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NONCONTINUOUS MULTIFUNCTIONS

R. HRYCAY

The classes of noncontinuous multifunctions studied here
are characterized by their members having certain connected-
ness properties, A particular example is the class of con-
nected (C, O) multifunctions whose members take connected,
open sets to connected sets, Relationships between these
classes are given, and some results known for connected,
single valued functions are generalized to connected (C, O)
multifunctions,

Section 2 contains a continuity theorem for connected
(C, O) multifunctions as well as a necessary and sufficient
condition for a topological space to be locally connected in
terms of a condition on the class of connected (C,O) multi-
functions defined on it. In §3, with the aid of the notion of
the cluster set of a multifunction at a point, sufficient condi-
tions are given for a multifunction to be connected. Some
general properties about cluster sets are also proved. Section
4 contains characterizations of continuity for linear operators,
semi-norms and convex functions,

All topological spaces considered here are at least 7, and any
multifunction F from a topological space X to a topological space Y
will be such that F(z) # @ for each xe X. For any A c X, F(4) =
U{F(x):ze A} and for any BcC Y, F*B)={xeX: F(x)N B+ @}.
F is upper semi-continuous (u.s.c.) at xe X if and only if for each
open subset V of Y such that F(x) c V there is a neighborhood N
of x such that F(N) c V. If F is u.s.c. at each xe X, then F is
u.s.c. If F(x) is a single element for each xe X, then F will be
referred to as a function and any result which is true for multi-
functions may be stated also for functions. The graph of a multi-
function F: X —Y is {(z,y) e X x Y:ye F(x)} and is denoted by G(F).
The multifunction Fy: X — X X Y defined by Fg(x) = {2} x F(x) is
called the graph multifunction of F. The boundary of a set A will
be denoted by bdry A and the closure of A by A. F is point con-
nected (compact) if F(z) is connected (compact) for each point ze X.

In addition to connected (C, O) multifunctions we consider the
following noncontinuous (properly called non-u.s.c.) multifunctions.

DEFINITION 1.1. F is called a connected multifunction if F(K)
is connected for each connected subset K of X and is called a con-
nectivity multifunction if Fy is a connected multifunction. The class
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of connectivity multifunctions is denoted by C-' and the class of
connected multifunctions is denoted by C—2.

DEFINITION 1.2. F is said to be in class C—* if and only if F(K)
is connected for every connected set K.

For functions this class becomes the class Z, as defined in [1].

DEFINITION 1.8. F is said to be in class C™* if and only if
F(K) c F(K) for every connected subset K.

The C" classification of functions for » = 0,1,2 is used in [5]
with C° being the continuous functions. For functions it is not dif-
ficult to see that C~» v < C™ for n=1,2,3,4 and, as shown in
5], the inclusions C° — C~* — C~* are proper. The inclusion C* < C*
is proper as is seen in the example of the function f from the reals
R to R satisfying f(x + y) = f(®) + f(y) [7]. The inclusion C° < C*
is proper as is seen in the function f: R— R defined by f(x) =1, if
x is rational and f(x) = 0 if « is irrational.

Even though the inclusions do not all hold in general for multi-
functions, we still find it convenient to use the C™™ notation. In
certain circumstances some inclusions do hold for multifunctions. In
[2] it is shown that C' < C* and if F is a point connected, point
compact multifunction which is u.s.c., then Fe C™'. The inclusion
C~2 < C7* clearly holds, but the inclusion C° ¢ C~* does not hold as
the multifunction F: I — I(I = {xe R: 0 < 2 < 1}) defined by F(x) =0
for 0 <z <1 and F(1) = I shows.

DEFINITION 1.4. Let {S,:ac D} be a net of sets in X, where D
is a directed set [15]. We will use (S,) to denote this net of sets if
the directed set is understood.

Superior and inferior limits are defined as follows.

Iim S, = {xe X: for any open set G — X about » and for any ae D
wer there exists a 8 > « such that GN S; = O}.

lim S, = {xe X: for any open set G about x there exists an ¢ € D such
“ep that GN S; = @ for all B > aj.

A net of sets is defined to be frequently (eventually) in a set S
just as a net of points is frequently (eventually) in a set S.

2. Connected (C, O) multifunctions. It is not difficult to find
examples which show that the class of connected (C, O) multifunctions
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properly contains the class of connected multifunctions and is not in
general comparable to the class C™*. In some results concerning
connected functions it becomes evident that the same result will also
hold true for the wider class of connected (C, O) functions as well if
the domain space is locally connected. Section 4 indicates that several
important types of functions are always connected (C, O) and are not
in general connected or in C™. In this section we prove a continuity
theorem for connected (C, O) multifunctions and then characterize
local connectedness of a space X in terms of a condition on the class
of connected (C, O) multifunctions on X.

DEFINITION 2.1. A multifunction F: X —Y is said to be com-
patible with Y if each point image F(x) is separable in Y from each
closed set C in its complement by a set K (possibly void) such that
F7(K) does not contain z; i.e., Y— K= AUB, F(x) c A,CC B,
ANB=g =ANBand A+ @,B+* @. If the range space of F
is understood we speak of F' being compatible.

In [18] the range space Y is defined to be peripherally F-normal
provided each point image F(x) is separable in ¥ from each closed
set C in its complement by a set K having a closed inverse under
F. The condition of compatibility with Y of F is implied by peripheral
F-normality of Y, but the converse is not true as the following
example shows.

ExaMPLE 2.2. With the usual topology on R define a function
f:R— R by f(x) = sin(l/x) if 2 >0, f(0) =2 and f(x) =0 if 2 <O0.
R is not peripherally f-normal as can be seen by considering any
point x€ R such that f(z) = 3/4 and the closed set C = [0, 1/4] U {2}
in the complement of f(x). C and f(x) can be separated only by a
set K with 0e f(K) — f~%(K) and thus f(K) is not closed. To
see that f is compatible it is a simple matter to check the two cases
=0 and z = 0.

The following theorem is a generalization of Theorem B of [18].

THEOREM 2.3. If X s locally connected and F: X—Y 1is a
compatible, connected (C, O) multifunction, then F is u.s.c.

Proof. Let V be any proper open set about an arbitrary point
image F(x). Since Y — V is a closed set in the complement of Fi(z),
there exists, by hypothesis, a set K separating F(x) and Y — V
such that F~'(K) does not contain xz. Let Y — K = AU B, where
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F@)c A, Y —VcBand ANB=@ = AN B. Since X is locally
connected there exists a connected, open neighborhood N of z such
that NN F*(K) = @. From this it follows that F(N) N K = ¢, be-
cause if a€ N, then a ¢ F~(K) and by definition F(a) N K = @. Now,
F(N) is a connected set and since it contains F(x), which is a subset
of V, it cannot intersect Y — V, for otherwise, A U B would separate
F{N) and this is a contradiction. Thus F(N) c V and F is u.s.c. at
2. Since z is arbitrary, F is u.s.c.

COROLLARY 2.4. If X s locally conmected and f is a connected
(C, O) function on X to a regular space Y, then f is continuous if
and only if f~(bdry N) s closed for each open set N C Y.

By a proof similar to that of Theorem 2.3, but not involving the
notion of compatibility, the above corollary may be strengthened by
not requiring regularity of the range space. The result becomes a
generalization of Theorem 2.1 of [6] and Thecrem C of [9]. We also
have the following corollaries.

COROLLARY 2.5. Let X and Y be locally connected and let [+ X—Y
be a one-to-one, onto function such that both f and f~' are conmnected
(C,0). Then f is a homeomorphism if and only if both f and f~*
take closed, nowhere dense sets to closed sets.

COROLLARY 2.6. Let X be locally conmnected and let f: X — R be
a connected (C, O), reol wvalued function. Then f is continuous if
and only if there exists a dense subset D of R such that for each
ze X and each open set V about f(x) there exists a subset K of D,
comsisting of at most two points, separating f(x) and B — V such
that f~(K) does not contain x.

The above corollary is a characterization of continuous real valued
functions on a locally connected space similar to that in Theorem 1
of [10]. It is natural now to ask the following question which is a
slight variant of that posed in [10]. Is X locally connected if each
connected (C, O) function on X, as in Corollary 2.4 or 2.6, is con-
tinuous? If each component of X is locally connected to begin with,
then a positive result can be obtained. To see this let K be a com-
ponent of X and define a function f: X — R by f(x) =1 if x€ K and
f(x) =0 if x¢ K. The conditions of Corollary 2.6 are satisfied by f
and thus f is continuous. Therefore f~*(0) = X — K is closed and
K is open. Similarly every other component of X is open and thus
X is locally connected.
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The following theorem gives an affirmative answer to a question
similar to that posed above using multifunctions instead of functions.

THEOREM 2.7. If every connected multifunction F:X— R for
which R is peripherally F-normal s u.s.c., then X is locally connected.

Proof. If V is any open set about an arbitrary point x € X, it
must be shown that the component K of x in V is open in X. Define
a multifunction F: X — R by F(x) =0 if x€ K, F(z) = [0, 1] if x € bdry V'
and Fix) =1 if xe X — (K Ubdry V). F isa connected multifunction
because any connected set which intersects both X — V and V must
intersect bdry V. Also, any connected set in V must be entirely in
K or entirely in (X — K)Nn V.

To see that R is peripherally F-normal there are three cases to
consider. If F(x) =0 and C is any closed set in R — {0}, there exist
points P arbitrarily close to zero such that F~(P) = ¢ if P <0 and
F-(P)=bdryV if P> 0. In both cases the inverse images are
closed and the points P can be chosen so as to separate F(x) and C.
For the second case, (F(x) = 1), a similar argument is used. Finally,
if  is such that F(x) = [0,1] and C is a closed set in the comple-
ment of F(x), there is always a set K, consisting of either one or
two points, separating F(x) and C such that F-Y(K) = ¢. Thus R
is peripherally F-normal and since F is connected, F' becomes u.s.c.
by hypothesis. Now, the inverse image under F of any closed
set in R is closed and, in particular, F'(1) = {xeX:1lec F(z)} =
(bdry V) U(X — (KUbdry V)) = X — K is closed. Thus K is an open
set in X.

COROLLARY 2.8. The following statements are equivalent.

(i) X s locally commected.

(ii) Ewery connected multifunction F: X — R for which R 1is
peripherally F-normal is u.s.c.

(iii) Ewery connected (C, 0) multifunction F: X — R compatible
with R is u.s.c.

Proof. (i) implies (iii) by Theorem 2.3, (iii) implies (ii) is obvious
and (ii) implies (i) by Theorem 2.7.

It is well known that if Y is compact and f: X —Y is a func-
tion with a closed graph, then f is continuous. The following theorem
which is stated for multifunctions shows that the restriction on Y
may be reduced somewhat if f is in addition connected (C, O) and X
is locally connected. Recall that a space is rim-compact if it is T,
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and has a base for the open sets such that the boundary of each
member is compact, It is known that a rim-compact space is regular.

THEOREM 2.9. Let X be locally connected and let Y be rim-
compact. If F: X — Y is a connected (C, Q) multifunction which 1is
point compact and has a closed graph, then F is u.s.c.

Proof. By Theorem 2.3 it suffices to show that F is compatible
with Y. To this end let C be a closed set in the complement of
F(x). For each ye F(x) there is an open neighborhood N, of y such
that N,NC = @ and bdry N, is compact. The family of sets
{N,}, ye F(z), so chosen is an open cover of a compact set F(z) and
thus some finite subcover {N,}r, of F(») exists. If N = UL, N,,;
then NN C = @, bdry N is compact and also bdry N separates Fl(x)
and C. Now, since F is a closed relation, F'~' takes compact sets to
closed sets. Consequently F~'(bdry N) is closed and F' is compatible.

3. Cluster sets. The notion of the cluster set of a function at
a point has been used in analysis, see [1], [4], and has recently been
extended to functions on spaces more general than euclidean spaces,
see [11], and [14]. In this section cluster sets are defined for multi-
functions in terms of nets rather than sequences, as is done in some
of the references, and this allows theorems to be proved without the
restriction of first countability on the spaces. With the aid of cluster
sets some of the results in the literature proved for functions are
generalized here to multifunctions on more general spaces.

DEFINITION 3.1. For any multifunction F: X —Y and for any
xeX let C(F;x) ={yecY: there exists a net (x,) converging to x
with y elim, F(x,)}. This set is called the cluster set of F at x and
if no confusion arises we speak of cluster set. An equivalent defini-
tion is obtained if “lim” is replaced by “lim”.

If A is any subset of X, let C,(F;2) = {yc Y: there exists a net
(z,) in A converging to x with yelim, F(z,)}. This set is called the
partial cluster set of F at x with respect to A. If A is chosen only
from the family of connected sets, then we speak of partial cluster
sets with respect to conmmecta.

The following properties are immediate.

1. Let X be a space in which all components are open. If
partial cluster sets with respect to connecta are connected, then the
cluster sets are connected.

2. For any subset K of X, Cx(F;x) c F(K) for each z¢ X.
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LemMA 3.2. If _4, is a system of meighborhoods of xe€ X and
F: X —Y is a multifunction, then C(F,x) = N{F(N): Ne_+;} and
1s consequently a closed set.

Proof. If ye C(F;x), there exists a net (x,) converging to x
such that yelim, F(x,); i.e., every neighborhood M of y intersects
F(xz,) frequently. If N is a neighborhood of %, then (x,) is eventually
in N and, consequently, F(x,) < F(N) eventually. Thus M N F(N)= @
for each neighborhood M of y and ye F(N). Since this is true for
each Ne._#; we have ye N{F(N), Ne _+;}, and thus C(F,z)c N {F(N):
Ne. 1}

Now let ye N{F(N): Ne._#;}, and let _#, be a neighborhood
system of y. Since ye F(N) for each Ne.#;, MN F(N) # ¢ for
each Me _#, and thus for each pair (M, N) with Me _, and Ne 17,
there exists a point z,y, € N such that F(xy, ) N M == @ and there
exists then a point ¥,y € F@ 4, ») N M. The net (xy,y) converges
to # and the net (yu,.) converges to y. Thus yelimu,y» F@urm)
and consequently y e C(F, x).

For a given multifunction F it can be shown that the graph
G(F') is closed if and only if whenever a net (x,) converges to « and
y e lim, F(x,), then yc F(x). Also “lim” may be replaced by “lim”.

THEOREM 3.3. For any multifunction F:X—Y,G(F) s closed
if and only if C(F;x) = F(x).

Proof. It is always true that F(x) c C(F;x). If G(F) is closed
and ze C(F;x), there exists a net (x,) which converges to x and
zelim, F(z,). Thus ze F(z) and F(x) = C(F; ). If we assume that
C(F; ) = F(z) and that y eTim, F(x,), where (x,) is a net which con-
verges to x, then immediately y e C(F;x) and consequently ¥ e F(x).
This is equivalent to G(F') being closed.

The following theorem gives some sufficient conditions for the
cluster set of a multifunction at a point to be connected. It is a
generalization of Theorem 3.7 of [14] in the sense that connected
(C, 0) multifunctions are used instead of connected functions, first
axiom spaces are not required and the condition of compactness on
the range space is weakened.

DEFINITION 3.4. A multifunetion F: X —Y is said to be sub-
continuous if whenever a net (x,) converges to some x e X, then for
any net (y,), with y,e F(z,) for each «, there is a subnet which
converges to some yeY.
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Subcontinuity of a function was defined by R.V. Fuller, [3].

THEOREM 3.5. Let X be locally connected and let Y be a normal
space. If F: X — Y is a multifunction such that

(i) F 1is connected (C,0) (or FeC~®) and

(ii) F 1is subcontinuous,
then C(F'; x) is connected for each x¢c X.

Proof. Suppose that for some xe X C(F;x) = AU B, where A
and B are nonempty sets and AN B =@ = AN B. Since C(F;zx) is
closed, both A and B are closed and by normality of Y there exist
two disjoint open sets O, and Oy containing A and B, respectively,
whose closures are also disjoint. If _#, is the neighborhood system
of x consisting of connected, open sets, then C(F;z) = N{F(N):
Ne 77}, and each F(N) is connected.

Now, foreach Ne 4, F(N)N(Y—(0,U0Oz)= @ for, F(N)cO,UO;
implies that F(N) c O, U O, = 0, UO,. But since F(N) is connected,
it must be contained in one of O, or O, If F(N)c O,, then
F(N)N 0, = @ and this is impossible since B ¢ F(N) N Op. Similarly
F(N) cannot be contained in O, and thus F(N) & O, U Os.

For each Ne._#; choose an element y,e F(N)N (Y — (0O, U Op))
and an element z,e N such that y,ye F(zy)). The net (z,) so obtained
converges to 2. By hypothesis the net (y,) has a subnet (y}) which
converges to some point y ¢ Y and since each y% is in ¥ — (O, U Oy),
which is a closed set, it follows that yeY — (0O, U Oz). From the
definition of cluster set, y ¢ C(F; 2) and this contradicts the fact that
C(F,2z) c O, U Op. Thus C(F; ) is connected.

COROLLARY 3.6. Let X be locally connected and let Y be a com-
pact, Hausdorff space. If F: X —Y is a connected (C, O) multifunc-
tion (or is in class C~°), then C(F;x) is connected for each xe X.

THEOREM 3.7. Let X be a locally connected, locally compact space
and let Y be a Hausdorff space. If F: X —Y 4s a connected (C, O)
multifunction (or is in class C®) and takes compact sets to compact
sets, then C(F;x) is conmected for each xe X.

The proof is analogous to that of Theorem 3.5.

The following theorem is a generalization of Theorem 3.8 of [14]
to connected (C, O) multifunctions on spaces which are not necessarily
first countable.

THEOREM 3.8. Let X be locally connected and let Y be compact
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Hausdorff. A connected (C, O), point closed multifunction F: X —Y
18 u.s.c. of and only if C(F;x) is the union of a countable number
of disjoint closed sets one of which is F(x).

Proof. We prove the “if” part first. By Corollary 3.6 C(F;x)
is connected for each xe X. In [19], p. 16, it is shown that a com-
pact, connected set is never the union of a countable number (greater
than 1) of disjoint closed sets. Thus C(F;x), which is a compact,
connected set cannot be the union of a countable number of disjoint
closed sets unless C(F; x) = F(x). So, for each xe¢ X C(F;x) = F(x).
Thus the graph of F is closed and by Theorem 2.9 F is u.s.c.

Now, if we suppose that F is u.s.c., we have that graph of F
is closed (see [17], Proposition 13) and thus C(F;x) = F(z). The
condition of the theorem is satisfied.

THEOREM 3.9. Suppose that a point connected multifunction
F: X—Y has the following three properties.

(i) If F is subcontinuous.

(ii) C(F,; x) is connected for each xe X.

(iii) For each mondegenerate connected subset C of X and for
each xe C, C(F;x) C F(C).
Then F 1is a cownected multifunction.

Proof. Suppose that for some nondegenerate connected subset
K of X, F(K) is not connected and F(K) = A U B, where A+ @ + B
and ANB=p =ANB. If A, =F*A4A)NK and B, = F(B)NK,
then, because F' is point connected, K = A, U B,, A4,, B, are nonempty
and 4, N B, = @. Since K is connected, without loss of generality
we may pick a point e A, N B,. Then F(zr) c B and there is a net
(x,) in A, which converges to x. The net of sets (F(x,)) is such that
Fl,)N A+ @ for each @ and by (i) there is a net (y,) in Y,
Y. € F(x,) N A, with a subnet which converges to some point y¢ Y, in
fact y e A. This means that y e C(F; x) and by (iii) y e F(K) = AU B.
In particular, ye A since ycA and ANB=@. In summary
C(F;z) c AU B and has a nonempty intersection with both 4 and B.
But since A and B are separated, this contradicts (ii) and thus F(K)
is connected.

The example on p. 488 of [14] shows that the conditions of the
above theorem do not imply that F is u.s.c. and a suitable modifica-
tion of this example shows that connectivity of the multifunction is
not implied either. Examples also exist showing that any two of the
conditions of the theorem are not adequate to imply that Ee C—2.

The following result is proved in [3] for a function f: X —Y.
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“A sufficient condition that f be continuous is that f have a closed
graph and whenever a net (x,) converges to some 2xe¢ X, then some
subnet of (f(x.) converges to some point ye Y. If Y is Hausdorff
the condition is also necessary”. Now, if the graph of a function is
closed, then conditions (ii) and (iii) of Theorem 3.9 are satisfied since
for each z, C(f; x) = f(x). The converse is not true; see [14], p. 488.
Thus, weakening the condition that f have a closed graph in [3], to
conditions (ii) and (iii) does not give continuity but does insure con-
nectedness of f.

THEOREM 3.10. Let F: X —Y be a point connected multifunction
with the following properties.

(i) F 1is subcontinuous.

(ii) Cx(F; x) is connected for each connected set K.
Then F(K) is connected for each comnected set K;i.e., Fe C™.

Proof. Suppose that for some connected subset K of X, F(K) =
AUB, where A and B are not empty and ANB=g = AN B.
Since this is a separation there exist two open sets O, and O, con-
taining A and B, respectively, such that F(K)N0,N0,= 2. Now,
0, and O, must each intersect F(K) also, because if F(K)N 0, = @,
then F(K) N0, = @. Similarly F(K) N O, = @. Consequently A and
B must each have a nonempty intersection with F(K), for if
F(K)N A= @, then F(K)NO0, = @. Similarly F(K)N B=#* @. Let
A =KNF*A)and B.=KNF*B). ThenK=A,UB,and A, NB,=Q,
but K is connected so we may, without loss of generality, pick an
element e 4, N B,. There is a net (x,) in A, which converges to x
and by (i) there exists a yeA such that yeCy(F;x). Thus
Cu(F;2) N A # @ # Cx(F; x) N B and since Cx(F; x) C A U B it follows
that A and B separate Cr(F;x). This contradicts (ii) and so F(K)
is connected.

4. Applications to functions on topological vector spaces.
Because linear operators, semi-norms and convex functions each have
certain connectedness properties Theorem 2.3 can be applied to some
of these functions to give characterizations of continuity. All topolo-
gical vector spaces (t.v.s) considered here, denoted by E or E’, will
be Hausdorff and the scalar field of each will be the complex numbers
with the usual topology. The terminology is standard and may be
found in [8].

A set A in a t.v.s. E is called balanced if tA A for all scalars
t such that |¢| < 1. Denote by .4~ the neighborhood system of 0e¢ E
(the zero of the t.v.s.) such that every Ve_#" is balanced. For
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xc F sets of the form V + z, as V runs through .#; form a system
4. of neighborhoods for the point x. Since each balanced set in £
is a connected set and since the operation of translation is a homeo-
morphism in E, it follows that E is a locally connected space.

LEMMA 4.1. Any linear operator T: E — E’ is a connected (C, O)
Sunction.

Proof. Since linear operators preserve balanced sets, T(N + x) =
T(N) + T(x) is a connected set in E’ for each Ne.#" and zcFE.
Now, if K is a connected, open set in F, it is a simple matter to
show that T(K) is connected in E’.

THEOREM 4.2. A linear operator T: E— E' is continuous if and
only 1f T-*(odry M) is closed in E for each M of some meighborhood
system _# of 0€ K.

Proof. If T is continuous, it is immediate that 7' (bdry M)
is closed since bdry M is closed for each Me_#. Conversely, if
T-* (bdry M) is closed for each Me _«, then by Corollary 2.4 T is
continuous at 0. Therefore T is continuous.

In [6] it is shown that a linear functional f on E is continuous
if and only if it is a connected function. In fact f is continuous if
and only if fe C—*. We have not answered the question as to whether
a connected linear operator is continuous in general, however, the
following result is true.

THEOREM 4.8. A linear operator T:E—E' s continuous 1if
Te C* and for each neighborhood M of 0 in E' the closure of T-(M)
s a meighborhood of 0 in E.

Proof. Let _# be a neighborhood system of 0 in E’ consisting
of closed, balanced sets. T-'(M) is a balanced set in E for each
Me _+# and thus is connected. Also, by hypothesis, T-'(M) is a
neighborhood of 0 in E. Since T'e C—* we have T(T-*(M)) c TT*(M) =
M = M. This means that T is continuous at 0 and thus continuous.

COROLLARY 4.4. Let E be a second category t.v.s. A linear
operator T: E— E' which belongs to C~* is continuous.

Proof. Since E is of second category T satisfies the conditions
of Theorem 4.3, see [8], p. 97.

A finite, real valued function P on a t.v.s. E is called a semi-
norm if for all # and ¥ in E and every scalar ¢
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(1) P(tx) = |t]| P(x) and

(2) P+ y) = PE) + PQy).
From (1) and (2) it follows that P(0) = 0, P(x) = 0 and |P(x) — P(y)| <
P(x — y). This last inequality implies that P is continuous if and
only if P is continuous at 0e B. Denote {te R:¢t = 0} by R*. With
every semi-norm P on E there is associated a semi-norm topology
& on E with respect to which the semi-norm is continuous and with
respect to which E is a t.v.s. (not necessarily Hausdorff).

LEMMA 4.5. Any semi-norm P:E— R* is a connected (C, O)
Sunction.

Proof. Let 4" denote the neighborhood system of 0¢ E con-
sisting of balanced neighborhoods. Since the concept of balancedness
is independent of any topology, each N is connected in .Z7. Since
P: (E, &”) — R* is continuous P(N) is connected in R*. Similarly,
P(x + N) is connected for each x ¢ F and each Ne._#". Asin Lemma
4.1 it can be shown now that P takes connected, open sets to con-
nected sets.

THEOREM 4.6. A semi-norm P: E-— R* is continuous if and only
of there exists a t > 0 such that P~'(t) does not contain 0¢c K.

Proof. If P is continuous, then P~'(t) is closed for each te R*
and if ¢ > 0, then 0¢ P~'(¢).

To prove the converse we make use of the known result that P
is continuous if and only if it is bounded on some open subset of E.
Because of the hypothesis for some te R*,t> 0, there exists a
balanced neighborhood N of 0e E such that NN P~'(f) = @. Since
P(N) is connected, does not contain ¢ and does contain 0 it must be
that P(N) is bounded above by ¢t. Thus P is continuous.

THEOREM 4.7. A semi-norm P: E — R* in class C* is continuous
if for each meighborhood M of 0e€ R*, P~Y(M) is a meighborhood of
0Oc E.

Proof. It is sufficient to show continuity of P at 0c E. For
any neighborhood [0, %) of 0 e R* consider the neighborhood [0, 1/2¢).
By hypothesis P([0, 1/2t)) is a neighborhood of 0 and is furthermore
connected since P-(0,1/2t)) is convex. Since PeC—* we have
P(PY]0, 1/2t))) < PP~X[0, 1/2¢)) < [0,1/2¢] < [0,¢). Thus P is con-
tinuous at Oe¢ E.

In [13] it is shown that if E is a second category t.v.s. and
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P: E— R* is a semi-norm such that {x: P(x) < 1} is a Baire set then
P is continuous. (A set S is a Baire set if S = (G — P) U R, where
G is open and P and R are first category sets. G may be replaced
by a closed set.) From this we have the following.

THEOREM 4.8. A semi-norm 1in class C~* on a second catzgory
t.v.s. s continuous.

Proof. In [15] it is shown that for functions in C—* the inverse
image of a closed, connected set is closed. Thus {xe E: P(x) < 1} is
closed and thus a Baire set. By the above remarks P is continuous.

A real valued function f: E— R is called convex if f(x + y/2) <
f) + f(y)/2 for every « and y in E. Every semi-norm as well as
every additive functional f(z + y) = f(x) + f(¥) is a convex function
and in [12] it is shown that, just as for semi-norms, a convex func-
tion which is bounded above on a nonempty open subset is continuous.
Convex functions have the following connectivity property.

THEOREM 4.9. If fiE— R 1is a convex fumnction and N 18 a
balanced neighborhood of 0€ E, then f(N) is connected.

Proof. We make use of Theorem 4.5 of [1] which states that a
convex function defined on the real line is in C—® and hence in C—.
The restriction of f to any line L ={tx + (1 —¢t)y:te R} in E is a
convex function. Now, a balanced neighborhood N of 0 ¢ E is a union
of line segments, namely N = U,..»[0, ]. By the above mentioned
result f(]0, x]) is connected for each xe N and since each such con-
nected set contains the common point f(0), the set U..»([0, 2]) is
connected in R. It now follows readily that f(N) is connected.

Similarly it can be shown that f(N -+ x) is connected for each x ¢ X
and each balanced neighborhood N of 0¢ E.

THEOREM 4.10. A convex function f: E— R is continuous if and
only if there is an wnterval I with f(0) < inf,.,{t} and 0¢ f~(I).

Proof. If f is continuous, then f~([a, b]) is closed and does not
contain 0 if a > f(0). Such an interval [a,bd] = I can always be
chosen.

Conversely, if 0¢ f~'(I) for some interval I as in the hypothesis,
there exists a neighborhood N of 0 such that NN f—(I) = @ and
F(N) is connected. Now, 0cf(N), f(0) < inf,.,{t} and F(N)NI= O
together imply that F(N) is bounded above by I. Thus f(N) is
bounded above and f is continuous.
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