, where S(x) is the
point of the surface of K on the ray determined by x. Also, ifx £ if2

if and only if φγ{x) ;> 02(&) for all a e ^
Let ^ be the gauge of the body if. The conjugate φ* of the

gauge φ is defined as φ*(x) = Supremum^)==1 (a?, ?/). Clearly ^* is the
gauge of the set K* = {w: (w, v) ^ 1 for all v e K], commonly referr-
ed to as the conjugate or polar set of if, (Cf. Eggleston, [1]).

The average of the gauge φ is defined as (φ + φ*)/2. Similarly,
the average of the body K is defined as (K + K*)/2.

We show later that not every gauge is an average.

The indicatrix and conjugate* In J^, let a body K be given.
Then if* is necessarily a body also; we denote its surface by *S.
(Placing the asterisk on the left is unavoidable since the surface of
if* does not coincide with the polar of S.) In this section, we des-
cribe a geometric method of deriving *S from S, and hence, of deter-
mining if* from if.

DEFINITION. Let x Φ θ be a point of £/f. The inversion of x,
denoted 1/sc, is that point on the ray determined by x whose norm is
1/||$ ||. If X is any collection of points in J5f — {#}, then the inver-
sion of X, in symbol 1/X, is the set of points obtained by inverting
each point of X.

We are now ready to determine *S when S is given. Consider,
in ^f, a fixed ray from the origin θ. Let i be its intersection with
the support hyperplane of if which is orthogonal to this ray. The
collection of all such points —one for each ray— defines the indica-
trix of if. It is denoted by Iκ or briefly by I. We shall presently
show that the inversion of I is precisely *S.

Let φ be the gauge of the body if. Consider a fixed ray from
the origin, and let v Φ θ be a point on this ray. Then the distance
from the origin θ to the support hyperplane of if orthogonal to this
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ray is precisely Φ*(v/\\v\\). Letting i denote the point of I on this
r a y , w e h a v e φ*{vl\\v\\) = \\i\\. T h u s , φ*(v) = \\v\\ \\ί\\. T h i s i s t r u e
for any point v Φ θ on this ray. We, however, are interested in find-
ing that point v for which φ*(v) = \\ v \\ \\ i || = 1. Clearly, the desired
point is 1/i. Thus, the inversion of I is, indeed, *S.

The symbols K and Kά will be reserved to represent bodies. We
denote by ϊκ the collection of points "within and on" Iκ and term
it the solid indicatrix of K. Then the following statements are im-
mediate.

( 1 )

( 2 ) Φΐ ^ φί

THEOREM 1. Φ = e

Proof. (=>) Consider the body U = {x: \\x\\ ̂ 1} corresponding to
the gauge e. The Pythagorean Theorem implies that Iσ = U. It fol-
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lows that U = U*, and consequently, e = e*.
(<=) Now suppose ^ = 0*. Clearly, for x and 2/ in ^ (E, 2/) ^

Φ(x)Φ*(y). If also x = y, then

&) - [φ(x)Y .

Therefore, e ̂  φ. It then follows that e = β* ̂  0* = φ. Thus, φ = e

COROLLARY. K = U <=>ΪK= U<~ K = K\

THEOREM 2. K** = K.

COROLLARY, pi* = 0*.

Theorem 2 and its corollary are easily verified.

T h e indicatrix of a vector sum* In expressing the theorem'of
this section, we require an additional piece of notation.

DEFINITION. For two subsets Xι and X2 of :^, their vector sum
Xλ + X2 and radial sum Xι (J) X2 are defined as follows:

Xx + X2 = {&! + x2: a?! e X : and x2 e X2},

XιφX2 = {xL + x2: xL e Xly x2 e X2, and

xly x2 both on the same ray} .

The vector sum and radial sum are related as described in the
next theorem.

THEOREM 3. Let K, and K2 be bodies. Then I{KL+K2) = IKιQ)IK2*

Proof. Consider a fixed ray from the origin. Let iL and i2 be the
points of IKl and IK2, respectively, on this ray. If {x: f(x) = a, > 0}
and {x: f(x) = a2 > 0} are the support hyperplanes of KL and K2, re-
spectively, which are orthogonal to this ray, then there exist points
vι e JKΊ and v2 e K2 for which f(v^) = aγ and f(v2) — α2. Consider now
the point vt + v2. It belongs to J^ + K2 and /(vx + vz) = ocx + α 2 .
Moreover, the hyperplane {a;:/(x) = αx + α2} is orthogonal to our ray
and intersects it in the point iL + i2. Clearly, iγ + i2 is the point of
Iκ1(DIκ2 on the ray. To complete the proof, it remains to show that
iι + i2 is a point of / ( i q+χ 2).

It is sufficient to prove that {x: f(x) = a, + <x>} is a support hyper-
plane of Ky + K2. Otherwise, there would be a point y e Kt + K2 for
which f(y) >ax + a2. Let y = ̂  + i/2, where ί/j. 6 Iζ. and τ/2 e if2. Since
{x:f(x) — ctj and {x:f(x) = a2) are support hyperplanes of Kx and iΓ2y
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respectively, we have f(yλ) ^ aγ and f(y2) ^ a2. Therefore,

f(v) -

Thus, we reach a contradiction.

The preceding theorem enables one to focus attention on one fixed
ray at a time.

COROLLARY 1. If Kγ and K2 are bodies and a, β nonzero scalars,
then I(aKl+βκ2) = ocIKι (J) βIKz.

COROLLARY 2. // φγ and φ2 are the gauges of Kλ and K21 respec-
tively, then the gauge of the set K— aKγ + βK2 is φ = (aφ~* + βφt)*.

COROLLARY 3. If K is a body having φ as its gauge, then

κ+ κ* ^U={x:\\x\\ ^1} and A±HL ^ e .

Corollary 3 is significant, but not surprising, in the light of the
preceding exposition, since for any positive number α, [a + (l/α)]/2 ̂  1.
Indeed, equality holds in the last if and only if a = 1. Consequently,
we also have the following corollary.

COROLLARY 4. The average of K equals U if and only if K =
U; the average of φ equals e if and only if φ — e.

The study of the average of a gauge is motivated by the follow-
ing theorem, (Cf. Schatten, [3], p. 73): "Let φ be an arbitrary gauge
on ^f. Define φ1 = (φ + φ*)β and φn = (φn_λ + φl^β for n > 1. Then
the sequence {φn} converges decreasingly to e." Since its publication,
this theorem has appeared in the literature in a variety of forms,
(Cf., e.g., Mityagin and Shvarts, [2], p. 116). The preceding corol-
laries permit us to state a different version of the above theorem,
valid in Euclidean w-space En.

THEOREM 4. Let K be a body in En. Define

K K +

and Kn =

for n > 1. Then KL Ξ2 K2Ώ, if3Ξ2 and the sequence {Kn} converges
in the Blaschke sense to U.

We conclude this section by showing that, even in the Euclidean
plane, not every gauge ψ is an average, that is, of the form (φ + φ*)/2
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for some gauge φ. To define such a ψ, put

ψ(x, y) = \x\

(x*
- \v\
vΎ12

if xy > 0

if zy ^ 0 .

To prove this, assume to the contrary that ψ = (Φ + ψ*)β Let ίQ,
and Kφ be the convex sets corresponding to ψ and <5, respectively.
Corollary 2 of Theorem 3 implies that Kφ, = (Kφ + Kφ,)/2, (see diagram).

IV

Let v Φ θ be a fixed point in either quadrant II or IV. Denoting by
Iκ(v) and Sκ(v) the points of the indicatrix and surface of K, respec-
tively, which lie on the ray determined by v, we obtain:

H|i*,»H>

Therefore, || IKφ{v) \\ = \\ IKφ,(y) || = 1. It follows that Kφ = Kφ, = UJa.
quadrants II and IV. The last implies that KΦ^KΨ, and K,,S
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Moreover, since (Kφ + Kφ*)/2 = Kψ*, we have Kφ = Kφ* = Kψ*. This
of course is a contradiction.

The "spread" .

DEFINITION. Let a body K be given. Then the width of ϋΓ in
the direction of x, denoted (ϋκ(x), is the distance between the two
support hyperplanes of K which are orthogonal to the line determin-
ed by the origin and x Φ θ. The diameter of K in the direction of
x, in symbol δκ(x), is the length of the chord of K lying on the line
determined by θ and x. The function &κ(x) = ωκ(x) — δκ(x) is defin-
ed as the spread of K.

Clearly, &κ is defined on the whole space except at the origin.
Being constant on each ray, it may also be considered as a function
of direction. &κ is completely determined by its values on the sur-
face {u: || u || = 1} of the unit ball; the letter "u" is reserved to repre-
sent an arbitrary point of this surface.

Let φ represent the gauge of the body K. Then

ωκ{u) - δκ(u) = 2(|| Iκ(u) \\-\\ Sκ(u) ||) ,

due to the fact t h a t K is balanced. Since ||t&|| = 1,

\\Sκ*(u) || \\Sκ*(u) ||

Moreover, φ(u) = \\u\\j\\ Sκ(u) || = 1/|| Sκ(u) ||. Therefore, the spread
of the gauge φ is given by

<&φ(u) — &κ(u) = 2[φ*(u) —
φ(u)

We stress that the last equality holds when u is any vector of norm
one. For a vector x such that 0 < || x \\ φ 1, we define

®φ(x) = &J-JL-) .
V x /

The following relations are immediate.

(1) @, ^ 0.
(2) @e = 0.
(3) e ^ φ => &φ ^ <&φ:
(4) If e ^ φ, ̂  φ2, then &Φl ^ &φ2 => @

THEOREM 5. If φγ and φ2 are gauges such that φι ^ φ2 and &Φι

2̂, then φ,φt ̂  φ2φt*
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Proof. It is sufficient to prove the theorem for a vector u of
norm one. Clearly, &Φι <£ @̂ 2 amounts to

4-7- ^ ΦΪ(U) - Xώ*{u)

Since also φx ̂  ^2, we have φ^v^φϊiu) ^ ^2(u)^?(^).

T H E O R E M 6. Let φi and φ2 be gauges such that e^φx^ Φ2- More-
over, suppose that &Φl ̂  &Φi. Then (φL + φ*)/2 ̂  (φ2 + φ*)/2

Proof. If K3 is the body of φ3- and S3 is its surface (j — 1, 2),
then @1Cl ^ @ 2̂. Therefore, < ĵRΓl — δKί ^ ^^ 2 — δK2. We shall denote
the indicatrix of K3 by 7y and the indicatrix of Kf by *7, . (The as-
terisk is placed on the left here in order to distinguish *I3 from the
polar of 7̂ .) Then, since the K3 are balanced, it follows that

\\-\\S2{x)\\

for all x Φ θ. Observe the following.

- \\S2{x)

Since e ^ φ1 ̂  ^2, we have K2 S ifj. £ £7. The last implies that
l Therefore,

= ϋ*/2(.τ)| | - 11*7,
Thus,

It follows that the solid indicatrix of the average of Kγ is a subset
of the solid indicatrix of the average of K2. Therefore,

\ Ux) + *Iί(x) !| = \\IL(x) || + || *7X(^) ||

I- | | * 7 2 ( α ) | | = | | 7 2 ( ί c ) + * 7 2 ( o ; ) | | .

Kλ + K * x * / K

2 / " V 2

and thus, (φL + φ*)/2 ̂  (ό2 + ^ :)/2.

THEOREM 7. Let όί and φ2 be gauges satisfying φ, ̂  ώλ ̂  e and
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suppose @Φι ^ @,2. Then (φ1 + φ?)j2 ^ (φ2 + φ*)/2.

Proof. The argument is similar to that of Theorem 6.

REMARK. The preceding arguments will remain valid also for
bounded convex sets (not necessarily balanced) containing the origin
as an interior point. This necessitates only minor changes in the text.
For example, one would then define the spread as

©*(*) = II Iκ(x) II - II Sκ(x) || and @φ(u) = φ*(u)
φ(u)

The class of gauges (Σ;=i I XJ \pYlP* I n this section, & stands
for the ^-dimensional Euclidean space. There we define a class of
gauges {φp} for 1 ̂  p ^ c>o as follows.

φp(xL, - , xn) = (Σ I xά \Λl'P for 1 ^ p < co

Φco(%i, , a?«) = Maximum

One readily verifies t h a t for each x = (a?!, •••, a?n), ^(α;) is a de-

creasing function of p. Moreover, t h e conjugate of φp is precisely φq,

where 1/p + 1/q = 1 if p > 1, and g — co if p — 1. To simplify nota-

tion, we shall write &p(x) instead of &φp(x) for t h e spread of φp.

THEOREM 8. Let x = (x19 -, xn) Φ θ. Then &p(x) is a decreas-
ing function of p for 1 <; p ^ 2.

Proof. The proof is essentially based on an argument of S. Chowla.
Let u = (uL, , u.n) be the vector of norm one on the ray determin-
ed by x. Since the spread is constant on each ray, we may replace
x by u. We may also assume that uά > 0 for j = 1, 2, , n.

To prove the theorem in case 1 < p ίg 2, we define an auxiliary
function y(t) = log(Σi-i^ί )- Elementary computations show that:

and

x 'Σ«i(log%) 2 )-(Σ^ (iog%)
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Moreover, Cauchy's Inequality implies:

= (±

Consequently, y"(t) ^ 0 and therefore, ty"(t) ^ 0 for all ί ^ 1. The
last being the derivative of ξ(t) = tj'(t) - τ(ί) implies that ζ(t) is an
increasing function of t. Thus, p ^ 2 <̂  q implies that ξ(q) ^ ζ(p).
Also, (Σ?=i ^y)1/g ^ (Σ?=i ^)~ 1 / p , because

s l / ί /_w_ \-l/p

Therefore,

Thus, ^/^[©^(u)] ^ 0 and @p(t6) is a decreasing function of p for
1<P^2.

The case p = 1 is settled by observing that for any p
we have

COROLLARY. If 2<Lq^q', then &q(x) ^ ®q,(x) for each x φ θ.

As a consequence of the preceding theorem, one obtains the fol-
lowing result.

THEOREM 9. If 1 ^ p ^ 2 cmd 1/p + l/<? = 1, ίAβ^ /or each point
(x19 x2, , a;Λ)

'[(δ"Ί )"

,1/9

are decreasing functions of p.
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