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ANALYTIC INTERPOLATION OF CERTAIN
MULTIPLIER SPACES

JAMES D. STAFNEY

Let W, denote the space of all functions on the circle
which are the uniform limit of a sequence of trigonometric
polynomials which is bounded as a sequence of multipliers for
l,,1=p=2. Let U, be the interpolation space [W,, W], (see
1.1). Our main result, Theorem 2.4, states that for a compact
subset E of the circle, U,| E = C(F) if and only if W,|E = C(E).
A major step in the proof is a maximum principle for interpola-
tion, Theorem 1.7. We also give a direct proof that U, + W,
(see Theorem 2.7) for corresponding s and p.

1. Some properties of analytic interpolation.

1.1. Let B° and B' be two Banach spaces continuously embedded
in a topological vector space V such that B’ N B' is dense in both B°
and B'. For 0 <s <1, let &, [B’, B'], and B’ + B' denote the spaces
as defined in [1, §1]. For two Banach spaces X and Y we let O(X, Y)
denote the Banach space of bounded linear operators from X into Y
where the norm is the usual operator norm. Let O(X) denote O(X, X).

1.2. Assume the notation and conditions of paragraph 1.1 and for
convenience let B, denote the space [B’, B'],,0 < s <1. Let V' denote
the Banach space

OB NB, B + BY).

Let A; be a closed subspace of O(B?),7 = 0,1. By restricting the
elements in A4; to B°N B' in the obvious way we may regard A; as
continuously embedded in the topological vector space V', and it is
with respect to this embedding that we understand [A,, A,].; in parti-
cular, [4, A], is a subspace of V’'. We will assume that 4,N 4, is
dense in A; with respect to the norm of 4;,7 =0, 1, when these spaces
are embedded in V'’ as described. Since B’ B' is dense in B’ and
B', we know from [1, §9.3] that B°N B' is dense in B,; thus, since
B,C B’ + B', the restriction of elements of O(B,) to B°N B* gives a
continuous embedding of O(B,) in V'’ in the obvious manner. Note
that each element of A,N A, is bounded with respect to the norm
|| ||5, restricted to B°N B and is, therefore, contained in the enbedded
O(B,). Let A, denote the closure of 4,N A4, in O(B,) where O(B,) is
regarded as embedded in V'’ in the manner just described. Finally,
we let M, and N, denote the norms of the spaces A, and [4,, A.].,
respectively.
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LEmMmA 1.3, Assuming 1.2, [A, A],C A, and M, < N,,0<s < 1.
This lemma is an immediate consequence of [1, § 11.1].

1.4. Assume the notation and conditions of 1.1. Let J be a closed
subspace of B" + B'. We will assume that

(1.4.1) FF=JnN B, is closed in B, j =0,1. C(Clearly the map «
defined by

ax+F)=2+J =01
is a continuous one to one linear map from B?/I’ into V/J. Let
D, = [a(B'/I°), a(B'/I")], -
LemMMA 1.5. Assuming 1.4, if xe€eB,,0<s <1, then x + Je D,
and

(1.5.1) e+ Jllp, = ll@+ (J NB)ls/(J NB,) .

Proof. Let xeB,hed N B, and ¢ > 0. Choose fe%& = FB" BY)
such that f(s) = + h and

(1.5.2) I fllyse+ e+ hlls,.

Let g(¢) = f(§) +J for 1 < |&| <e. Then it is clear that ge, where
& = F@B/I°), a(B'/I"))

and that

(1.5.3) g8y =ax+ J.

Hence, v + Je D,. Furthermore, since it is clear that

(1.5.4) Hgllge = 1 llg

(1.5.1) follows from (1.5.2), (1.5.3), (1.5.4) and the fact that A and ¢

were chosen arbitrarily.

The following lemma can be proved by the usual method of suc-
cessive approximations.

LEMMA 1.6. Suppose that D, is a Banach space that is continu-
ously embedded in a Banach space D, such that D, is demse in D,
with respect to the mnorm of D,. Suppose that there exist constants
¢, ¢, ¢ <1, with the property that for each x€ D, there is a corres-
ponding element z in D, such that
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lz|, =clxl, and le —zl, < clx], .

Then D, = D,.

We will now establish a “maximum principle” for analytic inter-
polation.

THEOREM 1.7. If, in addition to the assumptions of paragraph
1.1, B' = [B° B'], for some s (0 < s < 1), then B° = B

Proof. From the fact that B° and B' are continuously embedded
in V and the closed graph theorem we conclude that the norms | |,
and | |, on B° and [B’, B'],, respectively, are equivalent. In particular,
there is a constant ¢ such that

(1.7.1) (2], < ¢z, for all © in B°.
From [1, 9.4. (ii)] we conclude that
(1.7.2) 2], < x|y |x] for all « in B° N B*.
We conclude from (1.7.1) and (1.7.2) that

(2], < ¢f| x|, for all x in B°N B*.

Thus, B, is continuously embedded in B’. We shall now prove that
(1.7.3) there is a constant ¢, with the property that for each x
in B' there is a corresponding v in B! such that

lyl, S elel, and |y —al, < (1/2)]x], .

Let e B'. In particular, z ¢ [B° B'], and, therefore, there exists
an f eF(B", B') such that f(s) = » and | f g0, = 2|%[,. Since the
norms | |, and | |, are equivalent we can choose a real number \ so
that 2|u|, e < (1/2) |ul], for every u in B°. Let g(&) = f(§)e
where 0 < Re& < 1. Then

2= = |~ glit)yuls, vat
(1.7.4) -
+ g_ gl + ity (s, t)de

where 1, and g, are the Poisson kernels for the strip 0 < Reé <1
(see [1, 9.4]). Let y and z denote the first and second integrals,

respectively, appearing in (1.7.4). Sincer [p(s, )|t <1 (1 =0, 1),
lg@it) |y < 2], e < (1/2) | x|, (all real ¢), and

lgl + )|, < 2| a], e? = < (1/2)e | 2|,
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(all real t), it follows that |z — 2|, =< (1/2) |z |, and |z]|, < (1/2)e~*| x|,
This proves (1.7.3). Since B' is continuously embedded as a dense
subspace in B" and (1.7.3) holds, the conclusion of Theorem 1.7 follows
from Lemma 1.6.

2. The spaces W, and U,. Letl, 1< p< o, denote the Banach
space of complex valued functions 2 on the integers such that

Htz,, = 3 Jax(n) [P)r < oo

where the sum is over all integers n. Each function « on the integers
which vanishes outside some finite set determines a linear transforma-
tion T, on [, defined by

Toam = 3 an— kak) .
—oo A <00

Let W, denote the closure of the operators T, in O(l,). Since [, is a

dense subspace of each space 1,,1 < p < <=, the restriction of elements

in O(,),1 <p <2, to the subspace [, gives a one-to-one continuous

linear embedding of O(,), 1 < p < 2, into the space

R = O(lu lz) .

Throughout this section we will identify O(l,) with its image under
this embedding without further comment. Let U, denote the space
[W., W], where V in 1.1 is, in this case, R.

Our immediate purpose is to define a “Fourier transform” on W)
and to prove Lemmas 2.2 and 2.3.

If x is a complex valued function on the integers Z, let 7z, x(k) =
a(k — n). Let ¢, denote the function on Z such that §,(n) =1 and
0,(k) =0,k == mn. If vand y are two complex valued function on Z let

xxy(m) = Z} a(m — n)y(n)

define the function =y provided the sum converges absolutely for each
me Z. For each H in W, let H~ denote the function H(d,) in [,. The
following lemma states the needed properties of the map H — H~. Note

that ¢, = ¢,%x for each ne Z and for each complex valued function
2 on z.

LEMmaA 2.1.
(2.1.1) H—H~ is a one-to-one linear transformation from W, into l,.
(2.1.2) Hx = Hxx, He W), xel,.
(2.1.3) (HK)~ = H«K~, H, Ke W,.

Proof. The map H — H~ is clearly linear. Evidently, each H in
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W, commutes with all operators z,, m € Z, since the operators of the
form T, commute with the operators z,, me Z. Thus for He W, and
me Z, we see that

(2.1.4) H(,) = H(t,0,) = t,HO,) = t,H = H™*0,, .

From this we see that since the linear span of the elements 4, is
dense in [,, the map H — H~ is one-to-one. Obviously, H~ is in [,.
To establish (2.1.2) we first note that since H~ is in I (¢~ + p~* = 1)
the map x— H™xx is a continuous linear map from [, into ¢, the space
of complex valued functions on Z which tend to 0 at <. The map
¢ — Hx is also a continuous linear map from [, into ¢,. These obser-
vations together with (2.1.4) and the density property of the ¢,,’s noted
above complete the proof of (2.1.2). To prove (2.1.8) we note that
for H and K in W), K~el,, so by (2.1.2) we have

H~K~ = HK~) = H(Kd,) = (HK)s, = (HK)™ .

This completes the proof of the lemma.

Let L,(1 £ p < =) denote the Banach space of measurable functions
g(0) on the circle (reals mod 27) whose norm |/ g||.,,

lgile, = (@2m)| g 1 do |,

is finite. Let L., denote the space of essentially bounded measurable
functions ¢g with || ¢}, denoting the essential supremum of g.

Since each function H~, H e W/, is in [,, which is contained in
l,, there is a unique function H” in L, such that >, H>(n)e'”’ is the
Fourier series of H”"*

LEMMA 2.2. For 1 < p <2 the map H— H” is a norm decreasing
algebraic isomorphism from W, into L..

Proof. The fact that H— H" is a one-to-one linear map from
W, into L, is clear from (2.1.1) and the fact that each function in L,
is uniquely determined by its Fourier coefficients. For each f e L,, let
M f) denote the function on Z defined by:

M) (n) = (1/2”)82}(0)6“"”%0 ]

It is clear from the Schwarz inequality that the map (f, g) = \(f-g)(n)
is a continuous bilinear functional on L, L, for each integer n. On
the other hand, the map

(fs 9) = (MF)(9)) (1)
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is also a continuous bilinear functional on L, L,. Since these func-
tionals (for each n) clearly agree when f and ¢ are trigonometric
polynomials, they must agree on L, L,. Since A is a one-to-one
map, the multiplicative property of H — H” now follows from (2.1.3).
To prove that the map is norm decreasing we first note the following
inequalities:

WH [y, = ([ H"00l1, = [[(H™)™ I, = [[(H") [l = [[(H")" ]2, = [[(H")" |1, -

It is well known that (|| H"||y,)"" converges to the spectral radius of
H, which is dominated by || H |,, and that (|| (H")"[[.,)'" converges
to || H"||,, as n— c. This proves the lemma.

Let W, and U, denote the functions on the circle of the form H"
where H ¢ W), U,, respectively. The following lemma is an immediate
consequence of Lemma 2.2,

LEMMA 2.3. W, consists precisely of the functions on the circle
which are the uniform limits of sequences H, of trigonometric poly-
nomials such that H, is a Cuachy sequence in W,.

For any subset E of the circle group U,|E denotes the functions
on E obtained by restricting the functions of U, to E and C(E) denotes
the continuous complex valued functions on E.

THEOREM 2.4. Suppose that E is a compact subset of the circle
group and 0 <s<1l. Then U,|E = C(E) if and only 1f W,|E = C(&).

Proof. First assume that W, | E = C(¥). By Lemma 1.3, U, C W,;
consequently, U, W,. We conclude from Lemma 2.3 that W,cC(T).
Thus, U,|Ec C(E). Since W, > W/, it is clear from the definition
of interpolation that U,> W/!. Thus, U,|E > C(E).

Consider the converse and assume that U,|E = C(E). In 1.4 we
let B = W,, B = W/, V =R and

J ={aeWid@) =0,0cE}.

The assumptions on J in 1.4 are clearly satisfied since by Lemma 2.2,
the maps a — @ are continuous on W/ and W,. By Theorem 1.5, if
xe U, then & + J is in the space

(2.4.1) [a(W3[T), a(W![(J 0 W, -

However, by hypothesis, the cosets in V of the form x + J,, xe U,
are the same as the cosets y + J, ye W;. Therefore, the space in
(2.4.1) is a(W)/J). Since W, > W/,

a(W:[J) D a(Wi[(J N W) ;
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therefore, we conclude from 1.7 that
a(W3[J) = a(W![(J 0 W)));

or, what is the same thing, that W,|E = C(E). This completes the
proof.

COMMENT 2.5. It is natural to compare U, and W, where [l,, [,], =
l,, i.e., (1 —s)/2+s=1/p. In [3] we showed that Theorem 2.4 is
not valid for W,. To be exact, there is a compact subset E of the
circle such that W, |E = C(E) = W,;| E,1 < p <4/3. We had originally
used this result to show that W, == U,; however, the referee has sug-
gested a direct proof which we will now give.

LEMMA 2.6. Let h, be a sequence in U, 0 <s <1, such that
| by lls < M (here || ||, is the norm in U,) and h,— h almost everywhere.
Then h agrees with some continuous function almost everywhere.

Proof. Since ||k, ||, £ M there exist functions f£,(6, £), analytic in
& for 0 < B(¢) <1 and continuouns in 0 < B(§) < 1, such that for any
real number ¢, || £,.(6, it) ||, < 2M, || f.(0, 1 + ©t) ||, < 2M and f£,(6, s) =
h,(0). Let g,00, & = f,00, &e*—, Then

() = £.0.9) = 9.0, 9) = | 0,00, it)als, )t

+ [:gnw, 1+ ityu(s, t)dt
= u,(0) + v,(0)

where 1, and g, are the Poisson Kernels for the strip (see [1, 9.4]).
Evidently || u, ||, < 2¢7*M, || v, ||, < 2¢**~"M. Since the v, are uniformly

bounded, by taking a subsequence if necessary, we may assume that
v, converges weakly to a bounded function v(4), that is

lim Svn(ﬁ)cp(ﬁ)dﬁ - Sv(e)go(e)da

for every integrable . Furthermore, as is readily seen, v(d) belongs
to U, and therefore is continuous. Since £, is uniformly bounded and
converges almost everywhere, h, converges weakly. Since h, and v,
converge weakly, u, converges weakly to some function w. From
the fact that |u,(0)| < ||w, |, < 2¢*M, it follows that |u(f)| < 2¢*
almost everywhere. Since & = w + v almost everywhere and \ can be
taken arbitrarily large, h agrees almost everywhere with the uniform

limit of continuous functions. This completes the proof of the lemma.
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THEOREM 2.7. U, is properly contained in W, for 1 < p < 2,

Proof. To prove the theorem it suffices to exhibit a sequence of
functions in U, whose norms in U, tend to infinity and whose norms
in W, remain bounded. Let h(¢') =1 for 0 <t <x and h(e") =0 for
< t<2r. Then k is a multiplier for I, (see [2]), which does not
agree almost everywhere with any continuous function. Let ¢, be
defined by: ¢,(¢") = n for |t| < 1/2n, p,(e'") = 0 otherwise, n = 1,2, - - -.
Let h, — hsp,,n = 1,2, ---. Since Sl h(e") |dt = 1, it follows that the
W, norm of h, is the same as the I/I(},, norm of h; thus, ki, is bounded
in W,. Since both % and ¢, belong to L,(0, 2r), h, € W,C U,. Obviously,
h, converges to A almost everywhere. Since 4 does not agree almost
everywhere with any continuous function, it follows from Lemma 2.6
that A, is not bounded in U,.
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