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SPECTRAL THEORY OF MONOTONE
HAMMERSTEIN OPERATORS

CHARLES V. COFFMAN

Consider the linear integral equation,

(1) V(t) = μ\ K(t,s)p(s)y(s)ds9

where K(s, t) is a real-valued symmetric positive definite
kernel and p(s) is a positive function. Let L denote the in-

verse of the integral operator u S K ( , s) u (s) ds, and
Ω

for a function y in the domain of L, y Φ 0, (all functions
are assumed to be real valued) define the Rayleigh quotient
J(y) for (1) by,

J(V)=\ y(f) [Ly] (t) dtl [ p(t) y\t) dt.
JΩ JΩ

If #1 Φ 0 and ιjι is in the domain of L and if

2/2=1 K ( , 8) p(s) yi(s) ds ,
JΩ

then several applications of the Schwarz inequality show
that,

with equality only if y± is an eigenfunction of (1). On the
basis of this fact, when the integral operator in (1) is com-
pact, one can develop the complete spectral theory of (1).

In this paper it is shown that the approach indicated
above for the study of (1) has a simple and natural exten-
sion for the study of the nonlinear integral equation,

(2) V(t) = μ\ K(t,s)f(s,y(s))ds,\
)Ω

where K (t, s) is as above and f(t, y) is an odd function of y,

f(t,y)=-f(t,-y),

and satisfies,

yf(t, y) > 0 , y*0,

and

f(t9 y2) ̂  f(t9 yi), 2 / 2 ^ 2 / i .

The problem of minimizing the Rayleigh quotient J(y) for (1)
can be generalized to either of the dual variational problems,
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S Γ Γvlt)

y(t)[Ly](t)dt = min. , 1 1 f(t, v)dvdt = const. ,

n J Ω J o

S Cy(t) Γ

f(t, η)dηdt = max. , 1 y(t)[Ly](t)dt = const.
Ω JO J£

By studying the first of these two variational problems, we shall prove
here a variant of a theorem of Sobolev, [17], concerning (2); Sobolev's
work treats the second of the above variational problems. For a dis-
cussion of Sobolev's theorem and related results see [8].

The Lyusternik-Schnirelman theory upon which the theorem of
Sobolev is based has undergone considerable development in recent
years, see [14], [16], with fruitful applications to the theory of non-
linear elliptic boundary value problems, see [1], [2]. The methods
employed here differ substantially and in several respects from the
standard methods of the Lyusternik-Schnirelman theory. We believe
that for the problem at hand these methods are simpler and more
natural, and therefore should be of interest. The central idea of using
an iteration operator in the variational study of a nonlinear problem
was suggested by the work in Moore and Nehari [11], and Nehari
[12], [13]. The notion of "genus" which we use was introduced by
KrasnoseΓskii, and is treated in [8]: see also [4].

2 Let X be a real infinite dimensional Banach space, X* its
dual space, and let the value of a linear functional y e X* on an
element xeX be denoted (y, x). Let A: X—> X* be a compact linear
operator, take

(3) Y = AX ,

and assume that A is symmetric,

(4) (Axλ, x2) = (Ax2J x,) . xlyx2eXf

and positive definite,

(5) (Ax,x)>0, xeX\{0}.

Note that if X is reflexive then (5) implies that Y — X*.
Let Φ: Y—>X be a continuous nonlinear mapping and assume

that Φ is the gradient (Frechet derivative) of a real valued even
functional j(y) on Y satisfying τ(0) = 0. (The gradient of a functional
on Y is actually an operator from Y to Y*, however, X is canonically
isometric to a subspace of Y* so that Φ determines in an obvious
way a mapping of Y into F*, it is this mapping which, properly
speaking, is the gradient of τ; clearly this problem does not arise when
x is reflexive.) The fact that 7 is even implies that Φ is odd,
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(6)

we assume also that Φ is positive definite,

(7) (v,Φ(y))>0, yeY\{0}r

and monotone,

{8) (y2 - yl9 Φ(y2) - Φ(yd) ^ 0 , ϊ i , ϊ , e L

This last is equivalent to assuming that 7 is convex, [19].
The result which we shall prove is the following.

THEOREM 1. Under the above assumptions concerning A and Φf

the eigenvalue problem,

(9) y = μAΦ{y) ,

has infinitely many eigenvectors satisfying,

(10) 7(2/) = c ,

for every c > 0.

3* We begin the proof of the theorem stated above by establish-
ing several results concerning the linear operator A. If we let &
denote the range of A then, by (3), & is dense in Y, and by (5),
A has an inverse L: & —> X. From (4), (5) and the Schwarz inequality
there follows

(9) (Ax19 x2f ^ (Ax19 x,) (Ax2y x2) .

and thus, since

|| ^ 1 1 ^ = sup {(Aα?^): \\x'\\z£l],

we have

\\Ax\\z.£\\A\\(Ax,x),

and for ye&, we have,

(10) WyW^^WAWiy^Ly).

If we complete & with respect to the inner product (y, y) —
(y, Ly) we obtain a Hubert space i ί g Γ with

(ii) l l ^ l l i ^ I I A H i i ^ i i i ,

where i denotes the inclusion mapping H £ X*. It is clear that for
Ύ)yr]' eH and iη = Ax e &,
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<tf, η> = {iη\ x) .

Hence if we define B: X —> H by ίBx — Ax, then

|| Bx \\2

H = <J3α>, £te> - (Aα, α) ^ | | A | | | | x \\2

X ,

so that ΰ is a continuous linear mapping of X into i ϊ . Moreover,
upon taking η = Bx in (12) we get

<Ύ)', Bxy = (i?/, a;) ,

from which it follows that

We next show that the compactness of A imples the compactness
of both B and i.

LEMMA 2. The mapping B: X—>H is compact.

Proof. Let {xn} be a bounded sequence in X. There is no loss of
generality in assuming that {Axn} converges strongly in X*, since A
is compact, but then,

II B(xn - xm) | | 2 = <B{xn - α j , B{xn - &«)>,

= (A(xn - xm), (xn - xm)) -> 0 ,

as w, m —> oo, and thus J5 is compact.
By standard results, the compactness of B implies the compactness

of % = j3*, thus we have the following.

LEMMA 3. The imbedding i: H ϋ X* is compact.

4. We turn our attention now to the nonlinear operator Φ, and
observe that, for ylf y2e Y we have

7(2/2) - 7(2/!) = \ (2/2 - 2/1, Φ(2/i + % 2 ~ 2/1))) d ί ,
Jo

(see [18]), but by (8),

(2/2 ~ 2/i> Φ(2/i + *(2/2 ~ 2/i))) έ (2/2 ~ 2/i,

so that

•(14) 7(2/a) - 7(2/i) ^ (2/2 ~ ϊ/i, Φ(2/i))

Next we define φ: H-> R, Ψ: H-+ H, by

(15) φ = y . i , W = B Φ < i;
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then the continuity of 7 and Φ and the compactness of i imply the
following result.

LEMMA 4. The functional φ is weakly continuous and Ψ is
completely continuous.

From (7), (15), (14) and (13) we get

(16) <

and

(17) <rf - V, Ψ(V)> £ φ(η') - φ(η) ,

LEMMA 5. Let c > 0, then for ηeH\{0}, there exists a unique
a > 0 such that φ(ccη) — c. Moreover, a is a continuous function of
η on H\{0}.

Proof. By hypothesis, 7(0) = 0, thus, from (15) it follows that
φ(0) = 0. By taking rf = ccη in (17) we get

(18) φ(ccη) ^ φ(rj) + \a - 1 ) < η, Ψ(η) > ,

hence (16) implies that φ{arj) —• oo as a—> oo, for rj Φ 0. The existence
of a then follows from the continuity of φ; uniqueness follows from
(16) and (18). The continuity follows from the continuity of φ and
the uniqueness of a.

Let c > 0 be fixed, put

(19) Σ=Σβ= {yeH: φ(η) = c) ,

and define σ: H\{0} -+ Σc by

(20) σ(η) = aΨirj) ,

where α > 0 is chosen so that σ(η) € J .

LEMMA 6. The mapping σ: H\{0} —> Σ is odd and strongly con-
tinuous (in the sense of [18], i.e. σ maps weakly convergent sequences
in H\{0} to strongly convergent sequences). IfηeΣ, then

(21) \\σ(V)\\H^\\V\\H.

with equality only if ΎJ is an eigenvector of

(22) η - μΨ{η) .

Proof. The oddness and strong continuity of σ follow respectively
from (6), and the definition of Ψ, and Lemmas 4 and 5. If 77' = σ(η)y
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then since <p(η') = φ(rj)f (17) implies

<v' - v, nv)> ^ o ,
but by (20), this is equivalent to

<v' - v, vf> ^ o ,
or

which implies (21). From the way in which the Schwarz inequality
was used, it is clear that equality can hold in (21) only if rf and η
are proportional, i.e. only if ΎJ is an eigenvector of (22).

5* Let S denote the class of closed subsets of H\{0} which are
symmetric through the origin. For a non-empty set FeS, the genus
of F, p(F), is the supremum of the set of nonnegative integers n
such that every odd continuous map of F into Rn~ι has a zero in F;
here we understand R° — {0}. The genus of the empty set is zero.

Below, the letter 'F', with or without subscript, will always
denote a set in the class S. The genus has the following properties.

1. If there exists an odd continuous map h: Fx —• F2, then
p{Fx) ^ ρ(F2), in particular, if Fx S F2, then p(F,) ^ p(F2).

2. p{Fx U F2) ^ p(Fd + P(F2).
3. If F is compact then p(F) < oo and F has a neighborhood U

such that Ue S and ρ(ϋ) = p(F).
4. If {Fn} is a decreasing sequence of compact sets and if F =

Πn=i Fn then F e S and

p(F) - lim p{Fn) .

5. If there exists an odd homeomorphism of F onto the ^-sphere
then ρ(F) = n + 1.

For a proof of the above assertions see [4].

6. In this section we complete the proof of Theorem 1. Let the
number c > 0 be fixed, and let Σ be defined by (19). We shall call a
set F admissible if F is compact, FeS, and F^Σ. The class of
admissible sets will be denoted by ^~9 and we shall take, for
n= 1, 2, ••.,

LEMMA 7. For αwi/ positive integer n, the class <β\ is non-
empty.
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Proof. Let M be a subspace of H of dimension n, then it fol-
lows from Lemma 5 that the mapping V^WV^V o n Σ Π M is a
homeomorphism onto the unit sphere in M. It thus follows from
property 5 of the genus that ρ(Σ f) M) = n, and thus Σ Π Me

We now define the numbers Xn = Xn(c) by,

Xn = — — inf max | |^ | | 2

H ,
2(23) 2 C " ' • " '

= - i - inf [diam F]2 ,
8C Fejrn

for n Ξ> 1, and for convenience we define λ0 = 0. Since Σ is closed
and does not contain zero, and because of the definition (23), it is
clear that sequence X19 λ2, , is a nondecreasing sequence of positive
numbers. We say that λΛ has multiplicity m if,

for some k ^ 1, where H w ^ H m - 1 , We also make the de-
finitions, for X ^ 0,

Σ(X) = {ηeΣ: \\η \\2

H ^ 2cX} ,

r(X) = σ(Σ(X)) ,

and note that because of the weak continuity of φ (Lemma 4), Σ(X)
is weakly closed and hence since it is bounded it is weakly compact.
It follows then from Lemma 6 that Σ^X) is compact in the strong
topology and,

(24) Γ(X)czΣ(X) ,

clearly Σ\X) is symmetric and thus

(25) ^(λ) e J^ , (diam ^(λ))2 ^ 8λc .

On the other hand, by property 1 of the genus, since σ is odd, and
because of (24),

p(^(X)) = p(Σ(X)) .

Since Σ^X) is compact, it follows from property 3 that p(Σ(X)) < oo
for any λ > 0.

If we introduce the "spectral function"

τ(λ) -

then τ(λ) is a monotone integer valued function of λ for X ^ 0,

τ(λ) = 0 , 0 ^ λ < X, ,
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and since,

μ>λ

it follows from property 4 that τ(λ) is right continuous. Finally from
(23) and (24) and the right continuity of τ it follows that,

(26) τ(λ) = n , Xn ^ λ < λ.+1 .

Thus the discontinuities of r(λ) occur only at the numbers Xn given
by (23) and

(27) τ(xj -^r(λn - 0) =• multiplicity of Xn .

It follows from (26) that no finite λ-interyal can contain more than
finitely many of the numbers λΛ, thus

(28) lim Xn = oo .
n—*oo

Now let En denote the set of solutions η in Σ = Σc of (22) such
that \\η\\2

H = 2cλw, (clearly JB^ is admissible and J5?Λ £ ^ ( λ j ) , and
choose, by property 3, a neighborhood Z7 of ϋ7n. such that U e S and
p(fj) — p(En). It then follows from Lemma 6 that

[diam (a(r(Xn)\U))]2 <8cXn ,

so that from the definition of τ and (27),

^ τ(λn) — mult, of λn .

Using this last inequality, property 1 of the genus, and the definition
of r, we obtain,

p - mult, of Xn .

It then follows from property 2 of the genus that

p(En) = p(U) ^ mult, of Xn ,

in particular, En is not empty. We have thus proved the following.

( * ) The eigenvalue problem (22) has infinitely many eigenvectors
Ύ] satisfying

(29) φ(rj) - c .

The set En(c) of eigenvectors η of (22) satisfying (29) and

II T l 112 _
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where Xn is given by (23), is a set of genus ^ multiplicity of Xn.

It is clear from (15) and the definition of B that if η is an eigen-
vector of (22) satisfying (29) then y — iη is an eigenvector of (9) and
satisfies (10). Thus (* ) implies Theorem 1. Moreover, the following
is valid.

(**) The set of eigenvectors y of (9) which satisfy (10) and

(30) (y, Ly) = 2cXn(c) ,

is a set of genus ^ multiplicity of Xn. The numbers Xn(c) can be
determined as follows

(31) Xn(c) = -±- inf sup (y, Ly) ,
2C Gesrn yeG

where ^ n is the class of symmetric subsets G of &\{0} which are
closed in Y, have genus gr n and satisfy

= c} .

Here the genus is to be understood to be relative to the Y-topology.

Proof. First we observe that the H and Y topologies coincide on
compact subsets of H. Thus the genus of En relative to the H
topology and the genus of i(En) relative to the Y topology are the
same. Since the set of eigenvectors of (9) satisfying (10) and (30) is
just i(En), the first assertion above is proved. To prove the second
assertion, let G e ^ M and let λ = l/2c sup y e G (y, Ly) < oo, then G —
i(F), where F is a closed symmetric subset of H and ί 1 g I(λ) .
From (15) and (20), and the continuity of a in (20) it follows that
σ(F) is the image, under an odd completely continuous transformation,
of G. Thus o(F) is compact and has genus >̂ n. However, we clearly
have [diam (σ(F))]2 <Z 8cλ and thus it follows from (23) that

λ» ^ — — inf sup (y, Ly) .
2C Ge^n yeG

Making use of the observation at the beginnig of the proof we con-
clude that i(σ(Σ1(Xn))) e 5^n, and this, together with the above ine-
quality, implies (31).

REMARK. The existence of an infinity of eigenfunctions y of the
problem (9) satisfying

(y, Ly) = c ,
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for an arbitrary c > 0, follows by applying Theorem 4.3 of [8] to the
operator Ψ, provided that Ψ is uniformly differentiate on bounded
sets; it is not required that Φ satisfy (8). The theorem of sobolev,
[17], quoted earlier, follows from this result. For a discussion of the
multiplicity of solutions in this case, when the associated critical
values are repeated, see [3].

7* It is of interest to show that the above results do include
the complete spectral theory of (9) in the linear case. Thus suppose
that Φ is linear and observe that in this case,

Ύ(V) = Γ (V, Φ(ty))dt = -ί- (y, Φ(y)) .
Jo 2

Thus, for y, he Y,

y(y + h)
= J L (j,, φ(y)) + 1 (Λ, φ(y)) + J L (y, φ{h)) + 1 (λf φih)) ,

Li Li Li Li

while on the other hand the definition of the gradient gives

Ύ(y + h) = 7(2/) + (h, Φ(y) + o(||λ||),

= -γ(v,Φ(y)) + (h,Φ(y)) + o(\\h\\),

as ||Λ||—>0. Comparison of these two formulas shows that Φ is sym-
metric,

= (y» Φ(yd) , ylyy2eY .

Using this together with (7), (15) and Lemma 2 we conclude that Ψ
is a compact self-adjoint positive definite operator and

see the discussion of the operator χλ in § 8 below. Let 0 < μx ^ μ2

denote the characteristic values of Ψ and let Mγ S M2 £ be the
corresponding sequence of invariant subspaces for Ψ, i.e., M% is
spanned by those eigenvectors of Ψ corresponding to the first n charac-
teristic values. Suppose that μn < μn+1 and for some c > 0 let ΣC(X)
be defined as in § 6.

If μ* ^ λ < j«Λ+1 then for ^ e ̂ (λ),

Thus if PΛ denotes the orthogonal projection of i ϊ onto Mn then
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Pjη Φ 0 for ηeΣc{\), since

for η in the kernel of Pn. It follows that the map

η > (2c)1/2 <Pj], Ψ(η)y«* Pj]

maps ΣC(X) onto ΣCΠ Mn. Since this mapping is odd and continuous
on ΣC(X) it follows that n = ρ(Σc n Mn) ^ p(Σc(X)). On the other
hand, for η e Λfw,

and thus

ίcnis%)gic(λ),

from which we conclude that

ρ{Σc(X)) = n , ^ ^ λ < μn+1 .

Combined with the results of § 6, this yields the following.

(***) For the linear problem and for any c > 0, the number
λn(c) is just the nth characteristic value, in increasing order, of the
operator Ψ.

We require also the following result concerning the linear case.

LEMMA 8. Let F be a compact symmetric subset of H\{0}, with
p(F) >̂ n, then

where μn is the nth characteristic value, in increasing order, of the
linear operator Ψ.

Proof. Let F' be the image of F under η -> (2c)112 <j], Ψη>-ιl2η,
where c > 0. Then F' S Σc and ^(ί 7 ') ^ w, thus by (***),

max || ^ ||2/7 ̂

8* In this section we shall derive a "principle of linearization"
for the problem (9); cf. [Ch. VI, §2, 8]. What we shall prove is the
following.



314 CHARLES V. COFFMAN

(f) Let Φ have a Frechet derivative χ at y — 0, and suppose
that the continuous linear operator χ: Y—>X is symmetric,

(32) (y19 χy2) = (y2, χyt) , y19 y2eY ,.

and positive defininite,

(33) (V,XV)>O, yeY\{0}.

Let tc^ tc2, tzz, •••, be the characteristic values, arranged in increasing
order, of the linear operator Aχ, then the numbers Xn(c), given by
(31) satisfy

(34) lim λw(c) = ιcn .
C->0

Moreover, given ε > 0, there exists cx(ε) > 0 such that for 0 < c < cιr

the characteristic numbers μ corresponding to those eigenvectors ΎJ
of (9) which satisfy (10) and (30) all lie in the interval

\ % — i n ' */

Finally, if Nn is the eίgenspace of Aχ corresponding to the cha-
racteristic number κn, and if En(c) is the set of eigenvectors of (9)
satisfying (10) and (30), then

urn max — — u .
C->0 y e g % M WVW

REMARK. The above assertion implies that, in the terminology of
[8], each characteristic value of Aχ is a bifurcation point for the pro-
blem (9), compare Theorem 2.2, [8, p. 332].

Proof of (t). From the definition of the Frechet derivative

φ(y) = xy + o>(y), ! / e 7 r

where

\\ω(y)\\ = o(|| y ||) , as y >0 .

Thus, for yeY,

Ύ(y) = Γ (y, Φ{ty))dt,
Jo

= - g - (y> xy) + °(\\ y II2)» a s y — > ° >

and consequently, from (15), (12) and (13), for τ?eiϊ,
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<35) φ{η) = _ L <r), χlV> + o(\\ iη ||2) , as η » 0 ,

where

If we make the natural identification of X with a subspace of Y*,
then (32) implies that χ* a χ. Since the range of i is contained in
the domain of X it follows, using (13), that the operator χί — Bχi is
self-adjoint. Since

<V, XiV> = (iV> XiγJ) ,

it follows from (33) that χι is positive definite, and from Lemma 2 it
follows that χχ is compact. Clearly the characteristic values {fcn} of
Aχ are also characteristic values of χly thus, χλ has an invariant sub-
space M of dimension n such that

Let ε > 0 be given and, on the strength of (35), choose cx > 0 such
that

(37)
2 2

for

<38) | | ) y | | 2

H ^ 2 ( l - ε ) - 1 Λ : Λ .

Form (36) and (37) we then have

φ{η) ^ -±-κ?(l -e)\\V H2* , ηeM,\\V II* ^ 2 ( 1 ~ ε)~^nc' ,
Δ

from which, it follows, by the use of (18), that for 0 < c < c',

- ί- [diam (Mn ^(c))]2 ^ Λn(l - e)-ιc .
8

Hence, from (23) and since p(M Π Σ(c)) — n,

\n{c) ^ κn(l - ε)-1 .

Letting ε tend to zero, we obtain finally,

(39) lim sup Xn(c) ^ κn .

O-*0

Suppose now that

(40) lim inf Xn(c) < K < ιcn ,
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and then choose e > 0 so that

(41) (1 - ε)"1 κ<κn.

With this choice of ε, let cf > 0 be chosen as above so that (37) holds
when Ύ] satisfies (38). In view of the above supposition, there exists
a number c and a set F such that 0 < c < c', F is admissible for the
given choice of c, p(F) ^ n and

(42) J
m

ΔC ηe

From (37), (42) and the fact that FQΣC, there follows, for

Hence, by (42) and (41), (since ic < ιen),

w.ny \ \ V \\H < ^ 1 T T ί f ϊ V II Ύ) ί l 2

m a x — — ^ — m a x /y y/ ,
^ e F < ^ . χ ^ > 2 c ( l - e ) ?ef

A;
1-ε

In view of Lemma 8 this is impossible, we conclude therefore that
(40) cannot hold, and thus from (39) we have (34).

Since for an eigenvector rj of (22) the corresponding characteristic
value μ is given by

μ =

we have, for rj e Σc

2 χ y

thus if ηe En(c),

(43) μ =

By definition

[diam En(c)]2 = 8cXn(c) ,

so that from (35) and (34), for ηeEn(c), the characteristic value μ
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which is given by (43), satisfies

μ = μ(η) = fcn(l + o(c)) , as c > 0 ,

from which follows the second assertion of (f); notice that

En(c) = i(En(c)) .

The final assertion of (t) follows from the second assertion of (f)
and a result from [8, pp. 194-195],

9* We conclude with several examples to which the above results
are applicable. First, for the verification of condition (5), the follow-
ing result will be useful.

LEMMA 9. The compact symmetric operator A: X—>X* satisfies

condition (5) if and only ifY= AX is total for X and

(44) (Ax, x) ^ 0 , x e X .

Proof. Condition (5) clearly implies (44), and if x e X and (y, x) = 0
for every ye Y, then in particular (Ax, x) = 0, and hence x = 0, so
that Y is indeed total for X. Conversely, suppose that (44) holds and
that Y is total for X. Then if xe X, x Φ 0, there exists yeY such
that (y, x) Φ 0. Since AX is dense in Y it follows that there exists
xf eX such that (Axr, x) Φ 0. But from the symmetry of A, (44) and
the Schwarz inequality there follows,

0 < (Ax*, xf ^ (Axr, x') (Ax, x) ,

and thus we conclude that (5) holds.
Now let Ω be a bounded region in Euclidean w-space, let K(t,s)

be a symmetric kernel defined for (£, s j e β x f l , and let f(t, y), defined
for (t, y) e Ω x R satisfy the Caratheodory conditions, [8]. Assume more-
over that f(t, y) satisfies the conditions set down in § 1, namely

(45) /(ί, y) = -f(t,-y) , teΩ,yeR ,

(46) yf(t, y) > 0 , t e Ω, y e R, y Φ 0 ,

and

(47) f(t, y2) ̂  f(t, yd t e Ω, y» y2 eR.y^y,.

With X and Y yet to be specified, we take A to be the integral
operator

An = \ K( , s) u(s)ds ,
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and Φ to be the Nemytsky operator

Φ(V) = / ( - , ! / ( • ) ) ,

finally we take

ί
[y(t)

f(t, u) du dt .
Ω JO

We consider first the case where K(t, s) is continuous on Ω x Ω
and f(t,y) is continuous on Ω x R. In this case we take X — L 1 ^ ) ,
and Y is then determined and will be a subspace of

C(Ω) gL"(fl) - {L\ΩY .

The complete continuity of A: Lι(Ω) —» C(β) and the continuity of
Φ: C(β) -^ Lι(Ω) are easily verified; weaker conditions on /(£, ?/) suffice
for the latter continuity. The symmetry of A follows from the sym-
metry of K(t, s). The operator Φ, which can be regarded as an
operator from C(Ω) into (C(β))*, since the latter contains a subspace
naturally isomorphic to Lλ(Ω), is the gradient of 7, given by (48). The
properties (6), (7) and (8) for Φ follow from (45),, (46) and (47). If
K(t9 s) is nonnegative definite in the ordinary sense, i.e. if A \ L2(Ω)
is nonnegative definite, then A satisfies (44), thus the applicability of
Theorem 1 hinges on the totality of Y for Lι(Ω). This depends on
more special properties of the kernel K(t, s). However, if Ω is a
bounded interval and if K(t, s) is the Green's function for a regular
self-adjoint two-point boundary value problem on Ω, then, provided
K(t, s) in positive definite, F will contain all continuous functions which
vanish identically near the endpoints of Ω and consequently will be
total for Lι(Ω). Thus Theorem 1 implies the following.

THEOREM 2. Let

(49) • = Σ 4prP<*-*{t) - £ r > PieC»-t([a, b]),j = 1, . . m ,
*=i dtk dtk

be a formally self-adjoint regular differential operator of order 2m
on [a, 6], let

2m—-1

(50) Mk(y) = Σ (akiy
ij)(a) + βkjy«>(b)) = 0 , k = 1, , 2m ,

i=o

be self-adjoint boundary conditions for /, and suppose that if y eC2m

([a, b\), y Ξ£ 0 in [α, 6], and y satisfies (50) then

y{t)[/y]{t)dt > 0 .
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Let f(t, y) by continuous on [α, b] x R and satisfy (45), (46), and (47).
Then if c > 0, the problem

(51) /{y) = μf(t, y) , Mk(y) = 0, fc = 1, , 2m ,

&αs infinitely many eίgenfimctions y satisfying

S b Cy{t)
\ f(t, u)du dt = c .

a JO

The principle of linearization derived in § 8 applies to the problem
(51), provided there exists a positive function q(t) on [α, b] such that

lim y~ι f(t, y) — q(t) , uniformly with respect to t.
y-o

Substantially weaker conditions actually suffice for the Frechet dif-
ferentiability at zero of the Nemytsky operator from C to L1.

We next consider the case where the kernel K(£, s) is singular.
We are primarily interested in the particular case where K(t, s) is
the Green's function associated with an elliptic boundary value problem,
thus, of the various conditions on K implying complete continuity of
A we shall consider only the one which is satisfied by such a Green's
function, namely,

(52) supί \K(t, s)\ads < oo ,
ίefl J Ω

for some a > 1. Concerning f(t, y) we then assume

(53) I f{t, y)\^c\y\* + d,

for some b such that

(54) 1 < b < 2a - 1 ,

and we take X= Lq(Ω), where,

(55) q > 2α/(2α - 1) .

If 1/p + 1/q = 1, we have by [7, Th. 95.6, p. 658], that A: L«(Ω)->LP(Ω)
is completely continuous, and by [18, Th. 19.1, p. 154] that Φ: Lp(Ω)->
Lq(Ω) is continuous. Also, Φ is the gradient of the functional 7 on
LP(Ω); see [18, § 6.3, p. 63]. Assume that K(t, s) is positive definite
in the ordinary sense, then since, (because of the reflexivity of LP(Ω)),
no proper subspace of LP(Ω) is total for Lq(Ω), the applicability of our
main result hinges in this case on the density of the range of A in
LP(Ω). We note however that in any case, in the presence of con-
ditions (52), (53), (54) and (55) and when 1/p + 1/q = 1, any Z^-eigen-
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function of (2) actually belongs to L°°(Ω); see the proof of Theorem 3,

[5].
In order for the Nemytsky operator from LV(Ω) to

L*{Ω){p > 2, -A- + - L = 1)
P Q

to be Frechet differentiate at 0 it suffices that

/(ί, y) = y(P(t) + q(t, y))

where PeLr(Ω), r = p\(p — 2), g(ί, y) satisfies the Caratheodory con-
ditions, q(t, 0) = 0, and

(56) I q(t, y)\^m1\y\δ + m 2 ,

where mu ra2 > 0, <? = (p — 2). If p(t) is positive almost everywhere
on ί2, then the principle of linearization is applicable in this case. In
the presence of (52), (53), (54), the small IΛsolutions of (2), (p > 2a),
can be shown to be shall in the L°° norm also, and thus the growth
condition (56) on g(t, y) can be dropped when these conditions hold.

We will not state a general theorem concerning the equation (2)
with a singular kernel but rather we state the following result, which
is a principal application of such a theorem.

THEOREM 3. Let Ω be a bounded region of class C2m in Rn, and
let

Σ { )
\a\,\β\£m,

where Da = d]al/dtf 3ί;% \a\ = a, + +an,
and for some μ: 0 < μ < 1,

Moreover assume that τ is formally self-adjoint and that there exists
kQ > 0, such that

ί aaβ(t)D«y(t)D?y(t)dt^k0Σ \ \Day\2dt ,
JΩ \a\<ιm JΩ

for all y e CT{Ω).
Let f(t, y) be uniformly Holder continuous on Ω x R and satisfy
(45), (46), (47) and (53) with

(57) 1 ^ 6 , b(n-2m) < n + 2m .

Then for any c > o the eigenvalue problem

(58) τy - μf(t, y) , Da

y\δΩ = 0 , | a \ ̂  m - 1 ,
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has infinitely many eig en functions y e C2m(Ω) f] cm~\Ω) and satisfying

S Cy(.t)
\ f(t, u)du dt — c .

Ω JO

Proof. It follows from results of [6] that (58) is equivalent to
an integral equation of the form (2), and where (52) is satisfied for
a(n — 2m) < n. The theorem then follows from the remarks above,
preceding its statement, and with the use of the arguments employed
in the proof of the main theorem in [6]. The sharpness of the con-
dition (53), (56) is shown by an example in [15].

For the special case where τ = — j , the hypothesis can be weaken-
ed slightly, compare Theorems 4 and 5 in [5].

We remark finally that X and Y in Theorem 1 can also be taken
to be Orlicz spaces other than ZΛ Continuity conditions for the
integral operator A and the Nemytsky operator Φ, when X and Y
are Orlicz spaces, are given in [9]. In particular, by taking X and
Y to be Orlicz spaces one can replace the growth condition (53), (57)
in Theorem 3 by an exponential growth condition when τ — — j and
n — 2; see for example the hypothesis of the main theorem of [10].
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