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LOCALLY COMPACT SPACES AND TWO CLASSES
OF C*-ALGEBRAS

JOHAN F. AARNES, EDWARD G. EFFROS AND OLE A. NIELSEN

Let X be a topological space which is second countable,
locally compact, and 7,, Fell has defined a compact Hausdorff
topology on the collection Z(X) of closed subsets of X. X
may be identified with a subset of &°(X), and in the first
part of this paper, the original topology on X is related to
that induced from Z°(X). The main result is a necessary
and sufficient condition for X to be almost strongly separated.
In the second part, these results are applied to the primitive
ideal space Prim (A) of a separable C*-algebra A, giving in
particular a necessary and sufficient condition for Prim (4)
to be almost separated. Further information concerning ideals
in A which are central as C*-algebras is obtained.

Most of the theorems in the paper were suggested by the results
for simplex spaces recently obtained by Effros [10], Effros and Gleit
[11], Gleit [14], and Taylor [17]. The notion of a simplex space was
introduced by Effros in [9]. If 2 is a simplex space, then max,
P,), and EP,(Y) denote the closed maximal ideals in 2, the bounded
positive linear functionals on 2 of norm at most one, and its set of
extreme points, resp., the first set provided with the hull-kernel
topology and the latter two sets with the weak* topology. The
sets max 2 and EP,()-{0} are in a natural one-to-one correspondence,
but the topologies do not agree in general. Information about the
simplex space A can be obtained by comparing these two topologies
(see [11], [14], [17D).

In trying to develop an analogous theory for a C*-algebra A,
the first problem is to decide on replacements for max 2, P,(), and
EP,Y). For simplicity, assume that A is separable and has a T,
structure space. An obvious substitute for max ¥ is the structure
space of A, Prim (4) (the primitive ideals in A, or in this case the
maximal proper closed two-sided ideals in A, with the hull-kernel
topology). To replace P,() and EP(N) by the corresponding sets of
linear functionals on A does not seem to lead to a fruitful theory.
Instead, P,(XA) and EP,(N)-{0} are replaced by N(A) and EN(A4)-{0},
resp., where N(A) is the compact Hausdorff space of C*-semi-norms
on A, and EN(A) is the set of “extreme” points of N(A) (see [4;
§1.9.13], [8], [12]). Then Prim (4) and EN(A)-{0} are in a natural
one-to-one correspondence which is in general not a homeomorphism.
By identifying these sets, the primitive ideals in A are endowed with
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two topologies. Regarding Prim (4) as a subset of & (Prim (4)), the
identification of Prim (4) and EN(A)-{0} extends naturally to a homeo-
morphism of & (Prim (4)) and N(A). Thus the second topology on
Prim (A) is just its relative topology in &’ (Prim (A)). It is therefore
natural to attempt to formulate those theorems about a simplex
space U which involve only the two topologies on max 2 in terms of
a locally compact space X and the associated space & (X).

The paper is organized as follows. §2 contains theorems which
relate the topology of X to that of & (X). The applications to
C*-algebras are in §3. Two classes of C*-algebras, called GM- and
GC-algebras, are investigated; they correspond to the GM- and GC-
simplex spaces of [11]. A C*-algebra is a GM-algebra if its structure
space is almost strongly separated, and a GC-algebra if it has a
composition series (I,) of closed two-sided ideals such that the I,.,/I,
are all central C*-algebras. These algebras were studied by Delaroche
[2], who in particular showed that the GC-algebras are just the GM-
algebras with only modular primitive ideals. A new proof of this
fact (Theorem 3.7) is included. Finally, § 4 points out how the GM-
and GC-algebras are related to some of the classes of C*-algebras in
the literature.

2. Locally compact spaces. Throughout this section X is assumed
to be a locally compact topological space satisfying the T, separation
axiom. Recall that X is 7T, means that if x, ye X are such that
{x}~ = {y}~ (bar indicates closure), then = = y, and that X is locally
compact means that if xe X, then each neighborhood of % contains a
compact neighborhood of x. It is important to remember that although
a closed subset of a compact set must be compact, the converse need
not be true in a non-Hausdorff space. Let X, denote the closed
points in X, i.e., those # for which {x}- = {z}. If X = X,, then X
is said to be T.

The following construction is due to J. M. G. Fell [13]. Let & (X)
denote the collection of all closed subsets of X. The function \ =
At X - & (X): 2« — {x}~ is one-to-one. If C is a compact subset of
X and if & is a (possibly empty) finite collection of open subsets
of X, then Z(C; &) will denote the collection of all those F' e & (X)
such that FNC=@ and FNG= @ for each Ge . The sets
7(C; &) form a Dbasis for a compact Hausdorff topology on
Zz(X) [13]. It is readily verified that a net (F,) in &(X) will
converge to an element F' in (X)) if and only if (1) for each z in
F and neighborhood N of x, eventually F,N N = @, and (2) if P is
the complement of a compact set with F' < P, then eventually F,cC P.
This topology is metrizable whenever X is second countable [6;
Lemma 2] (see Corollary 2.7 for a partial converse). A simple argu-
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ment will prove

LEMMA 2.1. (1) M is open onto its image, and (2) X is Hausdorff
if and only if M X — MX) is a homeomorphism.

The first object is to find sets on which A restricts to a home-
omorphism. A set 9 c € (X) will be called dilated if xeF for
some F e 7 implies that Mx)e .. In particular, if FeZ%(X), the
set F+ = {Fe&(X): E CF} is compact and dilated.

LEMMA 2.2. If 7 4s a compact and dilated subset of & (X),
then N(.77) is closed.

Proof. Suppose that z,€¢ X and z,¢\(2"). Say Fe. 7. As
7 is dilated, 2,¢ F, and so there is a compact neighborhood C(F')
of x, which is disjoint from F. The sets ' (C(F); ©), Fe. 7, form
an open covering for .7; hence there are sets F,, ..., F,e .9 such
that

T cU#(CF); D).

Suppose xe C = N,C(F;) and Mz)e. 7. Then Mz) N C(F;) = @ for
Some 1, hence x¢ C(F;), a contradiction. This shows that C is a
neighborhood of %, which is disjoint from \—(.27).

If T is a subset of X,, then \(T) is dilated; hence

COROLLARY 2.3. If T ¢s a subset of X, for which \MT) is com~
pact, then N restricts to a homeomorphism of T onto NT).

The following shows that convergence in X is closely related to
that in °(X). The trick employed in the proof of (ii) was used by
both Gleit [14] and Taylor [17].

THEOREM 2.4. (i) Let (x,) be a net in X such that \(x,) — F
Jor some Fe&(X). Then x,— x for any x¢cF.

(ii) Let (x,) be a sequence in X, such that \wx,) — F for some
Fe&(X). Then the limit points of the set {x,:x = 1} lie in F.

Proof. (i) Say xzeF, and let G be an open set containing z.
Then since FF'N G # @, eventually M«,) N G # &, hence z,cG.

(ii) For each m the set {\(z,):n = m}U F* is both closed and
dilated, hence its inverse image F,, = {®,:n = m} U F is closed. If x
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is a limit point of {x,:n = 1}, it must lie in each of the sets F,, and
thus is an element of F.

COROLLARY 2.5. Suppose that X 18 second countable. If
@ e MX))~, then mneither X, nor X can be compact.

Proof. Z(X) is metrizable, hence there is a sequence (¢,) in X,
with Mz,) — @. It follows from Theorem 2.4 (ii) that no subsequence
of (x,) can converge to a point in X,

COROLLARY 2.6. Suppose that MX)~ s first countable (this is
the case if X is second countable), and that T is a compact subset
of Xi.. If Fe&(X)and TNF = @, then M(T)-NF* = Q.

Proof. If Eex(T)- N F*, there is a sequence (x,) in T with
M2,) — E. Since T is compact, the set {x,: % = 1} has a limit point &
in T. Then xze¢FE from Theorem 2.4 (ii), and since EeF*, xekF.
But this is a contradiction.

COROLLARY 2.7. Suppose that X s locally compact and T, If
MX)~ s second countable, then so is X.

Proof. Let 7, 7, --- be a basis of open sets for the topology of
MX)™; with no loss in generality, the sets .77, may be assumed to
be closed under finite unions. Suppose that an x ¢ X and an F e & (X)
with « ¢ F are given. It is sufficient to show that for some n, A"(.7,)
contains & in its interior and is disjoint from F. Using the local
compactness of X, choose a compact neighborhood C of z disjoint
from F. Corollary 2.6 and the fact that F'* is closed give

MO aMX) — Ft = Lijﬁ;k

for suitable integers n,. As MC)~ is compact and as the .7, are
closed under finite unions, there is an n for which 7, N F+ = @ and
MC)c 7,. This completes the proof.

The following will be useful in § 3.

COROLLARY 2.8. Suppose that X 1s second countable and that
[: &(X)— [0, ) is continuous and monotone in the sense that E,
Fe#(X) and ECF imply f(E) L f(F). Suppose further that
FOM@)) > 0 for all x in some compact subset T of X,. Then there
is am a > 0 such that f(Mx)) = a for all x e T. '
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Proof. If there is no such «, choose a sequence (x,) in T such
that f(u(z,)) — 0. Using first the compactness of Z°(X) and then
that of 7, it may be assumed that \(x,) — F for some F e & (X)
and that x, — « for some € T. From Lemma 2.4 (ii), it follows that
x e F. Consequently, 0 < f(Mx)) < f(F') and f(F') = 0, a contradiction.

For simplex spaces, the following result is due to P. D. Taylor.

COROLLARY 2.9. Suppose that X s second countable and that f
18 a continuous complex-valued function on MX))~. For each xe X,
let c(x) denote the set of all those F e \M(X,)~ which contain x. Then
Jox is continuous on X, if and only if f is constant on the sets
c(x), xe X,.

Proof. Notice that A\(x) € c(x) for each x € X,. Suppose that fo:
is continuous on X,. Say xe€ X, and F ec(x). Then there is a sequence
(x,) in X, such that \(z,) — F. From Theorem 2.4 (i), «, — x, and

JF) = lim f(M(x,)) = fM@)) -

Conversely, suppose that f is constant on the c¢(z), x € X,. Let (z,)
be a sequence in X, converging to an x € X,. To show that

SM@,)) = F(M@))

it is sufficient (since f(A(X))) lies in the compact set f(M(X,)")) to show
that every convergent subsequence of f(\(x,)) converges to f(Mz)).
Passing to a subsequence, suppose that f(:(z,)) — « for some complex
number «. Using the fact that & (X) is a compact metric space
and passing to a further subsequence, it may even be assumed that
Mez,) — F for some Fen(X,)~. Then from Theorem 2.4, (ii), x e F,
i.e., Fec(x), and therefore

fM@) = fF) = lim f(Mz,)) = e .

If G is a nonempty open subset of X, then G is locally compact
and T, in its relative topology. Let p, be the map F—F NG of
Z(X) onto & (G), and let o, be its restriction to Az(G). Then
Ogohy = Ag and o, is a bijection of Az(G) onto As(G). Using the fact
that G is open in X, it is easily checked that p; is continuous; how-
ever, 0, is in general not a homeomorphism.

LEMMA 2.10. Let G be a nonempty open subset of X, and suppose
that MX)"cMX)U X — G)*. If 7 1is a subset of Ng(G) and if
04(97) is compact, then so is 7.
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Proof. As p; is continuous,
0T C IO = [0 = 6:(F) CNelG)
and since @ ¢7\(G), 7 NX — G)* = @. But
T MX)cMX)U (X — G ca(G)U (X — G),
so that .7~ is contained in \,;(G), the domain of g, Since
0:(T ) = pe(T ) C0s(T7)

and 0, is one-to-one, .2~ must be closed in & (X).

A point # in X will be said to be strongly separated in X if
for each y = x, there are disjoint neighborhoods of « and ¥ (i.e., «
is closed, and separated in the sense of [3; § 1]). A nonempty subset
Y of X will be called strongly separated in X provided each of its
points is strongly separated in X. Finally, X will be called almost
strongly separated if each nonempty closed subset F' of X contains
a nonempty relatively open subset G which is strongly separated in
F' (equivalently, every open subset U of X distinct from X is properly
contained in an open subset V such that V — U is strongly separated
in X — U).

ProposITION 2.11. A nonempty open subset G of X is strongly
separated in X if and only if MX)~cMX) U (X — G)*.

Proof. Assume first that G is strongly separated in X. Suppose
that there is a net (x,) in X and an F ¢ )X, U (X — G)* such that
Mx,) converges to F. Then F must contain two distinct points, at
least one of which is in G, which is impossible by Theorem 2.4 (i).
Conversely, suppose that M(X)~ X)) U (X — G)*. From this inclu-
gion it is immediate that G < X;. As p,(\(X)™) is compact and contains
XG(G)’

Ae(G)™ C P(MX)7) T re(@) U {2}

and therefore A\y(G) U {@} is compact. For any relatively closed sub-
set 7 of N(G), 7 U{Q} is compact and dilated, hence \;(7") is
a closed subset of G in the relative topology (Lemma 2.2). This
shows that )\, is continuous; since it is always open onto its image,
M is a homeomorphism and G is Hausdorff. To show that G is
strongly separated, suppose x€G and y ¢ G are given. Let UC G be
a compact neighborhood of x; it will suffice to show that U is closed
in X. As Ag(U) is compact and as AgU) = go(0x(U)), Ax(U) is
compact (Lemma 2.10). Xxz(U) is dilated since Uc X,, and so U =
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A (Ae(U)) is closed, by Lemma 2.2.

A topological space which is a countable union of compact sets
will be called a K,.

LemMmA 2.12. If X s second countable and if G is an open
nonempty strongly separated subset of X, then A (G) is K,.

Proof. Since G is Hausdorff, \;(G)~ C 2 e(G) U {@} by Proposition
2.11, and Ay(@) is locally compact. Now Z(G) is second countable,
for as G is second countable, Z(G) is a compact metric space [6;
Lemma 2]. Therefore \;(G) is K,. The equality M {G) = 0,0\ x(®)),
Lemma 2.10 and Proposition 2.11 now imply that )\;(G) is K,.

LemMA 2.13. Let E be a nonempty closed subset of X. Then
the map 0:E+— & (E) defined by O0(F)=F for all FeE* is a
homeomorphism onto, where E* has the relative topology from & (X).

Proof. That 6 is a Dbijection is clear. Since E* is compact
Hausdorft, it is enough to show that ¢ is continuous. But this
follows from the definition of the topologies and the fact that % is
closed.

LemMmA 2.14. If X is almost strongly separated, so is any non-
empty subset of X which is either open or closed.

Proof. See [11; §3].

THEOREM 2.15. Suppose that X is second countable, locally com-
pact, and T, Then X is almost strongly separated if and only if

1 Xis T,

2 MX) is K,, and

3) every monempty closed subset of X 1is second category in
itself.

Proof. Say that (1)-(3) hold. Let F be a nonempty closed sub-
set of X. Then F is T, and second category, and M\ (F') is K, by
Lemma 2.13. Replacing F by X, it is therefore sufficient to show
that if X satisfies (1) and (2) and is second category, then X contains
a nonempty open strongly separated set. Write MX) = Uz T,
where each 7, is compact. Since the .7, are dilated, the M (.73)
are closed by Lemma 2.2. X is second category, hence for some n,
A Y(Z,) contains a nonempty set G which is open in X. As \N7Y(.7,)
is closed in X and is Hausdorff in the relative topology (Corollary
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2.3), G is strongly separated in X.

Conversely, suppose that X is almost strongly separated. By a
transfinite induction (see [11; Proposition 3.1]), there is an ordinal «,
and a family (G,) of open subsets of X, indexed by those ordinals «
with 0 £ @ £ &, such that: () G,= 2, G,,=X; () if a2, is a
limit ordinal, then G, = U;..G;; and (iii) if a < «a,, then G,CG,.,
and G.., — G, is a nonempty strongly separated subset of X — G,.
To see that (1) holds, say xec X. Let 8 be the least ordinal such
that xe€G;. By (ii), B8 cannot be a limit ordinal; let « + 1= 5.
Then € G,., — G,, 8o that {x} is closed in X — G,, and therefore
in X.

The natural map 4, of (X — G,)* onto (X — G,) is a home-
omorphism, where (X — G,)* has the relative topology from Z(X)
(Lemma 2.13). Since 6, carries M\x(Goy, — Go) onto Ay ¢, (Gar — Go)
and since the latter is K, by (ili) and Lemma 2.12, A (G,+;, — Go)
must be K,. Now

X = Ua<ao(Ga+1 - Ga)

by the above and «, is countable (see [16; §19, II]), so (2) holds.
If F,F, ... are closed and nowhere dense subsets of X, then
FnG,F,NG, --- are closed and nowhere dense in the relative
topology of G,. Being locally compact and Hausdorff, G, is Baire, so
the F, N G, do not cover G,. Thus X is second category. By Lemma
2.14, this is enough to show that (3) holds.

COROLLARY 2.16. If X is second countable and almost strongly
separated, then all monempty closed and all nonempty open subsets
of X are Baire.

Proof. This follows from Lemma 2.14 and Theorem 2.15.

Suppose that X is second countable. If all nonempty -closed
subsets of X are Baire, then AMX) is G; [6; Th. 7]; in view of [16;
§ 30, VI], this fact may be useful in deciding whether X satisfies
(2) of Theorem 2.15. As examples in §4 will show, (1) and (2) are
independent of one another even if all nonempty closed subsets of X
are Baire. The set of integers with the Zariski (or cofinite) topology
is second countable, locally compact, T, and satisfies conditions (1)
and (2), but not (3), of Theorem 2.15.

3. C*.Algebras. Let A be a C*-algebra. Throughout this
section and the next, an ideal in A will always mean a closed two-
sided ideal. Let Z(A) be the center of A4, and let Id(A4) [resp.,
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Prim (4), Max (A4), and Mod (4)] donote the set of all ideals [primi-
tive ideals, maximal ideals, and modular ideals] in A. For ac A and
Icld (A), define a(l) as the canonical image of a in A/I and I* as
the set of all those ideals J in A which contain I. Prim (4) with
the hull-kernel topology (sometimes called the structure, or Jacobson,
topology) is the structure space of A. The following facts about the
structure space (see [4]) will be used frequently without explicit
mention: its closed points are the elements of Max (4); it is locally
compact and T,; it is second countable whenever A is separable; and
I—Prim (4) N I* is a one-to-one correspondence between Id (4) and
the closed subsets of Prim (4). The weakest topology on Id (A)
making each of the maps I— | a(l)|l, acA, continuous will be
called the weak* topology on Id (4). It is not hard to show that
I—Prim (A) NI+ is a homeomorphism of Id(4) onto & (Prim (4))
which restricts to » on Prim (4) and carries I* onto (Prim (4) N I*)*
(where the second L is taken in the sense of §2) [12, Th. 2.2]. In
what follows, Id (4) and & (Prim (4)) will be identified. Recall that
if A is separable, Id (4) and Prim (4) with the weak* topology may
be identified with the spaces N(A) and EN(A)-{0} of §1.

In view of the above, the results of §2 may be applied to
C*-algebras. Save for one, these will not be explicitly mentioned.
For any aec A, I—|la(l)|| is a function of the type described in
Corollary 2.8. This has the following amusing consequence: If A is
separable and if T is a structurally compact subset of Max (4), then
U{P: Pe T} is a norm-closed subset of A.

A nonzero ideal I in A will be called an M-ideal in A if
Prim (4) — I* is a strongly separated subset of the structure space
of A, and A will be called an M-algebra [resp., a GM-algebra] if the
structure space of A is Haugdorff [almost strongly separated]. Clearly
A is an M-algebra if and only if A is an M-ideal in itself. Using
[4; §83.2], it is easily verified that A is a GM-algebra if and only if
every nonzero quotient of A contains a nonzero M-ideal.

PrOPOSITION 3.1. The following are equivalent for a mnonzero
ideal I in a C*-algebra A:

1) I is an M-ideal

(2) Prim (4)-cMax (4A) UI*, where Prim(A)~ is the weak*
closure of Prim (A) in 1d (4)

(3) for each ael, P— ||a(P)]|| is continuous on Prim (A) in the
structure topology.

Proof. (1) = (2): This is Proposition 2.11.
(1), (2)=(3): Suppose that an ael and an a > 0 are given.
The map p — || a(P)|| is lower semi-continuous on Prim (4) with the
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structure topology, so it is enough to show that 7 = {Pe Prim (4):
||a(P) || = a} is structurally closed. Now T is a structurally compact
subset of Prim (4) — I*, and as I is an M-ideal in A, Prim (4) — I*
is Hausdorff in the relative structure topology. The map o which
sends P into PN I is a homeomorphism of Prim (4) — I'* onto Prim (I)
for the structure topologies, hence the structure space of I is Hausdorff.
From Lemma 2.1, this means that the structure and weak* topologies
coincide on Prim (I). Then o(T) is a weak* compact subset of Prim (I),
and 7T is a weak® compact subset of Prim (4) (Lemma 2.10). Since
T is contained in Max (4), it is dilated and therefore structurally
closed by Lemma 2.2.

()= (1): Say PePrim(4) — I* and @ <cPrim(4) are distinct.
If Qel*, choose an acl with ||a(P)|| =2. Then {RePrim(4):
[la(R) || > 1} and {R e Prim (4): ||a(R)|| < 1} are disjoint structurally
open sets containing P and @, resp. Now suppose that Q¢ I+. For
RePrim(4) — I+ and ael, RN IePrim (I) and

la(BN D) = max {[[a(BR) ||, [|a])[}} = [|a(R) ] -

This equality together with the homeomorphism ¢ of the previous
paragraph implies that the structure and weak* topologies on Prim (I)
coincide, and therefore that Prim (A) — I* is Hausdorff in the relative
structure topology. As Prim (4) — I* is a structurally open subset
of Prim (A), there are disjoint structure neighborhoods of P and Q.

THEOREM 3.2. If A 1is a separable C*-algebra, then Prim (A) is

a G5 in the weak* topology, and A is a GM-algebra if and only if
(1) Max (A) = Prim (4), <.e., the structure space of A s T), and
(2) Prim (A) is K, in the weak* topology.

Proof. This is an immediate consequence of Theorem 2.15, [6;
Th. 7], and the fact that all nonempty closed subsets of the structure

space are Baire [4; Corollaire 3.4.13].

Section 4 contains examples which show that neither (1) nor (2)
is a consequence of the other, even for separable C*-algebras. This
completes the analogy between GM-simplex spaces and GM-C*-algebras.
In studying the second class of C*-algebras, the following two lemmas

will be useful.
LEMMA 3.3. For any ideal I in o C*-algebra A, Z(I) = INZ(A).
Proof. See [1; Lemma 6].

LEMMA 3.4. The following are equivalent for a C*-algebra A:
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(i) Z(A) & P for each PePrim (A) and the structure space of
A is Hausdorff, and

(ii) P—PNZ(A) is a one-to-one map from Prim(4) into
Prim (Z(A)).

If these conditions are satisfied, then the map in (ii) is a homeo-
morphism of Prim (A) onto Prim (Z(A)) for the structure topologres.

Proof. For the equivalence of (i) and (ii), see [1; Proposition 3]
or [18; Corollary 3.1.2]. The last statement is contained in [15; Th.
9.1].

A C*-algebra satisfying one of the equivalent conditions of the
last lemma is called central; for other equivalent definitions, see [1;
Proposition 3].

Several results from [7; §4] will now be recalled. Consider an
aeZ(A) and a primitive ideal P in A. Choose an irreducible repre-
sentation 7w of A with kernel P. As x(a) is in the center of m(4),
it must be a multiple a of the identity operator on the space of .
Then 7(a)z(b) = ax(b), i.e., ab — abe P, for all be A. This last con-
dition determines « uniquely, and shows that it depends only on P
(and not on 7). Set f,(P) =«a. The function f, is clearly bounded
on Prim (A). It is easy to show that ¢(a) = f,(P) for any @ e 6-'(P),
where 4 is the natural mapping of P(A4), the pure states on A, onto
Prim (4). Because 6 is an open map,

fo'(U) = {PePrim (A): f.(P) e U}
= 0({p € P(A): f.(0(p)) € U})
= 0({p e P(A): p(a) e U})

is structurally open for any open set U of complex numbers. This
shows that f, is structurally continuous. If A is central, then
PePrim (4) implies PN Z(A4) € Max (Z(4)) = Prim (Z(4)), and regard-
ing a e Z(A) as a function on Max (Z(4)), f.(P) = a(P N Z(A)). Since
Z(A) = C,(Max Z(A)), we may identify the functions f, with Cy(Prim (4)).

A C*-algebra A will be said to have local identities if given
P, e Prim (4), there is an a € A such that a(P) is an identity in A/P
for all P in some structure neighbourhood of P,. A nonzero ideal I
in A will be called a C-ideal in A if I is a central C*-algebra. A
will be called a C-algebra if it is a C-ideal in itself (i.e., is central),
and a GC-algebra if every nonzero quotient of A contains a nonzero
C-ideal.

PROPOSITION 3.5. A monzero tdeal I in A is a C-ideal if and
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only if it is an M-ideal with local identities.

Proof. Suppose that I is a C-ideal. Let P and Q be distinct
primitive ideals in A with P¢I*. If Q¢ I*, then since I is central,
PN Z(I) and QN Z(I) are distinet maximal ideals in Z(I) hence
there isan a € Z(I) c Z(A) with f,(P) %0 and f,(Q) =0. If Qel*,
let a be any element of Z(I) with a(P) = 0. Then f, will provide
disjoint neighborhoods for P and @, and A is an M-ideal.

Thus it suffices to show that a C*-algebra A is a C-algebra if
and only if it is an M-algebra with local identities. If A is a
C-algebra, Z(A) may be identified with C,(Prim (4)), hence it is trivial
that A has local identities. Conversely, suppose that A is an M-algebra
with local identities. Say P,ePrim (4), and choose an a€ A such
that a(P) is an identity in A/P for all P in some neighborhood 7T of
P,. Consider a continuous bounded complex-valued function f on
Prim (4) with f(P,) = 1 and whose support is contained in 7. From
the Dauns-Hofmann theorem (see [7; § 7]), there is a be A such that
b(P) = f(P)a(P) for all PePrim(4). Then (be — cb)(P) =0 if cc A
and P e Prim (4), so that be Z(4). Since b ¢ P,, A must be a C-algebra.

LEMMA 3.6. For a monzero C-ideal I in A,

1) P—|la(P)]|| s structurally continuous on Prim (4) — I* for
each ac A, and

(2) Prim (4)~ < [Max (4) N Mod (4)] U I*.

Proof. To prove (1), fix a € A, and suppose P,e Prim (4) — I* is
given. It is sufficient to show that P— ||a(P)|| is structurally con-
tinuous on some structure neighborhood of P,. From the structure
homeomorphism of Prim (4) — I* onto Prim (I) and the fact that I
has local identities, there is a structure neighborhood T of P, con-
tained in Prim (4) — I* and a bel such that b(P N I) is an identity
in I/(PN I) for each PeT. As I is an M-ideal in A, each Pe T is
a structurally closed point in Prim (4), and so is a maximal ideal.
Therefore P+ I =A and there is a *-isomorphism of A/P onto
I/(IN P) which carries ¢(P) into ¢(IN P), celI [4; Corollaire 1.8.4].
Hence b(P) is an identity in A/P for each Pe T, and since abe I,
Proposition 8.1 implies that P— || (ab)(P)]|| = ||a(P)]|| is structurally
continuous on 7. Turning to (2), suppose PePrim(4)-, Pe¢lI.
Since I is an M-ideal in A, Proposition 3.1 gives PeMax (4). As [
is central, there is an aeZ(I)c Z(A) with a¢ P. Since a(P) is a
nonzero central element of A/P, P must be modular.

In the case of simplex spaces, the analogues of (1) and (2) of the
previous lemma are each equivalent to I being a C-ideal. This is not



LOCALLY COMPACT SPACES AND TWO CLASSES OF C*ALGEBRAS 13

the case for C*-algebras. In fact, there is an example of a noncentral
C*-algebra A which satisfies (1) and (2) with I replaced by A, viz,
the algebra of all functions a from {1, 2, ...} into the two-by-two
matrices with complex entries such that lim,...a;;(n) exists and is
equal to zero unless 7 =7 =1 (this example was also used by
Delaroche in [2; § 6]).

The following result is due to Delaroche [2, Proposition, 14].

THEOREM 3.7. A separable C*-algebra A is a GC-algebra if and
only if

1) A is a GM-algebra, and

(2) every primitive ideal 1n A is modular.

Proof. Suppose that A is a GC-algebra. Then by Proposition 3.5,
A is a GM-algebra. If PePrim (A), then since P is a maximal ideal in
A (Theorem 38.2), A/P must be central. But then A/P is primitive
and has a nontrivial center, implying that P is modular.

Conversely, suppose that (1) and (2) hold, and let I+ A be an
ideal in A. From Lemma 2.14, A/l is a GM-algebra. Since any
primitive ideal in A/I is of the form P/I for some PePrim(4)N I*
[4; Proposition 2.11.5 (i)], and since (4/I)/(P/I) = A/P for such P,
every primitive ideal in A/l is modular. So to show that A is a
GC-algebra, it is only necessary to show that A possesses a nonzero
C-ideal. Let I be a nonzero M-ideal in A. The structure space of
I, being homeomorphic to Prim (4) — I* with the relative structure
topology [4; Proposition 3.2.1], is Hausdorff. Since any P e Prim(A4)—1I*
is a maximal ideal in A, P+ I = A and I/(PNI) = (P + I)/P = A/P
[4; Corollaire 1.8.4]. So any primitive ideal in I, being of the form
PN1I for some PePrim(4) — I, must be modular. This and [4;
Proposition 1.8.5] show that it is sufficient to establish the following:
If A is a separable C*-algebra all of whose primitive ideals are
modular and whose structure space is Hausdorff, then 4 has a non-
zero C-ideal.

For such a C*-algebra A, the structure and weak* topologies
coincide on Prim (4) (Lemma 2.1). Let 1, be the identity in A/P,
PePrim (A). Let (u,) be an approximate identity in A indexed on
the positive integers, and set

T, = {PePrim (4): || u.(P) — 1,|| < 1/2} ,

n=1,2 +--. Since u,(P)—1, as m— co for each P, Prim(4) =
Uz, T,. Let A’ be the C*-algebra obtained by adjoining an identity
1 to A. Then Prim(4’) = Prim(4) U {4} and A* = {4}. Fix a
P’ ePrim(4’) — A+, and set P=P' N A. Then a(P)—a(P’), acA,
is an isomorphism of A/P onto (A + P’)/P’. Choose a be A such that
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b(P) =1,. Then b(P’) must be an identity in (A + P’)/P'. The
latter is an ideal in A’/P’, and from Lemma 3.3, b(P’) is a central
idempotent in A’/P’. Since A’/P’ is primitive, b(P’) = 1(P’). Con-
sequently,

| (o = DR[| = | (wn = B)(P") || = [| (wn — D)(P) |
= [[ ua(P) — Lol

Therefore
T,={P'NA: P ePrim(4) and |l(», — 1)(P)| £1/2},

and 7, is a closed subset of Prim (4). Since the structure space of
A is Baire [4; Corollaire 3.4.13], some T, contains a nonempty open
set 7. Because %, =0 and |ju,|| <1, Spu,(P)c[1/2, 1] for each
PeT. Choosing a continuous real-valued function f on [0, 1] with
f0) =0and f=1 on [1/2, 1] and setting @ = f(u,), a(P) = 1, for
each Pe T [4; Proposition 1.5.3]. Let I be the ideal in A with
Prim(4) —I* = T. Say PeT. Since Prim (A4) is locally compact
and Hausdorff, there is a continuous bounded function g on Prim (A4)
such that g(P) = 1 and g vanishes off T. From the Dauns-Hofmann
theorem (see [7; §7]), there is a be A with b(Q) = g(Q)a(Q) for all
@ €Prim (4). Then 5(Q) = 0 if <@ ePrim(4) and (bec — ¢cb)(Q) =0
if ceA and QePrim(4), which imply (by [4; Th. 2.9.7 (ii)] that
be Z(I). Therefore I satisfies condition (i) of Lemma 3.4, and so is
a C-ideal in A. This completes the proof of Theorem 3.7.

It is not known whether the conclusion of Theorem 3.7 is true
for nonseparable C*-algebras.

4. Concluding remarks. Let A be a C*-algebra. Recall that
A is a CCR-algebra (“liminaire”) if the image of A by any irreducible
representation i3 contained in the algebra of compact operators on
the representing Hilbert space. A nonzero ideal I in A is a CCR-
ideal in A if it is a CCR-algebra, and A is a GCR-algebra (“post-
liminaire”) if every nonzero quotient of A contains a nonzero CCR-
ideal.

The spectrum of A is the set A of all equivalence classes of
irreducible representations of A provided with the inverse image
topology by the natural map = — Ker = of A onto the structure space
of A. Dixmier [4; §4.5] has shown that the closure J(4) of the
finite linear combinations of those ae A* for which 7 — Tr7(a) is
finite and continuous on A is an ideal in A. A nonzero ideal I in A
will be called a CTC-ideal in A if Ic J(A), and A will be called a
CTC-algebra [resp., GTC-algebra] if A is a CTC-ideal in itself [every
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nonzero quotient of A contains a nonzero CTC-ideal]. These algebras
have been studied in the literature, where they are sometimes
called “C*-algébre a trace continue” [“C*-algébrea a trace continue
géneralisée”]. Recall that a CTC-algebra has Hausdorff structure
space and that a GTC-algebra is CCR ([4; §4]).

A CCR-algebra A with a Hausdorff structure space will be said
to satisfy the Fell condition if the canonical field of C*-algebras
defined by A satisfies the Fell condition of Dixmier [4; §10.5]. This
amounts to saying that given P, Prim (4), there is an ae A such
that a(P) is a one-dimensional projection in A/P for all P in some
structure neighborhood of P,. The following are some of the relations
between the various classes of C*-algebras:

(1) if A is separable, then it is both GM and GCR if and only
if it is GTC ([5; Proposition 4.2]),

(2) if A is separable, then it is both GC and GCR if and only
if it is GTC and all its irreducible representations are finite-dimen-
sional ((1) and Theorem 3.7),

(8) A is GCR and M and satisfies the Fell condition if and only
if it is CTC ([4; Propositions 4.5.3 and 10.5.8]; recall that A is CCR
if it is GCR and M),

(4) A is a central GCR-algebra and satisfies the Fell condition
if and only if it is a CTC-algebra with local identities ((3) and
Proposition 3.7), and

(6) if A is separable, then it is GM if either it is a CCR-algebra
with compact structure space or its irreducible representations are
all finite-dimensional ([3; § 1]).

Let H be a separable infinite-dimensional Hilbert space. Let B
denote the C*-algebra obtained by adjoining an identity to CC(H),
the compact operators on H. The structure space of B (see [4;
Exercise 4.7.14 (a)]) fails to be T, and therefore is not almost strongly
separated. Yet Prim (B) is K, in the weak* topology.

In [3; §2], Dixmier has constructed a separable CCR-algebra D
whose structure space contains no nonempty strongly separated subset.
In particular, D is not GM. Nevertheless, there is an open subset
of the structure space of D which is homeomorphic to [0, 1], and D
contains an ideal C isomorphic to the C*-algebra of continuous maps
of [0, 1] into CC(H). So C is an M-algebra, yet no nonzero ideal in
C is an M-ideal in D. Since D is a CCR-algebra, Prim (D) is T, in
the structure topology, so that Prim (D) cannot be K, in the weak*
topology (Theorem 3.2). These two examples are the ones promised
after Theorems 2.15 and 3.2.

Finally, one further point of contact between C*-algebras and
simplex spaces will be mentioned. Fell has shown that a C*-algebra



16 J. F. AARNES, E. G. EFFROS AND O. A. NIELSEN

A can be described (to within isomorphism) as the set of all functions
on Prim (A)~ satisfying certain conditions, the value of such a function
at an IePrim (A)- being an element of A/I [12]. Moreover, the
Dauns-Hofmann theorem (see [7; § 7]) may be deduced from this re-
presentation theorem [Fell, unpublished]. There is an analogous
representation theorem for simplex spaces, due to Effros [10; Corollary
2.5]. The analogue of the Dauns-Hofmann theorem for simplex spaces.
can be deduced from this representation theorem (however, this is
not the manner in which it is proven in the literature; cf. [10;
Th. 2.1)).

We are indebted to Alan Gleit for a correction in the proof of
Corollary 2.7. The third-named author worked on this paper during
his visit to the University of Pennsylvania; he would like to thank
Professor R. V. Kadison and the University for their hospitality
during his visit.
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