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TOPISMS
AND
INDUCED NON-ASSOCIATIVE SYSTEMS

KENNETH BACLAWSKI AND KENNETH M. KAPP

A triple of bijections (7; «, ) from one binary system
onto another is called an isotopism if the maps transfer the
multiplication: (xy)” = x2y®. These maps have been used by
Albert, Bruck and others in the study of quasigroups and
loops. A natural generalization of isotopism is given to a
triple of maps called a topism, which transfers just the
multiplication, as above, from one binary system into an-
other. It will be shown, (1.7), that a tepism from one quasi-
group into another is an isotopism if and only if any one of
the maps is one-to-one and onto.

Two maps, @, 5 on a binary system (4, -) induce a new
binary operation, o, defined in the natural fashion xzoy =
x%yf.  The relationship between topic imbeddings and in-
duced systems is studied in §2. It is shown, (2.3), that one
groupoid is topically imbeddable in another precisely when
it is isemorphic to a subgroupoid of an induced groupoid of the
second. Thus, (2.7), two quasigroups are isotopic if and only
if one is isomorphic to an induced groupoid of the other,

Finally, the imbeddings of nonassociative binary systems
into semigroups and groups are censidered. It is shown,
(3.1) and (3.2), that groupoids can be imbedded as ideals in
semigroups. However, it is seen (3.4) that a groupoid with
identity is topically imbeddable in a group precisely when
the groupoid is isomorphic to a subsemigroup, with identity,
of the given group. From this a generalization, (3.6), of
Albert’s Theorem that a loop is isotopic to a group if and
only if they are isomorphic is obtained.

1. Preliminaries; topic imbedding.

DErFINITION 1.1. Let (A4, -) and (B,o) be two groupoids. An
ordered triple (v; «, B) of maps v, «, 8 from A into B will be call-
ed a topism from A into B if (x - y)" = x*o y® for all », ye A.

2. An 1isotopy from A onto B is a topism in which all three
maps are one-to-one and onto.

3. A topism (v; a, B) is said to be one-to-one or onto when 7
is one-to-one or onto respectively.
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When there is no confusion as to the binary operation of a given
groupoid, we will often write the product of two elements as a
simple juxtaposition.

DEFINITION 1.2. Let A, B and C be groupoids. If (v; a, B)
and (v; \, y¢) are topisms from A into B and from B into C their
product is defined by the usual functional composition:

(v; a, B) o (V; A, Y= (vey; aOK’BO#)'

The following proposition is readily verified.

ProrosrTION 1.3. Let (v; @, B) be a topism from a groupoid
A into a groupoid B and (v; N, 1) a topism from B into a groupoid
C. The product (voy; o, Bo ) is a topism jfrom A into C
which 1s one-to-one if both v and v are one-to-one and onto if both 7
and v are onto.

For any two groupoids 4 and B it always is possible to define a
topism from one into the other: select b, ¥’ ¢ B and define A= = {b},
AP = {b'} and A" = {bb’}. One readily checks that these constant maps
define a topism (7; &, B) of A into B. Our preliminary concern is
to find necessary and sufficient conditions for the existence of a one-
to-one topism from one groupoid into or onto another. As might be
expected we make the following:

DeFINITION 1.4. Let (A4, -) and (B, o) be two groupoids. We
say that (A, -) is topically imbeddable in (B, o) if there exists a
one-to-one topism (v; a, B) fom A into B.

COROLLARY 1.5, Let A, B and C be groupoids. Ir A is
topically tmbeddable in B and if B 1is topically tmbeddable in C then
A 1s topically imbeddable in C.

REMARK AND ExAMPLE 1.6. While isotopy induces an equiva-
lence relation, the same is not true for topic imbeddability. Although
reflexive and transitive it is not necessarily symmetric, as the follow-
ing example shows. Let 4 = {a, b} = B and let the products be
defined in (4, -) and (B, o) by the Cayley tables:

b o a

ala|a a | a
b |a|a b | b
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Then A is a null semigroup with one nonzero element b while B
is a cyclic group of order 2 with a as the identity.

Define vy =1: A— B and A* = A? = {a}. One readily checks that
(7; @, B) is a topism from A into B, and an imbedding onto B since
7 is one-to-one and onto. On the other hand there is no topic imbed-
ding (v; N, ) from B into A since v must be constant: we have for
any «, yeB: a=2"-y* = (xoy)” but aocb =5, aca =a and v is
not one-to-one.

That topic imbeddability is not too far removed from the usual
concept of isotopy is shown by the following:

THEOREM 1.7. Let A and B be quasigroups. A topism (V; «,
B) from A into B is an isotopy if and only if any one of the maps
Y, @ or B 1is one-to-one and onto.

Proof. The theorem can be proven in a straightforward manner.
The following approach was suggested by the referee to whom we
express our thanks.

Let (7; @, B) be a topism from (4, o) into (B, - ). Define (cf. [9],
[4, p. 8,9]) the conjugate quasigroups (4, =), (B, +) by

oy =2{=DY =2 * 2 x,Y,z€ A
uv=wl=v=u+w u, v, WEB .

(1) The equation, 2" = (x o y)" = z°y°
(2) transforms into, 27 = x* - (x *2)?
(3) and then into, x* + 2" = (x =z)? .

Suppose now that 8 is one-to-one and onto. Fix z =aec 4 in (2) to
give

2 =aqa%-{axr)?’.

Multiplication by a fixed element, in a quasigroup, is one-to-one and
onto, so ¥ is one-to-one and onto. Eguation (3) shows that if v is
one-to-one and onto then so is B.

Similarly it may be shown that « is one-to-one and onto if and
only if 7 is one-to-one and onto.

The converse follows immediately from the definition of isotopy.
The theorem is thus proved.

Careful observation of the above proof shows that the assump-
tions of one-to-one and onto are independent. Thus the following
corollary is immediate.
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COROLLARY 1.8. Let A and B be quasigroups. A topism (7; «,
B) from A into B is an imbedding if and only if anyone of the maps
Y7, & or B 1is one-to-ome; it is onto if and only if anyone of the maps
Y, & or B is onto.

PrOPOSITION 1.9. Let A be a quasigroup and B a finite group-
otd. There exists a topic imbedding of A onto B if and only if A
and B are isotopic. In such a case B is also a quasigroup.

Proof. Let us assume that (v; «, B) is a topic imbedding of A
onto B, i.e., ¥ is one-to-one and onto. If for b,e¢ A we have bf = b{
then with any a,e A it follows that (ab)" = afd! = afb; = (ab,)’.
Hence ab, = a.b, and since A is a quasigroup we have b, = b,. Thus
B is one-to-one. We have |A| = |B| < < since 7 is one-to-one and
onto and hence g5 is immediately onto. In a similar fashion « is one-
to-one and onto. Thus (7; @, B) is an isotopy and by Bruck [4, III,
2, ii] we have that B is also a quasigroup. The converse is obvious.

REMARK 1.10. Consider the groupoids of example (1.6). Define
a triple of maps (v; «, B) from B into A as follows: B" = B* = {a}
and 8 =1: B— A. Since any product in A is a it is clear that (7;
«, B) is a topism. Here S is one-to-one and onto, B a (quasi) group.
Thus, unlike the case (1.7), (1.9) will not necessarily hold with as-
sumptions on anyone of the maps 7, a or G.

2. Topic imbeddability and induced systems. In this section
we will investigate the relationship between topic imbeddability of
one groupoid into another and the induced groupoids of a given group-
oid.

DEFINITION 2.1. Let (A, -) be a groupoid and «, S mappings
of A into itself. The groupoid (4, o) with oy = x*-y* for =z,
ye A is called the groupid of A induced by a and B and is denoted
by (4, <) = (4, -; a, B).

If A is a groupoid we will speak of an induced groupoid of A4
when the maps a and 8 on A are either implicit from the context
or are to be determined.

ProPOSITION 2.2. Ewvery induced groupoid of a given groupoid
(4, ) is topically imbeddable in (4, -).

Proof. Let (4, o) = (A4, -; «, B) be an induced groupoid of A.
Then (1, «, B) is a topic imbedding of (A4, o) onto (4, -) since
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(@oy'ts =0y =ay.

THEOREM 2.83. A groupoid (A, -) is topically imbeddable in
a groupoid (B, *) if and only if (A4, -) is isomorphic to a sub-
groupoid of an tnduced groupoid of (B, *).

Proof. Let (v; N\, ) be a topic imbedding of A into B. Define
maps N and £ on B by:
o if we A . (T it ye A

a2 = =
s ifzed y  if yed.

Consider (B, o) = (B, =; N, ). For z, ye A we have
(@ey) =atxyt = (@) P (@) = @) (@) = ey

Thus v is an isomorphism from (4, -) onto a subgroupoid A* of
(B, o), an induced groupoid of (B, = ).

Conversely, let us suppose that v is an isomorphism from (A4, «)
into a subgroupoid B’ of an induced groupoid (B, o) = (B, *; a, g) of
B. Then N = va and p = vg3 are maps from A into B and we have
-y =a oy =axy? =g'~y". Thus (v; \, ¢) is an imbedding
into (B, *). The proof is now complete.

REMARK 2.4. We see above that when A* -+ B we have com-
plete freedom in defining « and B on B\A*. Thus even if a groupoid
A is topically imbeddable in a groupoid B, the induced groupid of
B in (2.3) is not uniquely determined.

DEFINITION 2.5. The induced groupoid (B,°) = (B, =*; N\, )
defined in (2.3) will be called the naturally induced groupoid of B
relative to the topic imbedding (v; \, t).

The next corollary readily follows from the preceding proof.

COROLLARY 2.6. Let A and B be two groupoids. Then there is
a topic tmbedding of A onto B if and only if A is isomorphic to an
induced groupoid of B.

We can combine this with (1.7) and (1.8) to obtain:

COROLLARY 2.7. Let A and B be quasigroups. Then A 1s
1sotopic to B if and only if A 1s isomorphic to an induced groupoid
of B.
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We observe from (1.6), considering a and B as maps on B = A4,
that, while (B, o ) is a group, the induced groupoid (4, - ) = (B, - ; &, B)
is far from being a quasigroup. However it is possible to determine
necessary and sufficient conditions for the induced groupoid of a
quasigroup to be a quasigroup.

ProprosiTION 2.8. Let (A4,-) be a quasigroup. The induced
groupoid (A,) = (4, ; a, B) of A is a quasigroup if and only if
both « and B are one-to-ome and onto.

Proof. (The following approach was kindly suggested by the
referee.) The induced groupoid (A4, o) of the quasigroup (4, ) is
defined by z o y = 2%y’ or equivalently (x o ¥)" = 2*y® where we take
7 =1,, the identity map on A. Clearly (v; «, 8) is a topic imbed-
ding from (4, o) onto (4, - ). Thus by (1.7) if (A4, ) is a quasigroup
then « and B are one-to-one and onto since 7 is one-to-one and
onto.

Conversely if @ and 8 are one-to-one and onto, then (1; «, B) is a
principal isotopy ([4, p.56]) from (A4, o) onto (A4, - ). It follows that
(4, o) is a quasigroup since isotopy is an equivalence relation on the
class of groupoids and every isotope of a quasigroup is a quasigroup
(4, p.56]).

We can combine (2.7) and (2.8), since the isomorphic image of a
quasigroup is a quasigroup, to obtain the topism (1, «, 8), which
Bruck ([4, p.56]) calls a principal isotopism of B (when the maps «
and B are one-to-one and onto as in (2.8)) and the following result
which contains his remark ([4, p.56]) on principal isotopes:

COROLLARY 2.9. Two quasigroups (4, - ) and (B, o) are isotopic
if and only if A is isomorphic to some principal isotope, (B, o ; &, B),
(for a, B one-to-one and onto maps) of B.

3. Topic imbeddings into semigroups and groups. In this
section we will investigate the topic imbeddability of groupoids into
semigroups and groups. We will give two imbeddings for the first
problem; in the first imbedding the image is a two-sided ideal in a
commutative semigroup, in the second the image is a one-sided ideal
of a transformation semigroup and is similar to the usual Cayley
construction.

THEOREM 3.1. Every groupoid is toptcally imbeddable in some
commutative semigroup. Indeed the semigroup and topism (V; «, B),
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can be chosen such that the image under Y is a two-sided ideal in
the semigroup and in the naturally induced groupoid of the semi-
group.

Proof. Let (A, ) be a groupoid and let S = Az{1,2,38}. Let
ze A be fixed. Define a product = in S as follows: Let

(xy,1) ifi=2, 7=3
(%, 2) * (y,7) =4 (y2,1) if12=38, 7=2
( 2,1) otherwise.

One quickly checks the following properties of (S, *):

1) S«xSsAx{1}

(8 Sx(Ax{1)=(4x1)xS={&1)

B (S=8*S&(Ax{1) xS ={k1)}

4) S«(S+x8) = Sx«(A4Ax{1}) ={k 1)} and

6) () * (Y, ) = (y,9) * (%, 7).

From (3) and (4) it is immediate that (S, =) is associative and com-
mutativity follows directly from (5).

For ze A define " = (w, 1), 2* = (, 2) and 2/ = (z, 3). We readily
check for =z, yed: (xy) = (zy,1) = (%, 2) = (¢, 3) = 2** y* so that
(7; «, B) is a topism. Obviously each of the maps 7, « and g is
one-to-one. Furthermore, since S+ S & A x {1} = A7 the image of
A under 7 is a two-sided ideal in (S, *) and in the naturally induced
groupoid (S, =; «, ') of S.

The images of A in the semigroup under the maps 7, « and g
above are disjoint. In the next theorem from a given groupoid, A4,
we construct a Cayley-like semigroup S, and topic imbedding (7v; 7, B)
into S so that the image A’ is a right-ideal in (S, «; 7', §).

THEOREM 3.2. Let (4, -) be a groupoid. Then there exists o
semigroup (S, =) and a topic imbedding (V; Y, B) of A into S such
that A7 1s a minimal ideal in S but only a vright ideal in the
naturally induced groupoid (S, =; V', 8').

Proof. Let R = [{0,: ac A}] be the closure of the right multi-
plications, p,, determined by elements of A in .77, the transformation
semigroup on A. Clearly R is a semigroup under the usual functional
composition, . Let S = AU R and define an operation = on S by
cases as follows:

axb=0> for a, be A and
cxb=1"0 o, tecR
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a * T = (a)T
O * T =00oT.
One readily checks in a straightforward manner that (S, =) is as-
sociative. For example,

ax(0*7T)=ax(0o7)=(a)[oeo7] = ((@)o)r = (ax0)t =(a*0)*T

and
(@axb)xT=bxt=0OTr=0ax0b)T
since
(b)zecA.

We now define v to be the inclusion mapping 7v: A .S and B
the mapping of A into S defined by o = p,. Let o =7v. We check
for a, be A: (@ -b) =a-b=(a)o, =a*p;, =a*+b’. Since 7 is one-
to-one it follows that (7; 7, 8) is a topic imbedding of A into S.
From the definition of * it is clear that A" is a minimal ideal in S.

Now consider the naturally induced groupoid (S,o) = (S, =; 7', 8’)
of (S,x). Here, for s,teS we have by definition sot = st
where v/ =7 on A" = S so that v" = 15 while &/ = 8 on A" = A and
B |R =1z We readily check the three pertinent products, where
a,be A and o,7¢ R:

(i) acb=a"+b" =a" b’ =a=xp, = (@), 4

(ii) aoTt=a"xt" =a"xtP=ax7 = (@)re A

(iii) 60b=0"%b"=0 xbf =0xp,=00,€ A
to see that A is a right ideal but not a left ideal. The proof is now
complete.

We observe here that A7 is a minimal right ideal in (S, =; 7, &)
whenever R is transitive on the set A. The above proof goes through
unaltered if we take R = 97, so that this result is always possible if
desired.

The results of §1 and §2 were concerned with one-to-one topic
images and topic imbeddings of a binary system of a given type into
another. We have seen that an arbitrary groupoid can be topically
imbedded as an ideal in a semi-group. The remainder of this section
deals with the reciprocal question as to what properties a binary
system must have if it is imbeddable in another system of a more
particular type. Theorem (3.4) and Corollary (3.6) are generalizations
of Theorem 2 in Albert’s paper on quasigroups [2].

We have the following proposition which is a partial converse to
1.9).

ProPOSITION 3.3. Let A be a groupoid with identity e. There
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exists an imbedding of A onto some quasigroup B if and only if A
and B are isotopic, in which case A 1is a loop.

Proof. Suppose (7; a, 8) is the imbedding of A onto B. Then
a’ = (ae)” = a“¢’ and since in a quasigroup two elements, (a’, ), in
an equation uniquely determine the third, it readily follows that « is
one-to-one and onto. In a similar fashion g8 is one-to-one and onto.
Thus A and B are isotopic. Since the isotope of a quasigroup is a
quasigroup it follows that A is a loop.

THEOREM 3.4. A groupoid with tdentity is topically imbeddable
m a group if and only if the groupoid s isomorphic to a subsemi-
group, with tdentity, of the group and in such a case the groupoid
1S a4 Semigroup.

Proof. Let A be a groupoid with identity ¢ and let (v; «, B) be
a topic imbedding of A into a group G. Let a, be A. Then we have
a’ = (ae)’ = a%® and b = (e¢b)" = e*b® from which it follows that
a* = a’(¢’)™ and b’ = (¢*)~'b’. Hence

(ab)” = a*b® = a’(e’)(e*)"'b" = a’(e") b’ .

Now define z7 = x7(¢’)™" for x ¢ A. Thus
(ab)? = (ab)’(e")™" = [a’(e")7'b7] (¢")" = [a7(e")"] [b'(e")"'] = a"b”

so that 7 is a homomorphism. Since 7 and right multiplication by (/)™
are both one-to-one maps 7 is also one-to-one and thus an isomorphism
of A into G. The image (A)y in G is closed and hence a semigroup.
The result follows since associativity is preserved under isomorphisms
(n~': (A)n— A). Clearly e” = ¢’(e")™ = 1 is the identity of G.

The converse is trivial.

The natural inclusion maps (1 = 7, «, B) of the nonnegative in-
tegers in the additive group of integers precludes sharpening the
semigroup conclusion above. Moreover as the following examples
show the assumption that the groupoid have an identity element in
both (3.8) and (3.4) is crucial.

ExampLES 3.5. Let A = {0, 1, 2} be a null semigroup with three
elements, all products equal 0. Let 7 be the identity map from the
set A onto B = Z, the cyclic group of three elements. For a ¢ A define
a®* =1 and af = 2. Then for

T, yeA: 00 =0=1+ 2=+
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so that (v; a, B) is topic imbedding of A onto B and clearly A is not
a quasigroup.

Now let (A, -) be the groupoid defined by the following Cayley
table and let G = Z; = {0, 1, 2} be the cyclic group of three elements.
Define the maps 7, «, @ from A onto G as follows:

. alblc

a b a 4] (a)’)’ - 09 (b)r: 1’

b | e | b ey =2,a=7(@ B=1,
(b)s =0 and (c) B = 2.

c | a | ¢

A straightforward check shows that (v; «, 8) is a topism and since
each map is one-to-one and onto (7; «, B) is an isotopy. But we
have (ab) a = b = ¢ = a(ba) so that A is not associative.

Theorem 3.4 is easily strengthened if the imbedding map 7 is
onto since 7 = p,) — 1 is onto also.

COROLLARY 3.6. There exists a topic imbedding of a groupoid
with identity onto a group tf and only if the groupoid is itself a
group and in such a case the groups are isomorphic.
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