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ON AN INITIAL VALUE PROBLEM IN THE THEORY
OF TWO-DIMENSIONAL TRANSONIC
FLOW PATTERNS

STEFAN BERGMAN

In the case of the differential equation

L) =2¢ 0 N9 _oN=nNa0,

012 06? 02
where N is an analytic function, the integral operator of the
first kind
def ("1 -
P | B0, 0fCA — eV T=F
t=—1

transforms analytic functions of a complex variable = 1 + 4
into solutions of L(¢) =0. Here E is a fixed function which
depends only on L, while f({) is an arbitrary analytic function
of the complex variable {; f is assumed to be regular at { =0,
Using this operator, one shows that many theorems valid for
analytic functions of the complex variable can be generalized
for the solutions ¢ of L(¢) =0. Continuing ¢(4, §) to complex
values U= 21+ 74 and setting 12 =0, one shows that many
theorems in the theorems in the theory of functions of a real
variable can be generalized to the case of solutions of

_ 0 0y .0
Hg) = o T 06° %NaA =0.

By change of the variables,

_ 0% ¢ _
Mig) = 55+ Uarg B =0,
l(x) > 0 for z < 0, l(x) < 0 for > 0,1(0) = 0, when considered
for * < 0 can be reduced to the equation L(¢) = 0. The vari-
ables can be chosen so that U = 0 corresponds to x = 0, How-
ever, in this case the function N(2) becomes singular at 2 = 0,
Nevertheless, one can apply the theory of the so-called integral
operators of the second kind., If ¢(0, ) = x,(6) and

1im gur(M, 0) = 7:(0)

are given, one can determine the function f. Here I is the
Mach number. In this way one can determine from X; and
%, the location and character of singularities of ¢ in the sub-
sonic region. When considering ¢ in the supersonic region,
one can show that some theorems on functions of one real
variable can be generalized to the case of certain sets of
particular solutions ¢,(4, 8),y =1,2, ---, of H(¢) =0,
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30 S. BERGMAN

Suppose the streamfunction + of a transonic two-dimensional com-
pressible fluid flow is given by the values of + and of +, on a seg-
ment of the sonic line. Here +, is the derivative with respect to
the Mach number M.

One of the problems which arises is to determine the regularity
domain, say .<#, and the location and properties of the singularities
of v in the subsonic region. Finally, it is of interest to determine
in a given domain <, &r < &#. This problem complex will be called
the tnittal value problem in the large.

4+, when considered in the physical plane is a solution of a non-
linear partial differential equation. However, by introducing con-
veniently chosen new variables (instead of the coordinates x, y of the
physical plane), we obtain for + a linear partial differential equation
(see Chaplygin [12] and Molenbroek [23]).

The linear equation which we obtain in this way, see (1.4), is of
mixed type. However, it is possible to use the theory of integral
operators in the study of the behavior of + in the subsonic region.

The theory of integral operators investigates the solutions of linear
partial differentiation equations of the form

.1 dp+ a2 f =0,
=L o,
4 =3, 0*/0x} is the Laplace differential operator and a, are analytic

functions of «,, «-., z, regular in a sufficiently large domain.' Suppose

the solution +~(x,, +--, x,) is given in the small, say in the neighbor-
hood of the origin in the form of a series development

(1.2) Y@y oy @) = D Gy, B @

”1""2""’”%20
Then this approach reduces the study whether + is regular in a
domain <7 to the investigation whether or not an analytic function
AZ, -, Z,) of m complex variables Z, =, + iy,, k=1,2, ---, m,
given by its power series development

(L.3) F ooy ) = S A 2t T
by =0
is regular in a domain <. (See [1], [2], [9], [13], [20], [15], [16], [17].)
In the case of one variable, i.e., if f(Z) = > A, Z* is given, two
methods can be used to determine the regularity domain and the

! In the case of differential equations of the form (1.1) and for m =2 one uses
integral operators of the first kind, see [9], pp. 9-27. If the coefficient 4F of the
equation (see (1.9)) has the singularity indicated in (1.9a), we use the integral operator
of the second kind (see [3], p. 869, and [6], p. 452 ff.).
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location and character of the singularities of f from given A,,y =
1,2, --.. (I) the Hadamard-Polya-Mandelbrojt approach, (II) the theory
of Hilbert spaces possessing a kernel function. Two possibilities should
be mentioned proceeding along the lines of (II): (a) the use of func-
tions which are simultaneously orthogonal in two domains <Z and <7,
F < =, see [8], (b) some results by Schiffer, Siciak and the author
which give conditions for the coefficients A, in order that an analytic
function given by its series development 3., A,Z* is regular and
square integrable in a given domain & (possessing a kernel function),
see [11], [30].

The streamfunction + of a two-dimensional compressible fluid
flow satisfies an equation of mixed type, namely

_ O Oy _
(1.4) M(y) = -z + I(H) 2 = 0. WO =0,

where [(H) is an analytic function of H, which is real for real H
and such that

(1.5a) I(H) >0 for H< 0,
(1.5b) I(H)<O0 for H>0.

I(H) is supposed to be regular in a sufficiently large domain including
H = 0. TFurther we assume that, if we reduce (1.4) to the normal
form (1.7), I(H) is chosen in such a way that N considered as a
function of A, see (1.6), has a development of the type indicated in
(1.7a). The study of (1.4) can be reduced to the study of the equation
(1.1) with singular coefficient a,,,. By the transformation

(1.6) = S—i[l(—r)]”zdz' ,

the equation (1.4) in the region H < 0 is transformed into

1.7) L(¥) = raa + Arpe + 4Ny, = 0,
= _l =32 :_1_ —\)2B Y
(1.73) N Sl lH 12x [1 + 161( ) + ]y 181 > 0, <0 ’
(See (2.4), p. 860 of [5].)
Introducing
1. o v
L8 =

H* = exp [—— Szj 2N(z')dz']
= S((=20)L + S,(— 2V + S—2V" + -],

(1.8a)
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(1.7) becomes
(1.9) L*(¢*) = ¥fy + ¥ip + 4Fy* =0,

(L.9%a)  F = ‘1%4‘(*%)—2 + A_(—N)B 4 Ay AN 4 e,

see [4], [5], [6], [9, p. 106 ff.]

In the next section we shall discuss an integral representation for
the solution + of (1.7) in terms of a function of one variable.

In the previous papers [5], [6] the conditions for the associate
AZ) = 2" ¢,Z*, Z =\ + 16, in order that « satisfies the relations
(4.2), (4.3) on the segment of the sonic line, have been determined.
However, the proof which shows that the relation (4.1') is a sufficient
condition that + satisfies (4.2) and (4.3) can be simplified. (see §§3
and 4 of this paper.)

REMARK. Formula (7.15) of [6] has been obtained in replacing c,
by (4.1a) of the present paper and applying some further transfor-
mations. It should be noted that in formula (7.15) of [6] (as well as
in (4) of [9], p. 121) J.® should be replaced by

J® exp[—iw——;zx)—@:—], £k=12.

A representation of 4 in the supersonic region is derived in §7
by the use of integral operators.

2. An integral representation for the analytic solution of
(1.4) in terms of functions of several complex variables. In this
section we shall derive an integral representation for the solution
of equation (1.4). This representation is valid in a subdomain of the
subsonic region.

DEFINITION. & (%) = U 9(Z) where .%(Z) = ({| |~ Z| < t%l

In the following we assume that <7 is a stardomain with respect to
the origin.

THEOREM 2.1. Let E(Z,Z*,t) be a function of three complex
variables Z, Z*,t, Z =\ + 10, Z* =\ — 10, which is defined for t € N(&)
and (Z, Z*)e &. Here N(&°) is a domain which includes the recti-
fiable (oriented) curve &', with initial point t =1 and end point
t = —1, and & denotes a sufficiently small neighborhood of the origin
O=[Z=2*=0]. & 1is a curve of the complex t-plane, namely

(2.1) & ={tl=1}.



ON AN INITIAL PROBLEM 33

We assume that E satisfies the following conditions:
(1) E possesses continuous partial derivatives with respect to all
three of its arguments up the second order for (Z, Z*,t) e & X N(¥).
(2) E satisfies the partial differential equation

(2.2) 1 —)Ep + NE) — t7E,. + 2tLZL(E) = 0,

concerning L see (1.7).
If () = (O)Y*p(L/2), where p({/2) is an analytic function of £
which is defined in a simply connected domain P, F DO XK (F), then

1 dit
2.3 N 0) = Pyf) =1 SE 74 0 f( Rz — ))—2
@3 (v 0) = P =Im | Bz 2% 0f (520 - 1)
Im = tmaginary part , Z=\+10,Z*=x—10,

18 a solution of L(y) = 0.
The function + is defined im 7" N 7,

(2.4) 2 ={N0) 3N < 6,0 >0, —sP< A< 0},

The proof of the above theorem is given in [5, p. 878 ff.] and [6]
see also [1] and [9], Chapters I and V].

DEFINITION. FE(Z, Z*,t) and f are denoted as the generating and
associate fumnctions, respectively, of the integral operator P,.

After certain auxiliary lemmas are obtained in §3, we shall prove
Theorem 4.1. The latter theorem will enable us to solve the problem
mentioned in the introduction.

3. Auxiliary lemma . In this section we shall at first evaluate
certain integrals which we shall need in §4.

LEMMmA 3.1.°

Iy(x) = S t-—l/3(1 _ t2)y+1/6 dt
“ v1—#¢
3.1)
:_ia_éwuwmww+wm
2 T I'v+1) '
dt
L(z) = S t~5/3 1— 2 v+5/6
e ( ) V1I—¢
(3.2)
2 g 'y +1)

2 The counterclockwise orientation of & yields the negative sign in (3.1).
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In accordance with our assumptions, & is a rectifiable (oriented)
curve connecting the points 1 and —1 and lying in [|¢]| = 1].

Proof. Applying Cauchy’s theorem to the integral of (3.1), we
can reduce the curve % to the segment (1, —1) of the real t-axis.?
Thus

Iy(]) — I,,“I) + I,,“Z) ,
0 dt
(1) —1/3 R APESY]
3.3) L Slt (1 =) vi—¢’
- dt
Iy(12) — S t—1/3 1 . tz v+1/6 .
, ( ) T
Introducing 7 = ¢3, we obtain
1 2
! ')y + &
(3.4) I = ___l_g (1 — ) idr = _1 <3) ( 3)
2 ) 2 'y +1)

When considering I/'?, we note that for —1 < ¢<0,¢t = re*, r >0,
and therefore

1 2
1 A =
(3.5) 10 = 6-4:1’/38 P31 — )iy = ie_«m/s (3) (v + 3) .
0 2 'y +1)

Thus (3.1) is obtained. (/" = Gamma function.)

When evaluating (3.2), we assume at first that ¢ = 0 does not
belong to the integration curve denoted by z’. Integrating by parts
yields

I(2)
v

Il

_%S (1 _ tz)y+1/sd(t—-2/3)

(3.6) 5 .
_<~é—>[t—2/3(1 — gyl 3(,,, + 3)&}1/3(1 — )yt

Il

The first term on the right-hand side of (3.6) vanishes. In the second
term we replace = by the segment (1, —1) of the real t-axis. In-
troducing z = ¢*, we obtain

=3(v + DYt — eyoeae = 2+ DY — o nae

@ H(-Pri - 4)
- I'v+1)

3 We replace & at first by the sum of segments [1 > Ret > ¢], [t =¢e?,0< 0 < =],
{—e>Ret> —1],e > 0. Then we consider the limit of the integrals for ¢ — 0.
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When integrating from 0 to —1, we introduce ¢ = 7e** and thus obtain

1 4
I\ —% F(v + —>
(3.8) I® = i(l ) < 3) 3 '
2 I +1)

The generating function E yielding the representation (2.3) has
been determined in [5], [6], [7], [10]. In particular, it has been shown
that two functions

(3.9) E® — H*Exb Fxi — i g™ P () k=12,

i (— 27—+ ek ’

(3.10) q(n,k)(/\‘) — Z Cin,k}(_N)n—-(1/2)+(2/3)(k+y)’ Cl(’n,k) = const. ,
=0
CO(OI) i 21/6’ 00(02) — 25/6,

(see (1.8a) and [6], p. 453) are solutions of (2.2) for (\, 6)e <7  (see
(2.4)). Let + be equal to the right-hand side of (2.3) where

~ def (1 . tz) 2/3 )
(3.11) E=F\0,t) = AR + Az[ZT] AE®

then obviously L(y) = 0. Here A, and A, are two complex numbers
such that

(3.12) Im (4,4,) # 0 .

In the following considerations we need Lemma 3.2 yielding the
limit relations for the generating function £ introduced in (3.11).

LEMMA 3.2.
(3.13) lim E‘(x, 0,1t) = —d,t=Pg-° |

A—07T

(3.14) lim (= MPE(N, 0, 8) = [dit™" + dyt=oP(1 — $)e]g-10

where
/
(3.15) d, = —%i“ZSOAz, d, = —%é”ﬁsoslzll, d, = —ifS,A,

S,y S, positive.

Proof. By (1.8), (3.9),

AT = AS(=207" + SS,(~2n e+ | L
[Si(—2V) (o e ]
_ ASC2 + ASS,CUI(— NP A+ -

(— 5\ + 16))'°

(3.16)

’
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AE® = Az(SO(_Z)\:)_”G + S0S1(—2)\:)1/2 + - .][% + . ‘]

3.17

( ) _ AgCéoz)Soz—I/G(—x)le + A2S0S10802)21/2(_)\’)8/6 + cee
[—t(\ + 0)]°

019) [Laa - o] ams ~ACSZICNA OO0
2 [— 8 + )"

-}_...,

Thus
= ASCL2 - ASS BN 4 -
[— (v + $0)]"
[520 - o] acesze—rpe + -

(3.19)

—I_...’

C® have been introduced in (3.10). (see also [6] p. 453.) From (3.19)
the limit relations (3.13) and (3.14) follow. The justifications of the
above operations follow from considerations in [5], p. 882, and [10],
p. 336. To derive (3.14), we note that after differentiation of (3.18)
with respect to N, the only terms of £, which contribute to
lim,_,- (—\)'°E; are the coefficients of (—\)~'*. Hence

lim (—\)"E; = — %i”?SOAJ“““(l — gy
207

(3.20)

25/3 y1/6 1/3 1/6
- —3'—/& i SoSlAlt_ I‘ﬁ— /

which implies (3.14).

4. The determinartion of the associate f in (2.3) from given
values of ¥ and +, on the sonic line.

THEOREM 4.1. Let y%.(0) = >, aP0*, k =1, 2, (al¥ real) be two
power series which converge uniformly for 0 <60 <6,0, > 0. Suppose
Surther that E(Z, Z*,t) 1s given by (3.11), and let

(4.1) AZ)=2"3 ez,
(4.1) ¢, = (—25) 1o (JOTV(Z) + J1Tum_)(£{,” + szvmaf,z)
’ Im [dd, ]V 1] ’

where f(Z) 1s the assoctate function of the integral operator Py(f) in

(2.83). Then + given by (2.3) is a solution of (1.7) satisfying the
conditions

.2) lim (r, 0) = 3, a6” ,
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oo

“-3) lim (—0)"9(0, 0) = 3, ao” .
-0~ =0

Proof. In order to prove the theorem, it is sufficient to show that
1 vt/ dt
4.4 O 0) =1 SEZ,Z*,t Lza ¢ gt
@0 0,0 =Im| BZ 20, 0( 320 - 1) ety
satisfies the relations (4.2), (4.3) with the right-hand side replaced by

ag*, k =1, 2, respectively. Using Lemma 3.2, we obtain the general
term

(4.5) —{dd LV L + dd I Yl — dd LT e
) Im [d,d,I° 1]

Since d.d, is real, from (4.4), (3.12) and (4.5) we infer (4.2). It is easy
to see that Im [d,d,I"I®] # 0 in the case under consideration.
We now consider the second condition. We note that

. o S . s dt
) - )Y
4.6) lim (-0 A2 = m | Tim (0B,
since
4.7 lim (—\)Ef, = 0.
A0
Concerning the interchange of lim,., and ~ compare [10, pp. 336,

339], and [5, (5.28), p. 882 ff]. Using Lemr;rlas 3.1 and 3.2, we obtain
the general term

[dALOTY 4 | L2 F + 4 [ L0F + dd LTl )
Im [dﬂjﬁ”ﬂz’]
+ [dﬂ; |V -{—*cl_()JZTJI)IV(Z)]a,’,Z’ v .
Im [d,d.1,"1*]

(4.8)

Noting (4.6), we infer (4.3) from (4.8). This completes the proof of
Theorem 4.1.

5. The conditions imposed on the coefficients a!¥ in order
that + has singularities of specific types. In §4 we expresed the
associate function f(Z) in terms of values ¢/, k =1,2,v=10,1,2, ---
(see (4.2) and (4.3)), which appear in the initial value problem con-
sidered here. Suppose f(Z) is regular, say in some simply connected
domain <&, & < 77", the stream function « will be regular there.
As mentioned in the introduction, there exist various procedures for
the determination of the location of singularities of a function Z'¢f(Z)

given by its series development Z'¢Y ¢,Z* at the origin.
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In the following we shall discuss a procedure using the approach
indicated by (I), see [18], [21].

THEOREM 5.1. Suppose that the solution +r(\, 6) is defined in a
sufficiently small mneighborhood of the origin and on a segment
N=0,—-0,<0=<0,),0, >0, and satisfies the conditions (4.2) and (4.3).

Here 3.2, a'0" are power series converging absolutely and uni-

formly for |0) < 6,. Let
1/v
} < - ’

where d,, I'", k =1,2, have been introduced in (3.15), (3.1), (3.2),
and let

(5.2) cos p = lim ZH =L () = Tm [, ()",

h—0t

2 — —_
al!) Z dk—-llu(o—k) + a/:?,‘dZIu(l)

k=1

1 r— >
Im [dod, I V1]

(5.1) =2 lim[

., 20 (=20 0l 3 TE P, + e |
5.3 d,(h) = A= —.
®3 4l =2 T (4,21 171 o

(Cy are binomial coefficients.) Suppose
1

1 . oh) —1
(5.4) 5 < )lirorl — <0.
Let us denote by <J* the domain
(5.5) {(N ) [3FIN <O, =siF<AN=0,M 4 0 < 0%}

and let

(5.6) st = {(?n, 0)Ix = pcose, § = psinp,
lim M) — 1
h—0t h

<COSg3<O,V+¢92:p2}.

Then (N, 0) is regular in <*Us'. Concerning s, see [5], p. 878.

Proof. Since E(Z, Z*, t) is regular in 7", see (2.4), the solution
v is regular in every subdomain of " which does not include 4 = 0
in which f(Z)/Z'® is regular. Here f(Z) = Z'°"3=,¢,Z*. By the
theorems of Hadamard and Mandelbrojt, the function g(Z) = 3=, ¢, 2" is
regular in the circle |[Z|<p,0 = 1/lim,_.|c,|’*>0 and on the
arc[(0,9), | Z| = p where

(5.7) cos @ = lim { T =L o) — T [ v 17
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6. The representation of ¥ in a simply connected domain
o, &7 < . Asindicated in [2], [9], the integral operators enable us
to translate many theorems in the theory of analytic functions of com-
plex variables into theorems on functions + satisfying a linear partial
differential equation of elliptic type. As an example of an application
of this method, we shall determine for the domain < systems {y,(\, 6)}
of solutions of (1.7) such that every solution + regular in &,, &, =
& (&), can be represented in <7 in the form

(6.1) ¥ 0) = 3 A0, 0)

Given a simply connected domain <7, there exist various systems
{p.(Z)} of analytic functions of one complex variable such that a function
9(Z) regular in &7, can be developed in <, in the form

(6.2) 0(2) = 3, a.0.2) .

For instance, one can choose for {p,(Z)},v =1, 2, ---, the system
of functions which are orthogonal in <7,, or functions {[§(Z)]*}, v = 0,
1,28, .-+, [(§(2)) = const], where §(Z) maps <, onto the unit circle.
Suppose now that <7 is a star domain with respect to Z = 0, & < %~
and ¢(Z/2) is regular in &, = £ (&), every solution + regular for
N, 8¢ &J, can be represented in & in the form (6.1), where

63 vu(v0) = Im | BZ 2%, 02,41 - t2>)(1—_‘“17)l,T ,

and +,,_,(\, ) are the real parts of the above integral.

Proof. Since we assumed that Z-'°f(Z/2) is regular in &7, the
representation

Z Z
—1/6 —_) = _—
(6.9 zf(L) = Sap(Z)
converges for (Z/2) € &7, uniformly and absolutely.
In the development

YOn0) = Im | B(Z, 2%, 01 — £)" %
(6.5) 2y i
t
vl T 1 - t2> e T
e ‘p< PR ==
we can interchange the order of summation and integration, and we
obtain the development (6.1), where +,(\, #) are given by the real and
imaginary parts of <+« in (6.3).

o
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7. A representation of a stream function 4 in the supersonic
region. As indicated in [10], the approach of the present paper can
be generalized to the case where )\ is replaced by the complex variable

(7.1) U=Mx+ 14,
and under some assumptions about

2.(0) = im (U, ) and x(60) = lim 20U, 9).
U0 U0 oU
one can determine the associate f in terms of i, and y,. Consequently,
the method of integral operators can also be used to consider the in-
itial value problem in the supersonic region. Replacing N by U, see
(7.1), and setting A = 0, we obtain

A = h~*arctan [h(M* — 1)"*] — arctan [(M* — 1)'7],

(7.2) h:(’;;i>1/2,k>1.

Here M is the Mach number and p = cp* is the pressure density
relation, k, ¢ are constants. (See [22] and [5], p. 861). Equation (1.7)
assumes the form

(7.3) H(y) = Yy — Yoo + 4Ny, =0,
' E+1 M
N, = ,M>1.
8§ Gr _Dr

In the supersonic case it is convenient to introduce the variable

=

(7.3a) T"=M"—1.

If we write in analogy to (1.8)

(7.3b) ¥(4, 0) = H(D)F*(4, ), ¥4, 0) = v*(id, 0) ,
where

(7.3¢) (1) = exp [-2&1 Nl(r)df]

and

A= AM), 4, = A2,
then +* satisfies
(7.4) H*(v*) = vi — ¥y — 4Fy* =0,

a4y = (kDM —@k - DM* — 43 — 2k)M* + 16]
) ' 64 L 1= M
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(see [5], p. 861). A formal computation yields that

T4y BT =L 2k zIW”=&WM»
el b+ 1) + (b — 17"

In general, we use in the following the same notations as in [5]
and [6]. As a rule we write B(4) = p(id), e.g., ") = ¢™*(i4).
Further, instead of H(T) (see [5] (4.3), p. 870) we introduced here
H(T) (see (7.4”) and (7.3a)). Consequently the generating function E
differs from E(id, i4, 6).

In defining the operation®

def fat Fx ] _1_ __ 42 di ]
P(/) ® Im| B)| Bz, 0,07( 4+ 0)@ - o)) L],
(7.5) HA) = BAT)), 4> 0,24 < |4+ 0],
EN';;()‘J + 7//1! 0, t) = Ezkz(Zy Z*v t) y

it was assumed that % is a curve connecting ¢ = 1 with ¢ = —1 and
lying in |t] =1 (see [5], p. 872). As in the subsonic case (see [6]
(7.12) p. 468), we set

Ex,0,t) = A E*(i4, 0, t)

(7.6) + [(G4 + 10))(1 — t)/2] A, E*(i4, 6, 1),
Im (4,4, #0.
(1.6)) E(4, 6, t) = H(N)ENA4, 6, t) .

We shall show that by imposing some additional restrictions on
the domain of definition of Ei(4, 6, t) we can use for & the curve

(7'7) (g*:%1U%2U%3!
Cun=(-1=t= —t),
(7.7) Cu=(t=1e%1t>0,-1<p=0),

%3:(to§t§1)-
Analogously to [5, (5.5), p. 878], or [6, (4.7), p. 453],

Ed'('f)([]7 0’ t) = _ﬁl(U)E'*(K)(Uy 0: t) y

(7.8) o e
E‘*(K) U’ 0’ t — q ’ ( ) ,
( ) % (__ tZZ)ﬂ——l/z%-ZlC/3

where ¢~*(U), k =1,2,n =0,1,2, ..., are solutions of the equations

4 Both the real and imaginary parts of 171(/1)8,, ... are solutions of (7.3). In ac-
cordance with the previous definition we choose here “Im”. In view of definition (2.4)
it is sufficient to assume that [¢| = 1. If 0 <t < |¢|, where t <1, then » has to
be replaced by {2]4] < |Z|¢t}.
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(1.8) a8’ + AF(U)g™" = 0,

@8) 2w+ (B | + qre + 4@ = 0

(see [6, p. 453, (4.4)])°. These solutions can be written in the form

(1.9) g = i Cim)(— [ )r=ile+2hte0)
where
D3
(1.10) Cpv = 208, ¢y N8 /n 31 v n=1,C"=0,1n=0,
n(g),

Ci" = 2, G <_g-> ) i =1,
(7.11) m( _g )
(@, =a(@+ 1)+ (a+mn—1)

(see [6, (4.4), (4.5), (4.6a), (4.6b), (4.6¢), (3.11), (3.12)] or [9, p. 113, (1a),
(1b), (2), (3a), (3b), 3¢)].)

REMARK. Omne initial value condition determines uniquely ¢"™*(U).
Indeed, the general solution of (7.8’) and (7.8"”) can be written in the
form

(7.12) C(:LI,ZI _ U)n-x.—llﬁ + i Cin,Z)(_ U)n——l/2+2/3(n+1) .
v=0

From (7.9) follows that the second initial value condition used for
(7.12) is C»® = 0.
In [6, p. 459, (4.43)], it has been shown that

w(Uu'(U)

7.13 E g,t) <
( ) { (U )| nzo ( t2Z)n—-1/2+2x/s
and that
2”F<n + 2;)
A+ Ul, e>0.

(7.14)  |u(UO)| = C

r( 2K )r(n +1)

LemMMA 7.1. Let U =14,0 < A4 < t0)/(1 — &), where (2 + &)t} < &,

5 In the first equation of [6, (4.4)], ¢ is missing after 4F(2).
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0<t,<l,e>0[0<t = |t|,tec*], see (71.6). Then the series on
the right-hand side of (7.13) converges absolutely and wniformly for
ter~*and 2|U| <G| Z]|.

Proof. Since {I'(n + 4/3)/'(n + 1)} < n + 1, it is sufficient to
show that 24/|t%(4 + 6)| < 1. From our assumptions follows that
0/4 > (1 — t)/t, therefore, for te = * and 4 > 0,

A _ 1 _ 1
[t(4 + 6)] z( i)‘ - ' 1 — ¢t
.15 (1 + EFL+ =
ko6 1

it T @+ T 2+e

Analogously to Theorem 4.1 we can express the associate f(4 -+ 6)
in terms of
(7.16) lim (4, 0) and lim [£97.(4, O)] ,
see also [10],[28] and [29]. In formula (7.5) with U = 14 the as-
sociate f = f((1/2)i(4 + 0)(1 — ) = F(1/2)(4 + 6)(1 — #¥)) is a function
of a real variable (4 + 0). In this case we obtain some modifications
of our results.

Operating with functions of one 7eal variable, it is convenient
for many purposes to represent them in form of trigonometric series.
Analogously, in the case of solutions of (7.3) we introduce a set of
solutions

~

C.(4, 6) = Re 3E(/1 0, t)(A + 0)\°

% cos [n(A + O)(1 — t2>/21(T:d—ttT)l,—, =012 .-,

(7.17)

8,(4,6) = Re | B(4, 0, )4 + )"

%

(7.18) ’ . 1+ oyl 59 dt
% sin [n(4 + 6)(1 — t*)/ ]m

b

of (7.3)

REMARK. We note that when introducing a set of particular
solutions of the equation of elliptic type, we used {U"},n =0,1,2, -.-,
as associates (see, e.g., [9], p. 22]); here we use

l in(A4-0) —in(d+0) 1 in(A4+-0) __ p—in(d+0)
(e + e ) and —(e e )

(7.19) 2

b

n=20,12,---.
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Further, instead of using < cos [n(4+6)(1—t*/2] and < sin [4+6)(1—¢?)/2]
as associates, we take the real part of the integral in (7.17) (7.18).
The integral operator (7.5) assumes the form

¥(4,0) = Re | Bu(d, 0, )4 + )"

(7.20) i

% f[—%—(/l + o)1 — tz)]m :

When considering the integration along <*, it is useful to introduce
the auxiliary variable ¢ = £-'(¢) given by
T =Ret+1 for te @, =[-1<t <t
(1.21) 7= l.(log —}) for te @, = [t = te*“, 0 < @ < 7]
7

0

T=Ret—t, +xt, fortec,=[-tt<1].

LEMMA 7.2. dz/dt =1 for te (G — P) U (E% — P,) and dt/dr =
ie“tofor te%z—P1_szP1:%10%2"?2:%20%3'

THEOREM 7.1. Suppose that the coefficients {a,}, {b,}, n =0, 1, 2,
<+« of the series

(7.22) i (a, cos nx + b, sin nx) ~ g(x) .

are chosen itn such a way that

(7.23)
n T [ -
S o [ |a. cos (21 + o)1 - 2 (T)))l + [p.sin (B + o)1 7 (r))>}
G V1 ()]
X dt < oo .
Then if
w4, 0) = Reg (4,0, 6)(4 + o)
(7.24) ) N
x45m+ma~tﬁajﬁﬁ,

it holds
(7.25) ¥(4,0) = 3 @,Ca(4, 0) + b,8,(4, 0)) .

Proof. Since for 0 <24 <|A+ 0|8, te z* E(Z,Z*1t) = E,0,0)
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and dt/dz are uniformly bounded on = * — P, — P,and |dz/dt| = A= 0
by the Lebesgue theorem (see, e.g., [31, p. 347]), it follows that we
can interchange the order of summation and integration in (7.24).
Using (7.17) and (7.18), we obtain (7.25).

The above investigations suggest that we write the solution®
as a sum of two operators, namely,

(7.26) Y, 0) = (4, 0) + W4, 0)

(7.268) v.(4, 0) = Smw i, 0, t)cuef(c)ﬁ—fitm, (= %(/1 +0)1 — )
—_ ) 1/6 dt

(7.26b) v 0 = | B0 000

%1U(é}23:['—1§t<_71U[7§t§1]’
%2:[t:z-ei¢y“7r§¢§0]’
0<t<l.

When considering {v.(4, 6)}, one can apply various results in the theory
of trigonometrical series, while considering {¥.(4, 6)}, we apply theorems
on analytic functions of one complex variable.

The author wishes to thank Paul Rosenthal for his assistance in
preparing this paper.
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