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FREE MODULES OVER COMPLETE
DISCRETE VALUATION RINGS

WOLFGANG LIEBERT

Let R be a complete discrete valuation ring (possibly
non-commutative), If K is the quotient field of R then there
is an isomorphism between the category of divisible torsion
R-modules G and the category of reduced complete torsion-
free R-modules H given by G — H = Homz (K/R, G). More-
over, the R-endomorphism ring E(G) is naturally isomorphic
to the R-endomorphism ring E(H) of H. It is the purpose
of this paper to find necessary and sufficient conditions for
an abstract ring to be isomorphic to the R-endomorphism
ring of such an R-module,

Our problem has already been solved in the special case where R
is a (not necessarily commutative) field. In [16] Wolfson characterized
the ring E of all linear transformations of a vector space over a field
by the following four properties: (1) K, the socle of E, is not a
zero ring, and is contained in every nonzero two-sided ideal of E.
(2) If L is a left ideal of E which is annihilated on the right only
by zero, then E, c L. (3) The sum of two left (right) annihilators
is a left (right) annihilator. (4) FE possesses an identity element.
Our main theorem may be considered as an extension of Wolfson’s
beautiful result to the case of an arbitrary complete discrete valua-
tion ring. So, for example, in passing from the vector space case to
this general one, “subspace” now becomes “direct summand” and ‘“zero
ideal” translates to “Jacobson radical”. If H is a vector space over
a field R, then the structure of its R-endomorphism ring FE(H) is to
a large extent determined by the ideal E(H) of all R-endomorphisms
which map H onto a subspace of finite rank. In this case E,(H) is
the socle of F(H), the sum of all minimal left (right) ideals of E(H).
If R is an arbitrary complete discrete valuation ring and H a reduced
complete torsion-free R-module, then E (H) determines again the be-
havior of the entire ring E(H). The proper generalization now reads:
E,(H) is the sum of all minimal nonradical left (right) ideals of FE(H).
Here we call an ideal of a ring E nonradical if it is not contained
in the Jacobson radical J(E) of E. And by a minimal nonradical ideal
we mean an ideal I which is nonradical and has the property that
every ideal of £ which is properly contained in I belongs to J(E).
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If we define the J-adic topology of a ring by taking the powers
of its Jacobson radical as a neighborhood basis at zero, then we can
state our main result as follows. The following three properties of
an abstract ring E are equivalent:

I. E is isomorphic to the endomorphism ring of a divisible
torsion module over a complete discrete valuation ring.

II. E is isomorphic to the endomorphism ring of a reduced com-
plete torsion-free module over a complete discrete valuation ring.

III. (1) FE is Hausdorff and complete in its J-adic topology.

(2) J(¥)= pE = Ep, where p is either zero or a non-zero-divisor
of E.

(3) E, the sum of all minimal nonradical right ideals of E, is
not a zero ring, and is contained in every nonradical two-sided ideal
of E.

(4) Let L be a left ideal of E which is closed in the J-adic
topology of E and satisfies pE N L = pL. If the right annihilator of
L is zero, then L contains E,.

(5) Let L, and L, be left annihilators in £ whose intersection
is zero. If pEN (L, + L,) = »(L, + L,), then L, + L, is a left anni-
hilator.

(6) E has an identity element.

The similarity to Wolfson’s characterization theorem is apparent.
In fact, for p = 0 these are Wolfson’s conditions, however, our theo-
rem doesn’t say explicitly that in this case the complete discrete
valuation ring reduces to a field. Our theorem is proved by modify-
ing the methods used by Wolfson in [16]. The main tool is a Galois
correspondence between the annihilators of the endomorphism rings
and the direct summands of the underlying modules. Use is also
made of the fact that these endomorphism rings are generated by their
idempotents. This paper continues the author’s work in [10, 11, 12].

2. Complete discrete valuation rings.

DEFINITION. A ring R with Jacobson radical J(R) is a complete
diserete valuation ring if it satisfies the following conditions:

(1) R/J(R) is a (not necessarily commutative) field.

(2) J(R) = pR = Rp, where p is either zero or a non-nilpotent
element of R.

(8) R is Hausdorff and complete in its J-adic topology.

(4) R possesses an identity element.

Thus complete discrete valuation rings need not be commutative.
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A typical example is provided by the ring of all formal power series
in one indeterminate x over a (not necessarily commutative) field F
together with the rule kx = x2k* for all x € F, where a is an auto-
morphism of F.

Our intention is to give a ring-theoretical characterization of the
endomorphism rings of certain R-modules. If p = 0 in the definition
above, then R is a field and the R-modules are just the vector spaces.
Since their endomorphism rings have already been characterized
(Wolfson [16]), we shall henceforth assume that p = 0. The follow-
ing properties of a complete discrete valuation ring R are immediate
consequences of the above definition. For more details see Baer [1, 3].

(2.1) J(R) is the set of all non-units of R.

(2.2) Every nonzero ideal of R is two-sided and has the form
J(R)' = 'R = Rp* with 0 < 7.

(2.3) Every element r = 0 of R has a unique representation of
the form » = p*™s = tp*™, where s and ¢ are units in R.

(2.4) R has no zero-divisors.

(2.5) For every t in R there is a ring automorphism o(t) of R
with rt = tr*® for all re R. For ¢t = 0 we define ¢(0) = 1. In par-
ticular R satisfies the Ore condition

Yy = yxo(y) — ya(m_lx
for all =, y e R.

(2.6) It is well known that (2.5) implies the existence of a unique
quotient field K of R into which R can be embedded. The elements
of K may be represented in the form »p~* with »re R and 0 < 4.
Addition and multiplication in K are defined by

rp~t + spTi = (rp’ + sp)pT
(rp™) « (sp™) = (rs**)p~*1

And the multiplicative inverse of rp~¢ is (pit™")p~ ", if r = p*”'t with
t a unit in R.

(2.7) Every ring automorphism « of R can be extended to an
automorphism « of K by defining (rp~)* = (r*¢;")p~*, where (p’)* =
p'e; with ¢; a unit in R. Then (2.5) yields that for every » € R there
is an automorphism o(r) of K which satisfies kr = rk°™ for every
ke K.
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(2.8) The R-module K/R contains for every 7 exactly one sub-
module isomorphic to R/p‘R, and is the union of all of them. There-
fore we have Rx = xR for every z e K/R, that is to say, if e K/R
and re R then there exists an element s in R such that rz = xs.
Now only a minor modification of a proof in Fuchs [4] (Example 5,
p. 211) is necessary to show that the R-endomorphism ring of K/R
is isomorphic to R. Moreover, it follows from (2.7) that for every
t € R there exists a group automorphism ¢(t) of K/R satisfying (rx)*" =
r*Upe® and at = tx°? for all re R and x ¢ K/R.

In the following R will always be a complete discrete valuation
ring with quotient field K. Once for all: module means left module
and homomorphisms operate on the right side of their arguments.
The ring of all R-endomorphisms of an R-module M will be denoted
by E(M). We shall be concerned with divisible torsion and reduced
complete torsion-free R-modules. The theory of these modules is al-
most identical with the theory of the corresponding modules over
commutative valuation rings as presented in Kaplansky [7]. Only
some slight formal changes have to be made in so far as typical
commutative arguments will now involve the automorphisms o(r)
described above. We shall briefly indicate some of these changes,
others we leave to the reader.

3. Divisible torsion R-modules and their homomorphisms.
An R-module D is called divisible if D = RD. Alternatively, D is
divisible if D = pD. We call an R-module reduced if it has no non-
zero divisible submodules. The following characterization of the di-
visible R-modules can be found in Baer [3] (§ 4) or Kaplansky [7] (§ 5).

THEOREM 3.1. The following properties of an R-module D + 0
are equivalent:

(1) D is divisible.

(2) D is a direct sum of modules each isomorphic to K or K/R.

(3) D is a direct summand of every containing module.

(4) If M is an R-module and N a submodule of M, then every
R-homomorphism of N into D can be extended to an R-homomorphism
of M inmto D.

Let M be an R-module. If z is an element in M, then the order
o(x) of x is the set of all re R with rx = 0. Evidently o{x) is a left
ideal in R. It follows from (2.2) that o(x) is either zero or has the
form p'R = Rp‘. The set of all x in M with o(z) # 0 is a submodule
tM of M, the so-called torsion submodule of M. If tM = M, we say
that M is a torsion module, and if tM = 0, we shall say that M is
torsion-free. Now let G be a divisible torsion R-module. We know
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from (3.1) that G is the direct sum of modules each isomorphic to
K/R. Define G[p'] = {xeG|p'R C o{w)}. Then G[p’] is a submodule
of G which is fully invariant (it is sent into itself by every R-endo-
morphism of G). Moreover, G[p] may be regarded in a natural way
as an R/p‘R-module. We define the rank »{G) of G to be the rank
of the vector space G[p] over the field R/pR. Obviously »(G) is just
the cardinal number of K/R summands in the above direct decompo-
sition of G. It is a fact that »(G) determines G up to isomorphism
as an R-module.

Now let V(G) be the set of all divisible submodules of G. Then
V(@) is partially ordered by set-theoretical inclusion, and for any two
elements V), V, e V(G) there exists an inf (V,, V,), namely the maximal
divisible submodule of V. N V,, and a sup(V,, V,), namely V, + V..
Therefore V(G) is a lattice, which is the same as the lattice of all
direct summands of G. Let us briefly show how to recapture 7{G)
from V(G).

If L is any lattice and x an arbitrary element of L, then by an
x-chain in L we mean any subset C of L which is well-ordered by
the lattice order such that each member of C is bounded above by z
and is not a minimum of L. The rank of x is the least upper bound
of the set of all cardinals of z-chains in L.

Now consider V(G) and pick F'e V(G). Then F is the direct sum
of submodules F';, 7 ranging over an index set I, each ¥, isomorphic
with K/R. I can be well-ordered by some relation, say >. Let S
be the set of all nonempty >-initial segments of I. TFor each Te S,
let F', be the direct sum of the F,, te T. Then the set of all F, for
some T'e S is a maximal F-chain in V(G). It is immediate that every
maximal F-chain may be obtained in this way and that every given
F'-chain can be refined to a maximal one. The cardinal number of
each of these maximal F'-chains is just »{¥). Hence the concept of
lattice rank of F' coincides with its module rank.

For the following choose a fixed decomposition of G into the direct
sum of submodules G;, each isomorphic to K/R. By (2.8), each G;
possesses a group automorphism o;(r) for every re R, satisfying
(Mg, " =\ gh for all e R and ¢;€G,. We can therefore obtain
a group automorphism o(r) of G itself, satisfying (Ag)’” = A\°"7g°"
for every ¢ge G, if we just define it componentwise: o(r) = 0,{r) on G,.
Although o{r) need not be an R-automorphism, it maps submodules
of G onto submodules: if S is a submodule, then S°@ = (RS)*™ =
R"Sw = RS, And if S is divisible and, say, p°"” = pr’ witk ¢’
a unit in R, then S = (pS)*™ = p°" S = pr'S°” = pS°™, so that
S°™ is divisible too. In particular, ¢(r) maps each G[p‘] onto itself
since for each ¢ = 0, G[p**']/G[p*] is the sum of all minimal submodules
of the R-module G/G[p].
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Next, let A€ R. Then (2.8) suggests that we define a map \ of
G into itself by gn = Ag®® for all ge G. Clearly A is additive. More-
over, if re€ R, then

(rg))\, — )\,(,rg)au) — h,,.a(x)ga(l) — rkga(l) — r(g)») .

Consequently \ is an R-endomorphism of G. If \ belongs to the center
of R, then o(\) =1, so that in this case the R-endomorphism X\ is
just multiplication of the elements of G by \.

We have thus proved

LEMMA 3.2. For every ne R, G possesses a group automorphism
o(\) and an R-endomorphism \ satisfying

(rg)°?® = r*Pg°®  for all re R and ge G
gn = Ag°? for all geG .

Moreover, o(\) maps submodules onto submodules and divisible sub-
modules onto divisible ones. In particular, each G[p’] is mapped onto
itself by a(\).

In the following let F' and G be divisible torsion R-modules, and
let us consider H = Hom, (F, G), the set of all R-homomorphisms
from F into G. It follows from (8.2) that we can put an R-module
structure on H by defining z(\g) = Me*?¢ for all xe F,xe R and
¢€ H. Thus \¢ is the product of the R-endomorphism X\ of F' with
the R-homomorphism ¢ from F' into G. But we emphasize that, un-
less R is commutative or F = K/R, this is not a canonical way of
turning H into an R-module because in (3.2) the mappings )\ and
o(\) cannot be defined in a natural way. However, it will be a con-
sequence of the following lemma that the submodules p"H of H are
independent of the particular choice of A and o(\) in (8.2). Therefore
we can introduce the p-adic topology on H in a natural way by using
the submodules p"H as neighborhoods of 0. We wish to determine
the R-module type of H.

LEmMA 3.3. Let a«e H=Hom, (F, G). Then a annihilates F[p"]
if and only if acpH.

Proof. Assume F[p"]a = 0 and let f € F'. Because p"F = F, there
exists an element f’e F such that f = p*f’. Define a map B of F
into G by f8 = [f**"a. Then g is well-defined because if p"f, =
p"f, then f, — f,e F[p*], so that fia = f,o. Clearly g is additive.
Let re R. Then 7f = rp*f’ = p*r°®™f’. Therefore we can choose
(rf) = r**”f’. Thus
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(rf)B = [('rf)"“’")_l]'a — [,,.a(p”)—lfa(p”)—llra
= (rlf*" Na = r([f" " Ta) = r(fB) -

Consequently g is an R-homomorphism from F' into G. Also
fp"B = p'f°"p = p*(fla) = (p"fa = fa .

Therefore @ = p"B € p"H.
Conversely, assume that ae p"H, say, a = p"a’ for some «’ € H.
Then from (3.2) we obtain

Flp"la = Flp"l(p"a’) = p"F[p"]"*"a’ = (p"F[p"])a’ =0 .

This completes our proof.

LEMMA 3.4. Homgy (F, G) is a reduced torsion-free R-module which
18 Hausdorff and complete in its p-adic topology.

Proof. Let H = Homj (F, G). If ae, p"H, then
Fa = (U FpDa = U (F[p]a) =0 .

Hence N, p"H = 0. Consequently H is reduced. Next, let 0~ ¢c H
and reo(g) = {re R|rg = 0}. Assume %= 0. Then A = \p" with N/
a unit in R and n = 0. Now, applying (3.2),

0 = F(\g) = (WF*0)g = (\F)g = (Wp'F)g = WF) = Fy .

But this contradicts our choice of ¢. Hence o{(¢) = 0, so that H is
torsion-free.

Finally we establish the completeness of H in its p-adic topology.
It follows from (), »"H = 0 that H is a Hausdorff space. So let («;)
be a Cauchy sequence in H. If xe F, then x e F[p*] for some positive
integer k. By (3.3), there exists an index j, such that a; — a;, an-
nihilates F[p*] for all 7+ = j,. Hence xx; = xa;, for all 4 =j,. Define
wva = xa;,. Then « represents a well-defined R-homomorphism from
I into G. Moreover, & — «; annihilates F[p*] for all +=j,. By
(3.3), this means that a« — «; e p*H. Thus « is the limit of (a,).
Consequently A is complete.

We shall now turn to the special case F' = G and characterize
the Jacobson radical of FE(G) = Hom, (G, G). Four further lemmas
are needed. The first one follows immediately from (3.1) (4). Let
P(G]p"]) denote the set of all R-endomorphisms of G which annihilate
G[p"]. It is obvious that P{G[p"]) is a two-sided ideal of E(G).

LemmA 3.5. E(G)/P(G[p"]) is isomorphic with the R/p"R-endo-
morphism ring of G[p"].
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LemmA 3.6. P(G[p"])) = p"E(G) = E(G)p".

Proof. The left hand equation is a special case of (3.3). To prove
p"E(G) < E(G)p", let p*¢ € p"E(G) and g € G. Define ga = (g°*"¢)**™ ™",
It is immediate that « is an additive map of G into itself. If re R,
then, by (3.2),

(ro)a = [(,,.g)amﬂ)ﬂo(pﬂ)—l — [Ta<pn>gu<p”)¢]o<p%>—1
— ,,.[ga(p">¢]a(p")—l — ,},.(ga) .

Thus « is an R-endomorphism of G. Moreover, again using (3.2),

glap®) = (ga)p™ = p(ga)’™” = p(g°*"¢)
= (p"9°*")¢ = (9p")¢ = 9(p"9) -
Therefore p"¢ = ap”, and it follows that p"E(G) C E(G)p".

We complete the proof by showing that E(G)p™ < P(G[p"]). If
B € E(G), then, by (3.2),

Glp"|Bp" = p"Glp" """ B = p*G[p"]B =0 .

Lemma 3.7. If 0= Be R, then the R-endomorphism B of G s
not a zero-divisor in K(G).

Proof. The fact that B is not a left-zero-divisor in E(G) follows
from the torsion-freeness of Hom, (G, G) in (3.4). On the other hand,
if ae E(G) and aB = 0, then we write g8 = p’s’ in B with g a unit
in R and obtain

0 = Gag = (G = p'R'(Ga)’? = p'(Ga)? .

But Ga, and therefore, by (3.2), also (Ga)’*® is divisible. Hence
(Ga)*® = 0, hence Ga = 0, hence ¢ = 0. Thus B also cannot be a
right-zero-divisor in E(G).

LeEMMA 3.8. Let ae E(G). Then « is an automorphism tf and
only 1f it induces an automorphism in G[p].

Proof. The necessity is clear. Let K(«) be the kernel of a. If
K(a) N G[p] = 0, then K(a) = 0. Hence « is one-to-one. Moreover,
Ga is divisible since it is a homomorphic image of G. But G[p] C
Ga. Hence Ga = G, which completes the proof.

The first part of the following characterization of the Jacobson
radical J(E(G)) of E(G) also follows from a result of Utumi ([14],
Lemma 8, p. 19).



CHARACTERIZATION OF THE ENDOMORPHISM RINGS 149

THEOREM 3.9. There exists a non-zero-divisor p in E(G) such that
J(E(G@) = P(G[p]) = pE(G) = E(G)p.

Proof. The R/pR-endomorphism ring of the vector space G[p] has
zero Jacobson radical. Therefore (3.5) implies that J(E(G)) c P(G[p]).
Conversely, let ae P(G[p]). Then it follows from (3.8) that 1 — « is
a unit in E(G). Since P(G[p]) is an ideal of E(G), this implies that
a e J(E(G)) (see Jacobson [6], pp. 9 and 10). Thus P(G[p]) < J(E(G)).
Consequently J(E(G)) = P(G[p]). The remainder is (3.6) and (3.7).

CorROLLARY 3.10. E(G) is Hausdorfl and complete in its J-adic
topology.

Proof. This is an immediate consequence of (3.4) and (3.9).

STRUCTURE THEOREM 3.11. The following properties of the divi-
sible torsion R-modules G, and G, are equivalent:

(1) E(G) = EG,)

(2) Gip] = Gi[p]

(3) G.=G,

(4) V(G) = V(G

(5) rG) = r(Gy)

Proof. Let E(G,) = E(G,). Then E(G)/J(E(G)) and E(G,)/J(E(G,))
are isomorphic. It follows from (3.5) and (3.9) that E(G,[p] = E(G,[p]).
This implies G,[p] = G.[p] (Baer [2], Structure Theorem, p. 183). It
is now clear how to complete the proof.

4, Reduced compiete torsion-free R-modules. Let H be an
R-module. If an element y in H is divisible by p" but not by p"*,
then we say that y has hsight n. And y has infinite height if it is
divisible by p" for every . A submodule B of H is pure if p"B =
BN p"H for all », i.e., if its elements have the same height in B as
in H. In a torsion-free R-module the elements of infinite height form
a divisible submodule. Consequently, if H is reduced and torsion-free,
then it is without elements of infinite height: N, »"H = 0. We intro-
duce the p-adic topology on such a module by using the submodules
p"H as neighborhoods of 0. If H is complete in its p-adic topology,
we shall simply call it complete. For the classification of the reduced
complete torsion-free R-modules the notion of a basic submodule is
essential. This concept has been introduced in the theory of abelian
groups by Kulikov [8]. The following lemma is due to Warfield
([15], Lemma 3), where it is stated for commutative R.
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LEMMA 4.1. Let H be a torsion-free R-module and let ¢: H— H/pH
be the matural epimorphism. Let (x;) be a R/pR-basis for H/pH, i
ranging over some index set I. Choose elements vy, iel, in H such
that y;¢ = x;. Let B be the submodule of H generated by the y,’s. Then

(1) B is a free R-module on the generators y;.

(2) H/B is divisible.

(3) B 1is pure in H.

DEFINITION. A submodule B of a torsion-free R-module H is
called a basic submodule if it satisfies the conditions (1)-(3) of (4.1).

It is clear that every basic submodule of H arises in this way.
Since property (2) of (4.1) is equivalent with the density of B in H,
we obtain the following well-known characterization of the reduced
complete torsion-free R-modules. (2) is essentially due to Kaplansky
([7], Theorem 22, p. 51) and (3) is analogous to results proved for
p-groups by Leptin ([9], property 12, p. 85).

THEOREM 4.2. The following properties of a reduced torsion-free
R-module H are equivalent:

(1) H is complete.

(2) If B is a basic submodule of H, then H 1is the completion
(in the p-adic topology) of B.

(8) If B is a basic submodule of H, then every R-homomorphism
B — H extends uniquely to an R-endomorphism of H.

In (3.4) we saw that H = Homj (F, G) is a reduced complete
torsion-free R-module, if F' and G are divisible torsion R-modules.
In the special case F' = K/R we shall now construct a basic sub-
module of H.

LEMMA 4.3. Let G be a divisible torsion R-module and H =
Homj (K/R, G). Let G = @;.;G; with each G; = K/R. Choose iso-
morphisms ¢;, 1€ I, between K/R and G;. Then the ¢.’s, considered
as elements of H, generate a basic submodule of H.

Proof. By (4.1) we have to show that modulo pH the ¢,’s form
a basis of H/pH. To verify that they are linearly independent modulo
pH, suppose that there exist finitely many r; € B such that X(r;¢;,) =
pa with ae H. If xe K/R[p], then by (3.2) and (3.3)

0 = wpa = x3(r;6;) = J(wr;g;) = J(ra°"¢;) .

But for arbitrary y € K/R the elements y¢$; are independent in G since
G is the direct sum of the G,’s. This implies that all r;z°"7¢; = 0.
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Then x(r;¢;) = 0, whence 7r;6;€ pH, by (3.3). Therefore the ¢,’s are
independent modulo pH. Assume now that 0 #+ a«e H. Then there
exists ¢ = 0 in K/R such that xa = 0. Write za = 2x;, with z;€G;
(almost all z; = 0). It is clear that x; is contained in the cyclic sub-
module of G; which is generated by x¢;,. Thus, we can find ¢;e R
such that ¢;(x¢;) = ;. And from (2.8) we obtain the existence of
s; € R with t,x = xs;. It follows that

3 (s:0:) = Tu(s:9:) = J(ws;)p; = Z(tx)g; = Jti(vg;) = 2w, = v .

Hence, if o(x) = p"R, then z generates K/R[p"] and therefore « —
2(s;¢;) annihilates K/R[p"]. By (3.3), we have a — 3(s;¢;) € p"H, so
that the set {g;, @} is no more independent. This proves that the
¢;’s form a maximal modulo pH linearly independent subset of H, as
required.

Let H be a reduced torsion-free R-module. We define the rank
r(H) of H to be the vector space rank of H/pH over R/pR. If B is
a basic submodule of H, then B/pB = H/pH. Therefore r(H) = r(B).
And 7»(B) is of course equal to the usual rank of B as a free R-module,
that is, to the maximum number of linearly independent elements in
B (which determines B up to isomorphism as an R-module). Accord-
ing to an analogous result for p-groups (Fuchs [4], Corollary 34.2,
p. 115), two reduced complete torsion-free R-modules are isomorphic
if and only if their basic submodules are isomorphic. Thus we obtain

LEMMA 4.4. The following properties of the reduced complete
torsion-free R-modules H, and H, are egquivalent:

(1) H =H,

(2) r(H) = r(H,).

The next two lemmas shall be needed later. In the first one we
determine the Frattini submodule F(H) of H. It is defined to be
the intersection of H with all its maximal submodules. And the
second direct summand lemma is again due to Kaplansky ([7], Theo-
rem 23, p. 52).

LEMMA 4.5. If H is an R-module, then F(H) = pH.

Proof. If H has no maximal submodules then H is divisible
(Baer [3], p. 51). In that case F(H) = H = pH. Next assume that
H possesses a maximal submodule M. Suppose pH ¢ M. Then there
is an element h in H such that ph and M generate H. Hence we can
find elements me M and re¢ R with A = rph + m. Since 1 —rp is a
unit in R, we have h = (1 — rp)~'m e M, a contradiction. We deduce
that pH c F(H). Finally F(H/pH) = 0 implies F(H) = pH.
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LEMMA 4.6. Let H be a reduced torsion-free R-module and S a
pure complete submodule. Then S is a direct summand of H.

Let H be a reduced complete torsion-free R-module and V(H) the
set of all its pure complete submodules. The torsion-freeness of H
guarantees that the intersection of any number of pure submodules
is again pure. Therefore V(H) is a lattice with inf (S, S,) =S, N S,
and sup (S,, S.) equal to the unique smallest pure complete submodule
of H eontaining S, and S,. Since the completion of a pure submodule
is likewise pure in H (Kaplansky [7], Lemma 20, p. 51), sup (S,, S,)
is the completion of the purification of S, + S,. By (4.6), V(H) is
the lattice of all direct summands of H. We shall have to say more
about V(H) in the following sections.

5. The Harrison-Matlis duality. Let F' and G be divisible R-
modules. We know from (3.4) that Hom, (F, G) is a reduced complete
torsion-free R-module. It is now easy to see that every reduced com-
plete torsion-free R-module can be realized in this way as Homj (F, G)
for suitable divisible torsion R-modules F' and G.

LEMMA 5.1 Let G be a divisible torsion R-module and H =
Homg (K/R, G). Then r(H) = r(G).

Proof. Define ¢, i€ 1, as in (4.3), so that they generate a basic
submodule B of H. Then the cardinality of the index set I equals
r(B). But on the other hand, this cardinality is clearly just the rank
r(@) of G. Since #(B) = r(H), it follows that »(H) = r(G), as required.

Since, by (3.11) and (4.4), G and H are both determined up to
isomorphism by their rank, we obtain

THEOREM 5.2. The mapping G— Homy (K/R, G) gives a one-to-one
correspondence between all divisible torsion R-modules G and all reduced
complete torsion-free R-modules.

This is one half of a duality exhibited by Harrison in [5] between
the divisible torsion groups and the reduced complete torsion-free
groups, and later generalized by Matlis in [13] for the correspending
modules over a (commutative) domain. The other half would be to
establish the inverse correspondence between all reduced complete
torsion-free R-modules H and all divisible torsion R-modules, given
by H— K/R®: H. Again this may be done quite elementary (with-
out using homological methods) by showing that the tensor product
K/R@®r H is a direct sum of r(H) copies of K/R (see Fuchs [4],
Theorem 65.4, p. 255). We leave it to the reader.
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We shall now exhibit natural isomorphisms between V(G) and
V(H) and between FE(G) and E(H), where H = Homj (K/R, G).

THEOREM 5.3. Let G be a divisible torsion R-module and H =
Homg (K/R, G). For Ue V(G) and Fc V(H) define

¢: U— Hom, (K/R, U)
v: F— (K/R)F = {2c|ve K/R, ac F'} .

Then the mappings ¢ and v are reciprocal isomorphisms between V(G)
and V(H).

Proof. If F is a submodule of G, then Homj (K/R, F') is naturally
embedded in Hom, (K/R, G). And if G = G, P G,, then

Hom, (K/R, G, ® G.) = Hom, (K/E, G,) © Hom, (K/R, G) .

Therefore ¢ maps direct summands of G onto direct summands of H.
Let H = H, & H, and define G, = (K/R)H, = H; and

G, = (K/R)H, = Hy .

We claim that G = G, P G,. If ge G, then there exists ke K/R and
ae H such that ka = ¢g. But @ = «, + «, with a; € H;. Therefore
g = ka = k(a, + a,) = ka, + ka,e G, + G,, which shows G = G, + G..
To prove that this sum is direct, we pick any € G, N G,. Then there
exist elements y; € K/R and B, € H; such that x = 4,8, = ¥,8.. Without
loss of generality we can assume y, = ¥, = ¥, since either y, = 7y, or
Y, = ry, for some r € R, so that by (2.8) we have, say, v.8, = (r¢,)B. =
(¥:9)8, = ¥:{sB,) with se R and sB, € H. Let o(y) = p"R. Then {y} =
K/R[p"]. Now, by (3.3), y(B, — B,) = 0 implies that g, — 43, is divisible
by p". This is possible only if B, and B, are both divisible by »".
Then z = yB, = yB, = 0. Hence G = G, P G,. Therefore, in particular,
v maps direct summands of H onto direct summands of G.

If U is a direct summand of G, then clearly (K/R) Hom, (K/R, U)
is contained in U. Conversely, let we U. If o(u) = p™R, then pick
an element x in K/R with o(z) = p™R. By (3.1), the R-homomorphism
from {z} into U, which maps « onto %, can be extended to an R-
homomorphism of K/R into U. So U < (K/R)Hom, (K/R, U). Hence
Uér = U. Next, if H= H, P H,, then clearly H, is contained in
Hom, (K/R, (K/R)H,). Conversely, let a« ¢ H with (K/R)a — (K/R)H,.
We must show that this implies o€ H,. Suppose a¢ H,. Then a =
a, + a, with a, € H, and 0 +# o, € H,. But, as above, G = (K/R)H, P
(K/R)H,. Hence there exists ye€ K/R such that 0 == ya, € (K/R)H,.
Then ya = ya, + ya, ¢ (K/R)H,, contradicting the choice of a. So
Hom, (K/R, (K/R)H,) C H,. Hence H, = H/*. Thus ¢ and v are re-
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ciprocal correspondences between V(G) and V(H). This implies in
particular that both mappings are one-to-one and exhaustive.

If U c K are direct summands of G, then U¢ C K%; and if MC N
are direct summands of H, then M’ ¢ N7. Consequently ¢ and v are
reciprocal isomorphisms between V(G) and V(H). This completes the
proof.

THEOREM 5.4. Let G be a divisible torsion E-module and H =
Homg (K/R, G). Then there is a natural isomorphism between E(G)
and E(H).

Proof. There is a natural homomorphism a — a* from E(G) into
E(H), defined by (a* = C« for all (e H. Let {8 =0 for all {ecH.
Then GB = (K/G)HB = 0, which implies 8 = 0. Hence a— a* is one-
to-one. To prove that it is onto, let o€ K(H). We must find a e E(G)
such that a* = 0. Write G = @;.;G; with G, = K/R and choose
isomorphisms ¢; from K/R onto G;. Considering the ¢;’s as elements
of H, define the R-endomorphism « of G componentwise by g,a =
(9.7 ):0), if g,eG;. Then obviously ¢,a* = ¢, = ¢;0, so that a*
and ¢ have the same effect on ¢,. But, by (4.3), the ¢,’s generate a
basic submodule B of H. Since B is dense in H, it follows immedia-
tely that a* = ¢, as required.

STRUCTURE THEOREM 5.5. The following properties of a divisible
torsion R-module G and a reduced complete torsion-free R-module H
are equivalent:

(1) E(G) = E(H)

(2) H=Hom;(K/R, G)

(3) G=Z=K/IR®@xH

(4) Glpl = H/pH

(5) V(&) = V(H)

(6) r(G)=rH).

Proof. By (5.2) there exists a divisible torsion R-module G, such
that H = H, = Hom, (K/R, G)). Then, using (5.1), »(G) = r(H,) =
r(H). Also E(G,) = E(H,) = E(H), by (6.4), and V(G,) = V(H,) = V(H),
by (5.3).

Now, if (1) is true, then E(G, = E(G). By (3.11), this implies
that »(G) = r(G). Thus »(G) = r(H), so that (6) is a consequence of
@).

Suppose 7(G) = r(H). We know that Hom, (K/R, G) has the same
rank as G. Since, by (4.4), H is determined up to isomorphism by
its rank, (2) follows from (6).

If H= H,=Hom, (K/R, G), then clearly V(H,) is isomorphic with
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V(H), and combining this isomorphism with the natural isomorphism
between V(G) and V(H,) of (5.3) yields an isomorphism of V(G) onto
V(H), so that (5) is a consequence of (2).

If V(G) is isomorphic with V(H), then V(G) = V(G,). Hence, by
(8.11), E(G) = E(G,). Consequently E(G) = E(H). Thus (5) implies (1).

The equivalence of (4) and (6) is clear from our definition of 7(G),
r(H) resp. And (3) has only been included for the sake of complete-
ness. This finishes the proof.

We can now obtain more information about a reduced complete
torsion-free R-module H and its R-endomorphism ring by dualizing
the results of § 3. We demonstrate the dualization of (3.9) and (8.10)
which yields a characterization of the Jacobson radical J(E(H)) of
FE(H). Let /(pH) denote the set of all R-endomorphisms of H which
map H into pH.

THEOREM 5.6. There exists a nonzero-divisor » in FK(H) such that
J(E(H)) = A(pH) = pE(H) = E(H)p. And E(H)/J(E(H)) is isomor-
phic with the R/pR-endomorphism ring of H/pH. Moreover, E(H) is
Hausdorff and complete in its J-adic topology.

Preof. (5.2) implies the existence of a divisible torsion R-module
G such that H= H, = Hom, (K/R, G). By (5.4), there exists a natural
isomorphism , of E(G) onto K(H,). Hence (3.9) implies J(E(H))) =
P(G[p])* = p*E(H) = E(H)p*. We claim that P(G[p])* = 4 (pH,).
This is true because the following properties of & ¢ E(G) are equivalent:

a e P(G[p]); Glpla = 0; (K/R[p])Ha* = 0; Ha* C pH,; a* € A(pH,) .

Here we have applied (3.1) (4), which yields (K/R[p])H, = G[p], and
also (3.3).

Now let @ be an isomorphism between H, and H. Then g induces
an isomorphism B’ between FK(H,) and E(H), defined by ¢85 = 87'¢5.
It follows from (4.5) that (pH))8 = pH. Therefore the following pro-
perties of the R-endomorphism ¢ of H are equivalent:

¢ €A (pH); Ho C pH,; H(¢p") < pH; 95 € 4 (pH) .
Thus [4(pH)]G" = A(pH). Hence
J(E(H)) = [J(E(H))]B" = [4(pH)]B = 4 (pH)
= (p*R)E(H) = E(H)(p*B') -

Now we change notation from p*g’ to p and have the desired char-

acterization of J(E(H)).
Finally we observe that the constructed isomorphism *g&’ between
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E(G) and E(H) induces an isomorphism between E(G)/J(E(G)) and
E(H)/J(E(H)) and also, by (5.5), implies the existence of an isomor-
phism between G[p] and H/pH. Therefore, applying (3.5) and (3.9),
we obtain

E(H)/J(E(H)) = E(G)J(E(G)) = E(G[p]) = E(H/pH) ,

as required. The remainder is immediate from (3.10).

We conclude this section with the following remark. In (5.6) we
have defined pe E(H) to be the image of pe E(G) under an isomor-
phism between E(G) and E(H). Since pe E(G) in general cannot be
defined in a natural way, the same is true for pe E(H). There is
no way to avoid this if we allow R to be noncommutative. Of course
we can introduce p € E(H) directly (just as it is possible to prove (5.6)
directly). This would go as follows. We choose a fix basic submodule
B =@;.;B; of H with each B, == R*. Let e R. By (2.5), there
exists for each 7€l a group automorphism o;(A) of B,; satisfying
(rb;)i* = r°iPps¥ for all re R and b;e B;. This defines a group
automorphism o(\) of B itself with (rb)*? = r*?b°? if we let o(\) =
o;(A) on B;. Then we extend ¢(\) to a unique group automorphism
of H satisfying (rh)°® = r*®p°*».  And now we can define an R-endo-
morphism A of H by AN = MNP for all he H. It is clear, however,
that e E(H) not only depends on the decomposition of B into the
direct sum of the B,’s, but also on the choice of the isomorphisms
between the B,’s and R*.

6. A Galois theory. A right (left) annihilator of a ring £ is
the totality of elements in E which annihilate a certain subset of E
from the right (left). The intersection of any set of right (left) an-
nihilators is again a right (left) annihilator. Therefore the set of all
right (left) annihilators of E forms a lattice. In this section we will
relate the lattice of direct summands of a reduced complete torsion-
free R-module H to the lattice of the left (right) annihilators of its
R-endomorphism ring E(H). We closely follow methods by Bear in
[2], where a Galois correspondence was developed between the sub-
spaces of a vector space and the annihilators of its eandomorphism
ring. See also Wolfson [16].

Let M be an R-module and E(M) its R-endomorphism ring. Let
E denote any subring of E(M). To each submodule S of M we as-
sociate two ideals of K, the right ideal P(S) = {@¢e E|Sa = 0} and
the left ideal A(S) = {ge E|Mp < S}. If T is a subset of E, then
K(T) denotes the kernel of T, i.e., the totality of elements 2 in M
such that 7= 0. And R(T) denotes the totality of & in E such
that Ta = 0. Similarly, L(T) is the left annihilator of T.
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The proof of the following lemma may be found in Bear [2],
Chapter V. 2 or in Wolfson [16], § 2.

LEMMA 6.1. Let M be an R-meodule and E any subring of E(M).

(1) AK(T)] = L(T) for every subset T of E.

(2) P(MT) = R(T) for every subset T of E.

(8) P(S) = R[4(S)] for every submodule S of M satisfying
MAS) = S.

(4) A(S) = L[P(S)] for every submodule S of M satisfying
K[P(S)] = S.

In what follows, H always is a reduced complete torsion-free R-
module. We denote by E,(H) the set of all R-endomorphisms « of
H such that Ha has finite rank. We shall simply call them finite
R-endomorphisms of H. Clearly E,(H) is a two-sided ideal in E{H).
Many of the properties of E(H) are already enjoyed by the subrings
between E,(H) and E(H). In fact, one can say that E(H) determines
the behavior of the entire ring E(H).

LEMMA 6.2. Let E be a subring of E(H) containing E(H). Then
HAS) = S = K[P(S)] holds for every direct summand S of H.

Proof. Let H=S@ Q. Since HAS) < S follows from the
definition of 4(S), it is only necessary to show that S < HA(S).
Write S = S, @ S, with »(S,) = 1, and pick a generator & of S,. Then
for every se S there is an R-endomorphism «, in FE,(H) satisfying
xa, =s and (S, + Qa, =0. Now Ha, = Rs < S, and hence «a, ¢ A(S).
Also se Ha, < HA(S), and therefore S < HA(S). Thus HA(S) = S.

Now we show K[P(S)] =S. Clearly S c K[P(S)]. Suppose he S.
Then 2 =s+ g with seS and 0 ¢e Q. Certainly we can find a
finite R-endomorphism ¢ of H satisfying S¢ = 0 but ¢¢ = 0. Hence
0 # ho € hP(S), which implies ~e K[P(S)], so that K[P(S)] < S, com-
pleting the proof.

LEMMA 6.3. If ac E(H), then K(a) is o direct summand of H.

Proof. Suppose that y € K(«) is a multiple of p* in H, say y =
p"h. Then 0 = ya = (p"h)a = p"(ha), so that he = 0 by the torsion-
freeness of H. Thus y is already a multiple of p” in K(a). Hence
K(a) is a pure submodule of H. Moreover, we claim that it is com-
plete. Let (z;) be a Cauchy sequence in K(«). Then (x;) has a limit
¢ in H. For any given integer n > 0, we have that for large 7, v — x;
lies in p"H. Since p"H is a fully invariant submodule of H, this
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implies xae N, »"H = 0. Hence z is already the desired limit in K(«)
of the sequence (x;). Therefore, by (4.6), K(«) is a direct summand
of H.

LEMMA 6.4. Let E be a subring of E(H) which contains E(H).

(1) If A is a right annihilator, then K(A) is a direct summand
of H and A = P[K(4)].

(2) If Q 1is a left annihilator, then HQ 1s a direct summand
of H and @ = A(HQ).

Proof. Let A be a right annihilator, so that A = R(T) for some
subset T of E. Then R(T) = P(HT), by (6.1). Let D be the smallest
direct summand of H containing HT. Then it follows from (6.3) that
P(HT) = P(D). Now K(A) = K[P(HT)] = K[P(D)] = D, by (6.2).
Hence A = P[K(A)].

If @ is a left annihilator, then @ = L(S) for some subset S of
E. But L(S) = A[K(S)], by (6.1). The intersection of any number
of direct summands of H is a direct summand of H. Since K(S) =
Nses K(B), we obtain from (6.3) that K(S) is a direct summand of
H. Therefore, by (6.2), HQ = HA[K(S)] = K(S). This completes
the proof.

We can now proceed as in Baer [2] and Wolfson [16] to obtain
the following fundamental result.

THEOREM 6.5. Let E be a subring of E(H) containing all finite
R-endomorphisms of H.

(1) The mappings S— P(S) and A— K(A) are reciprocal lattice
anti-isomorphisms between the lattice of all direct summands S of H
and the lattice of all right annihilators A of E.

(2) The mappings S— A(S) and Q@ — HQ are reciprocal lattice
isomorphisms between the lattice of all direct summands S of H and
the lattice of all left annihilators @ of E.

It is well-known (Baer [2], Proposition 3, p. 179) that in the
endomorphism ring of a vector space over a field the sum of two left
(right) annihilators is again a left (right) annihilator. This is no
longer true for E(H). Suppose H has rank two, say H = {x} P {y}.
Then L, = A({x}) and L, = A({x + py}) are left annihilators (with in-
tersection zero), but their sum L, + L, = A({z} S {py}) is not. There-
fore in general, the smallest left (right) annihilator containing two
given left (right) annihilators of E(H) will be larger than the sum
of the two.
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THEOREM 6.6. Suppose that L, and L, are left annihilators in
E(H) with LiNL,=0. If (L,+ L,)NpE(H) = p(L, + L,), then L, +
L, is a left annihilator.

Proof. It is an immediate consequence of (6.5) that there exist
direct summands S, and S, of H with L, = 4(S) and L, = A(S,)
and S,NS,=0. We wish to show that S, + S, is a direct summand
of H and that L, + L, = A(S, + S,). Let p"x =s, +s,€ S, + S, with
x¢ pH. Then H = {x}@ M for a suitable submodule M. Let o be
the projection of H onto {x} along M. There exist «; € L; with 2a; = s;.
Let B be an R-endomorphism of H with 28 = p"2. Then ¢80 = o(a, +
a)eL, + L, Also ogoe A(p"H). By (5.6), there exists ¢ in E(H)
such that ogc = pgo. Since, by hypothesis, L, + L, is “pure” in
E(H), it follows that g¢oe L, + L, C A(S, + S,). Now write zp =
pre + py with ye M are re R. Let y¢o = tx and 2¢0 = sz with
s,te BR. Then

P = ¥R = XPgo = Prago + pygo = prsv + pte = p(rs + ),

so that rs + ¢t = p"'. Therefore ¢t and s cannot both be contained in
p"R. Since tx and sx are both contained in S, + S,, we conclude that
p'xe S, + S,. By induction, x itself is an element of S, + S,. There-
fore S, + S, is pure in H.

Next, let (z;) be a Cauchy sequence in S, + S, whose limit in H
is z. Write z;, = s;, + s;; with s;,€ S, and s;;€ S;,. Then the purity of
S, + S, together with S, N S, = 0 imply that (s;) and (s;;) are Cauchy
sequences in S,, S, resp. Since S, and S, are both complete, they have
limits 2z, and z, in S,, S, resp. Then of course we must have z = z, +
z,€ S, + S;, which shows that S, + S, is complete. Thus S, + S, is a
direct summand of H, so that A(S, + S,) is a left annihilator in E(H),
by (6.5). If ¢ is any element in A(S, + S,) and & any element in H,
then k¢ is an element in the direct sum S, @ S,. Hence there exist
uniquely determined elements 4, and A, in S, and S, resp. such that
ho¢ = h, + h,. Define ¢, by h¢; = h;. Then ¢, A(S;,) and ¢ = ¢, + ..
Hence L, + L, = A(S, + S,).

7. The finite endomorphisms. Throughout this section we
assume that H is a reduced complete torsion-free R-module. We
have called an R-endomorphism « of H finite if the submodule Ha
of H has finite rank. The main purpose of this section is to charac-
terize the ideal E(H) of all finite R-endomorphisms of H inside the
ring E(H). We require four lemmas.

We shall term an ideal of a ring E nonradical, if it is not con-
tained in the Jacobson radical J(E) of E. And by a minimal non-
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radical left (right) ideal of E we mean a left (right) ideal L which
is nonradical and has the property that every proper subideal of L is
contained in J(&).

LEmMMA 7.1. Let E be a ring with Jacobson radical J(E). Suppose
that E contains a mon-zero-divisor p such that J(E) = pE = Ep and
N.2"E = 0. Then every minimal nonradical right (left) ideal of E
is a principal ideal generated by an idempotent.

Proof. We shall only prove the statement for right ideals since
the left ideal case is similar.

Let K be a minimal nonradical right ideal of £. If k*e J(E) for
all ke K, then [K + J(E)]/J(E) would be nil and consequently K C
J(F). Therefore we can find an element % in K such that k*¢ J(X).
The minimality of K implies K = kK = K E.

Now suppose that for some e E we have ape K. We shall show
that this implies « € K. We can write ap = k*g for a suitable ge E.
Suppose that kg ¢ J(E). Then kQE = K, by the minimality of K.
Therefore there exists a v e £ such that k@y = k. Hence k> = k*8y =
apy e J(E). But this would contradict our choice of k. If follows that
kBeJ(E). Thus we can find an element ¢ in £ such that k8 = ¢p.
Now ap = k*8 = k(¢p) = (k¢)p, so that (o — k¢)p = 0. Since p is not
a zero-divisor, we must have « = k¢, which implies that aec K. It
now follows from the hypothesis ), »"E = 0 that every nonzero ele-
ment of K has a unique representation of the form xp" with n = 0
and € K but z¢ J(&).

Next let us consider S = R(k) N K, the set of all elements in K
which annihilate % from the right. Suppose S # 0. Let s be a non-
zero element of S. We can write s = s'p™ with m = 0 and s’¢ K but
s’e¢ J(E). Then ’E = K. Now pick oce E with s’c = k and write
p™0’ = op™. Then

0 = 00’ = (ks)o' = ks'p™o’ = ks'op™ = k*p™ ,

which yields £* = 0, since p is not a zero-divisor. This contradicts
again our choice of k. Hence S = 0.

Finally, we observe that kK = K. Therefore we can find a non-
zero element ee K such that ke = k. Then ¢ — e¢cS. Thus the
element e is the desired idempotent in K. We now have K = ¢F
since K is minimal nonradical and e¢ J(E). The proof is complete.

A nonzero idempotent of a ring is called minimal if it cannot be
written as the sum of two orthogonal idempotents. Obviously, the
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minimal idempotents of E(H) are just the projections of H onto direct
summands of rank one. Thus, if ¢ is a minimal idempotent in K(H),
then there is a ring isomorphism e¢FK(H)e = R.

LEMMA 7.2. The following propertics of a left [right] ideal X of
E(H) are eguivalent:

(1) There exists a direct summand F of rarnk [co-rank] one in
H such that X = A(F) [X = P{F)].

(2) X is a principal left [right] ideal generated by a minimal
wdempotent.

(38) X is a minimal left [right] annihilator.

(4) X is a minimal nonradical left [right] ideal.

Proof. The equivalence of (1), {2) and (3) is an immediate con-
sequence of (6.5). We complete the proof by showing that (2) and
(4) are equivalent. Let X be a principal left [right] ideal of the
form E(H)e[eE(H)], with ¢ a minimal idempotent of E(H). Let Y
be a left [right] ideal of E(H) which is properly contained in X.
Then e¢ Y*®. Furthermore, Y* = YeYe[eYeY]. Therefore eYe +
eE(H)e. But eF(H)e= R. Hence eYe C J{eYe) = eYeN J(E(H)).
This implies Y* < J{Z(H)), whence Y < J(&(H)), since E{(H)/J(E{H))
has no nonzero nilpotent ideals. Accordingly, X is minimal nonradical,
so that (4) is a consequence of (2). Finally, the implication (4) — (2)
follows from (7.1) and (5.6).

LemMmA 7.3. If Z, and Z, are nowradical two-sided ideals of E{(H),
then Z Z, is likewise nonradical.

Proof. 1f xe H and ¢ pH, and if yec H, then there exists an
R-endomorphism of H mapping « onto y. By (5.5), J(E(H)) = A(pH).
Therefore the hypothesis implies the existence of an element he H
such that he pH and hZ, = H. If Z Z, C A(pH), then HZ, = hZ.Z, —
pH. Hence Z, C A{pH), which is a contradiction.

LemmA 7.4. J(E(H)) = pE(H) = E(H)p, and E(H)/J(E(H)) is
isomorphic with E(H/pH), the ring of all finite R/pR-endomerphisms
of H/pH.

Proof. Let ape E(H). Then, by (6.3), H= H & K(ap) with
r(H)) finite. But 0 = K(ap)ap = [K(ap)a]p implies that K(ap) = K(«),
since K(p) = 0 follows from (6.3) and the fact that p is not a zero-
divisor in E(H). Hence Ha = H,a, hence r{Ha) is finite. Thus ae
E(H).

Next, if ¢ is any element of E(H), then by (5.6) there exists an
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element ¢’ in F(H) such that pp = ¢’p. Since p is not a zero-divisor
in E(H), the mapping ¢ — ¢’ constitutes an automorphism of E(H).
As a consequence of the following theorem, E,(H) is automorphism
invariant. Therefore, if pa € E(H), then a’p € E(H), hence & € E(H),
hence a ¢ E(H).

Since E,(H) is an ideal, we now obtain from (5.6) that J(E,(H)) =
E(H) N J(E(H)) = pE(H) = E(H)p.

To prove the statement about E,(H)/J(E,(H)), note that pH is a
fully invariant submodule of H. Therefore every a < E(H) induces
a finite R/pR-endomorphism «* in H/pH. The map o — a* is a ring
homomorphism from E,(H) into E,(H/pH) with kernel

A(pH) N E(H) = J(E(H)) -

We claim that it is an epimorphism. So let ¢e E(H/pH), and let
7, 0 be the natural maps H— H/pH, R— R/pR resp. We may pick
a R/pR-basis (z;),1€l, for H/pH such that z;9 = 0 for almost all
1€ l. Next, we choose elements y;, 7¢I, in H such that v,y = z,.
Then, by (4.1), the submodule B of H, generated by the ¥,’s, is a
basic submodule of H. And we can write ;¢ = >, (r;2;) with
r;€ R/pR and »; = 0 for almost all 5. Then choose elements s;; in
R such that s;;0 = r; and s;; = 0 if r;; = 0. Finally, define y,8 =
>ier(8:;y;). Then g is a finite R-endomorphism of B, and by (4.2),
it can be extended to a unique R-endomorphism v of H. Since By
is a basic submodule of Hy, we have (Bv)/pBy = (HY)/pHY, so that
r{Hv) must be finite. Consequently ve E(H), and by construction
we have v* = 4. Thus a—a* is onto. Hence FE,(H)/J(E,(H)) =
E(H/pH), as required.

We are now ready for the characterization of E{H).

THEOREM 7.5. E\(H) is both, the sum of all minimal nonradical
right ideals and the sum of all minimal nonradical left ideals of E(H).
Considered as o ring, E,(H) is stmple modulo its Jacobson radical.
Moreover, E(H) is contained in every mnonradical two-sided ideal of
E(H).

Proof. If a is a finite E-endomorphism of H, then by (6.3) we
can find a submodule F' of finite rank such that H = F'& K{(«). Since
F is free, the first assertion of the theorem follows from (7.2).

It is well-known (Jacobson [6], Structure Theorem, p. 75) that
the finite endomorphisms of a vector space over a field form a simple
ring. Therefore (7.4) implies that FE(H)/J(E,(H)) is simple.

Finally, let Z be a nonradical two-sided ideal of X(H). Then
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ZE(H) is nonradical too, by (7.3). Hence E(H) = ZE,(H) c Z. This
completes the proof.

The following result shows among other things how we can re-
capture the R-module H from its R-endomorphism ring E(H).

THEOREM 7.6. Suppose that M = eE(H) is a minimal nonradical
right ideal of E(H) [e is a minimal idempotent of E(H)]. Let R and
eE(H)e be endowed with their J-adic topologies. Then there is a
topological isomorphism B of the R-module H upon the eE(H)e-module
M which satisfies (HL)? = M N L for every left ideal L of E(H).

Proof. We have H = He @ K(e), where He = Rx has rank one.
To every element e R there is one and only one R-endomorphism
78 = erfe of H with the property zr? = rx and K(e)r* = 0. And to
every element /€ H there exists one and only one R-endomorphism
h? = eh? of H with the properties ®h® = h and K(e)h? = 0. It is easy
to check that g effects a topological module isomorphism between the
R-module H and the eFE(H)e-module M.

Let L be a left ideal of E(H) and be HL. Then b = yn with
ye H and ne L. There exists an « in M such that za = y. Since
M is a right and L a left ideal, we have axe M N L. It follows that
b = (Yn)? = (xan)? = an, so that (HL)* < M N L. Conversely, pick
eeMNL. Then ¢ = (x¢)? € {HL)?, which implies that M N L < (HL)*.
Thus (HL)* = M N L.

COROLLARY 7.7. If L s a left ideal of E(H), then HL 1is a sub-
module of H.

We conclude this section with an important property of the finite
endomorphisms of H.

THEOREM 7.8. Let L bz a left ideal of E(H) which is closed in the
J-adic topology of E{H) and satisfies LN pE{H)=pL. Then R(L)=0
if and only if L contains E,{H).

Proof. HL is a submodule of H, by (7.7). We claim that it is
pure. Let he H and phe HL., so that ph = A with A e L. Choose
a decomposition H = {a} P F of H and let & be the projection of H
onto {x} along #. If e H(H) is such that ax¢ = A/, then amgr = ph
and zwgnenR(H)N L. We derive from (5.6) Jor from (7.6)] that
won € pH(H). Hence won € pl, say, mén = pa with ¢ e L. Now ph =
xpa = pa’a for suitable 2’ € H, which implies that » = v’a ¢ HL. This
shows that HL is a pure submodule of H.
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Moreover, HL is complete. To see that, let (x;) be a Cauchy
sequence in HL, say, «; = y;\; with v;e L. Now wE(H) is a minimal
nonradical right ideal of E(H), and there exist B; e wE(H) such that
xB; = y;» Then z(B\;) = x; and ;e wE(H) N L. Now (7.6) shows.
that (8;\;) is a Cauchy sequence in the wFE(H)z-module wF(H). But
JIrE(H)r] = nE(H)r N J(E(H)). Therefore (8;\;) is Cauchy in E(H).
Since B\; € L, and since L is closed in the J-adic topology of E(H),
this sequence has a limit » in L. Evidently then (z;) converges to
2\ in HL. Thus HL is a pure complete submodule of H, and as
such it is a direct summand, by (4.6).

Suppose that R(L) = 0. By (6.1), R(L) = P(HL). Hence P(HL) = 0.
But this implies that HL = H, since HL is a direct summand. If
now M is any minimal nonradical right ideal of E(H), then, by (7.6),
M = Hé = (HL)) = M NL. Accordingly, every minimal nonradical
right ideal of E(H) is contained in L, so that E,(H) < L follows from
(7.5). Conversely, if E(H) < L, then clearly HL = H. Applying
(6.1), we see that 0 = P(H) = P(HL) = R(L), as was to be proved.

8. The idempotents. In this section we establish the very
useful fact that the R-endomorphism ring of a reduced complete tor-
sion-free R-module H is generated by its idempotents. For the proof
we shall need the following argument. If }{, is any cardinal number
smaller than or equal to r(H), then there exists a decomposition H =
H, P H, of Hwith r(H,) = .. To see that, choose a basic submodule
B of H. Then »(H) = »(B), and certainly we can decompose B into
a direct sum B, P B, with »(B,) = W.. If H, and H, denote the p-adic
completions of B, and B, resp., then H = H, @ H, and r(H,) = »(B).

LEmMMA 8.1. Suppose that H= M& N with r(N)=r{M) = 1.
Let ¢pc E(H) satisfy No = 0. Then ¢ belongs to the subring of E{H)
generated by ail idempotents of E(H).

Proof. Let m be the projection of H onto M along N. Because
of »(N)=»(M), we can write N= N'P N” with »(N') = r(M). Let
o be an isomorphism between } and N'’. Then there exist R-endo-
morphisms «, 8 and v of H, defined as follows:

a=0 on M a=1 on N’ a=0on N”

B =1 on M B =0""¢mr on N’ B=0on N”
v=9¢(1 —7m) on M v=1 on N’ v=1on N".
Then o* = a, 8 = G and +* = ~v. Finally, let ¢ = mapg and o = wv.

Then for all xe M,
2T = TR = A = TOR = TOCT'YT = TGT
20 = awy = ¢y = x¢(1 — 7)
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and
Nt = (Nm)ap = 0 = Ng = Ngn
Np = (Nrn)y = 0= Ng = Np(1 — 7).

Hence 7 = ¢7 and p = ¢(1 — 7), and therefore ¢ = ¢ + p. This com-
pletes the proof of the lemma, since 7 and o are generated by the
idempotents «, a, 8 and .

THEOREM 8.2. The ring E(H) is generated by its idempotents if
and only if the rank of H is at least two.

Proof. If r(H) =1, then E(H) = R; and the only idempotents
of R are 0 and 1 which clearly do not generate R as a ring (since
we are assuming throughout this paper that R is not a field).

Let »(H) = 2. If r(H) is infinite, then we break up H = H, P H,
with »(H,) = r{H,). For every g in E(H) we have g =¢8 + (1 — ¢)5,
where ¢ is the projection of H onto H, along H,. Applying (8.1}, we
see that ¢B as well as (1 — ¢)8 are generated by idempotents in F{H).

If »(H) is finite and even, then again we only have to write H =
H, & H, with »(H),) = r(H,) and apply the lemma. Suppose finally that
r{H) = 2n + 1 with n = 1. Then H= M@ N with »(N) =1. If w
denotes the projection of H onto M along N, then for each ae F(H)
we may write

a=wa+ 1 —wa=wrw + wal —w) + 1 — wa .

Then (8.1) tells us that (1 — wja is generated by idempotents. The
same is true for waw, since it is an R-endomorphism of the module
Hw = M, whose rank is even. Therefore we only must show that
wa(l — w) is generated by idempotents. This, however, follows from
wa{l—w) = [w + wa(l — w)] — w, where w and w + wa(l — w) are
both idempotent. This completes the proof.

9. The characterization theorem. In this last section we shall
characterize the R-endomorphism rings of the divisible torsion R-
modules and the reduced complete torsion-free R-modules. First, a
preparatory lemma which generalizes a well-known fact for semi-
simple rings.

LEMMA 9.1. Lot E be a ring and 0% ¢ = e*c K. Then the fol-
lowing three statements are equivalent:

(1) eE is a minimal nonradical right ideal

(2) ekel/J(eKe) is a field

(3) Ee is a minimal nonradical left ideal.

Proof. Assume that ¢k is minimal nonradical. Let «a¢ceFe, but
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a¢ J(eke). Then ag¢J(E), since J(eke) = eEenN J(E). But acek.
Hence aeE = ¢E. Thus aeEe = eEe, which shows that eEe/J(eEe) is
without proper nonzero right ideals. It is well-known that this is
equivalent with (2). Conversely, assume the validity of (2). Let R
be a right ideal of £ which is properly contained in eE. Then Re =
¢Re is a proper right ideal of eEe because it doesn’t contain e. Hence
eRe C J(eEe), hence eRe C J(E), hence R* = e¢ReR C J(E), hence R C
J(E). This proves the equivalence of (1) and (2). By symmetry, (2)
and (3) are equivalent.

If a ring is without minimal nonradical right ideals, then we
define the sum of its minimal nonradical right ideals to be the zero
ideal.

MAIN THEOREM 9.2. Let E be a ring and E, the sum of its
minimal nonradical right ideals. Then the following three properties
are equivalent:

I. There exists one and essentially only one complete discrete
valuation ring S and one and essentially only one divisible torsion
S-module G such that E 1is isomorphic to the ring of all S-endomior-
phisms of G.

II. There exists one and essentially only one complete discrete
valuation ring R and one and essentially only one reduced complete
torsion-free R-module H such that E is isomorphic to the ring of all
R-endomorphisms of H.

III. (1) E is Hausdorf and complete in its J-adic topology.

(2) There exists a non-zero-divisor q in E such that J(E) =
qF = Eq.

(3) E, is not a zero ring and is contained in every non-
radical two-sided ideal of K.

(4) Let L be aleft ideal of E which is closed in the J-adic
topology of E and satisfies gE N L = qL. If R(L) = 0 then L contains
E,.

(5) If L, and L, are left annihilators in E whose inter-
section s zero, and 1f q& N (L, + L,) = q(L, + L,), then L, + L, is a
left annihilator.

(6) FE possesses an identity element.

Proof. The equivalence of I and II is a consequence of (5.5). It
remains to show that II and III are equivalent. Assume that EF =
E(H), where H is a reduced complete torsion-free R-module. Then
(1) and (2) of III follows from (5.6). Furthermore, (3) holds by virtue
of (7.5), and (4) is true by (7.8). Finally, (5) is satisfied by (6.6), and
clearly E(H) possesses an identity element. Hence II implies III.
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Assume now that (1)-(6) of III are valid. The proof, that this
implies the existence of one and essentially only one reduced complete
torsion-free R-module H such that E = E(H), will be given in ten
steps.

(a) Construction of the R-module H such that E is essentially
a subring of F(H). By (3), there exists a minimal nonradical right
ideal H in E. And from (1) and (7.1) it follows that there exists a
minimal idempotent ¢ in E such that H = ¢E. The right annihilator
R(H) of H is a two-sided ideal of E. Assume that 0 # ac R(H). It
is a consequence of (1) and (2) that for every element in E there is
a maximal power of ¢ dividing it. So let @ = Bg" with B¢ J(&).
Since ¢ is not a zero-divisor, we must have ge R(H) so that R(H) &
J(E). Then E, ¢ R(H), by (38). This implies H* ¢ HE, = 0, which
contradicts H* = H. Hence R(H) =0, and H is a faithful right E-
module. The centralizer of H = ¢ is the ring R = eFEe (Jacobson
[6], Proposition 3, p. 51). We may therefore identify E with a sub-
ring of the R-endomorphism ring F(H) of the left R-module H.

(b) If » is a positive integer then I, = {¢e E|Hp C J(E)"} =
J(E)Y" = q"E = Eq*. The I,’s are two-sided ideals in E. From (2) it
is clear that J(E)" = ¢"E = Eq". And obviously J(E)" c I,. We prove
the opposite inclusion by induction on n. If I, ¢ J(E) then E, C I,
by (3). However, this would imply H = H* ¢ HE, c J(E), contra-
dicting the choice of the ideal H as a nonradical one. Hence I, C J(&).
Next, assume that I, < J(E)* and let ¢ce I,.,. Then, since I,,, C I,
we can write ¢ = ¢'q". If he H, then hc'q® = heeq"*E. Thus ¢’ €1,
since ¢ is not a zero-divisor. Therefore ¢ e ¢"*'E. Consequently I,., C
J(E)™+.

(¢) There exists a non-zero-divisor p in the ring eFEe such that
e N J(E) = preE, EenNJ(E)" = Fep™ and eFeN J(E)" = p"eFe = eFep
for every positive integer n. Suppose that eJ(E)e C J(E)*. Then it
follows from (b) that gee J(E)* = ¢*E. But then eeJ(E), since q is
not a zero-divisor. The Jacobson radical of a ring, however, doesn’t
contain nonzero idempotents. Hence eJ(E)e ¢ J(E)*. Now pick any
a in E such that p = eage¢ J(E)* and write qe = ¢'q. Note that e’
is an idempotent. Then @ = eae’ ¢ J(E). Therefore QE = ¢K since
eE is minimal nonradical. If edg is arbitrary in eE N J(E), then
there exists fe £ with gf = ed. Write fq = qf’. Then

edq = Bfq = Bqf' = eae'qf’ = eagqef’ = pf’ = pef’ .

Thus eE N J(E) is a principal right ideal in E generated by p. We
know from (9.1) that FEe¢ is a minimal nonradical left ideal in E.
Therefore, by symmetry, Fe J(E) is a principal left ideal generated
by ». An easy induction argument now asserts that the first two
wanted equations hold for all n. Then the validity of the third one
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is established by

preEe = pell N Ee = [eE N J(E)"] N Ee = ¢Ee N J(E)"
= [FEenN J(E)"| N ek = Eep™ N eE = elep™ .

Next, we claim that neither in ¢EF nor in Ee is p a zero-divisor.
Suppose ¢p = 0 for ¢ € Fe. Then ¢B89 = 0 implies that ¢35 = 0, hence
geF = 0 since RE = e¢E. Thus ¢ E(1 — ¢) N Ke = 0, whence ¢ = 0.
By symmetry, also pp = 0 with ¢ c ¢E implies ¢ = 0.

(d) J(eEe)" = eEen J(E)". Since J(eke) = eFen J(E) is true in
any ring it follows from (c) that J(eEe) = peEe = eEep. Hence
J(eEe)* = peFe which in turn equals eFen J(E)" = p¢Fe which in
turn equals e¢eFen J(E)", by (c).

() R = e¢FEe is a complete discrete valuation ring. First, we
have that R/J(R) is a field, by (9.1). Secondly, we know from (c)
that J(R) = pR = Rp, with p a non-zero-divisor in R. Of course p
is not nilpotent. Moreover, if {«;} is a Cauchy sequence in the J-adic
topology of E which is contained in eFe, then lim a; = lim (ea;e) =
e(lima;)ec elle. Hence eEe is a closed subspace of £. Therefore the
fact that R is Hausdorf and complete in its J-adic topology is an
immediate consequence of (1), if we just observe that, by (d), the
J-adic topology on R is the same as its relative topology induced by
the J-adic topology of F.

(f) H=¢F is a reduced complete torsion-free R-module. H is
torsion-free since we know from (c) that p is not a zero-divisor. And
H is reduced because N, »"H CcN.q"E = 0. Now endow H with its
p-adic topology by taking the submodules p°H for ¢ = 0 as a neigh-
borhood basis at zero. Then it follows from (c) that this topology
coincides with the relative topology on H induced by the J-adic
topology of E. Since ¢F is a closed subspace of E, we conclude that
H is complete in its p-adic topology.

Recall that we have identified F with a subring of E{H). In
the following we shall use the operators 4 and P as defined in §6.

(g) HA(S) = S for every submodule S of H. Clearly HA{(S) < S.
Conversely, let seS. We have s=c¢s and H = eFe@eE(l — ¢).
Therefore

Hs = Hes = eEes + e¢F(1 — e¢)es = eFles = Rs C S

In other words: s is the image of ¢ in H under the R-endomorphism
s of H which belongs to 4(S). Accordingly S < HA(S).

(hy E(H)c E. It is enough to show that % contains all R-
endomorphisms ¢ of H with r(Hg) = 1, because every E-endomorphism
in E(H) is a sum of those. If »(Hg) = 1, then by (6.3) we may
write H = {h} @B K(¢). Hence to prove E(H) C E, we must show
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that to each decomposition H = {h} @ H' and each y e H there exists
an R-endomorphism in £ which maps % onto y and annihilates H’.
Congider the left ideal L = A(H') of E. We claim that L is closed
in the J-adic topology of E and satisfies ¢& N L = qL. To this end,
let (¢;) be a Cauchy sequence in L. This sequence has a limit « in £,
since E is complete. It follows from (b), (¢) and (d) that A(p’H) =
J(E)* for every positive integer 4. Therefore, for each xe H, the
sequence (z«;) is Cauchy in the p-adic topology of H and converges
to xx. But each ze; belongs to H’, and H’ is a direct summand of
H. Consequently xac H' for each x ¢ H, or equivalently, a« e L. Thus
L is closed. To prove the purity of L, note first that pH = Hq. If
now g¢ e L, then Hqp = (pH)o < pH N H' = pH’. This implies that
H¢o © H' because H is torsion-free. Hence ¢c L. In other words,
LNgE =qL. Assume next that R(L) = 0. Then L satisfies the
hypothesis of (4}, so that E, must be contained in L. But this would
mean in particular that H = HH ¢ HE, c HL c H’, contradicting the
fact that H' is a proper summand of H. Hence R(L) # 0. But by
() and (6.1) we have R(L) = P(H’). Since ¢ is not a zero-divisor and
. Fg = 0, this implies that P(H’) ¢ Eq. So pick « in P(H') with
a¢ Eq. Then ha¢ J(E), since otherwise because of H'aw = 0 and (b),
a would be divisible by ¢. Now haF is a right ideal of E, contained
in H but not in J(E). However, H is minimal nonradical. Hence
hall = H. Thus for every y € H we can find a g€ E such that (ha)g =
y, and so «@ is the desired R-endomorphism in E mapping & onto ¥
and annihilating H'.

(i) E = E(H). Since we just proved that E,(H) C E, we can
now apply the powerful Theorem 6.5. If the rank of H is one, then
already EH) = E(H). Hence without loss of generality we may
assume r{H) = 2. In order to show E = E(H) it is by virtue of (8.2)
only necessary to show that E contains all idempotent R-endomorphisms
of H. If ¢ is any idempotent of E{H), then we can write H = Ho P
K(o), where o is the identity on Ho and annihilates K(o). Hence we
have to prove that to each decomposition H = H, @ H, there exists an
R-endomorphism in E which fixes every element in H, and annihilates
H,. Consider the two left ideals L, = A(H,) and L, = A(H,). Clearly
L,NL,= 0, and {6.5) tells us that L, and L, are both left annihilators.
We wish to show ¢F N (L, + L,) = q(L, + L,). The purity of L, and
L, themselves is established as under (h). So let gae L, + L,, say,
qa = B, + B, with g;e L,. Pick any he H. Then hg; = h;c H; and

hy + h, = W(B, + B.) = hqac Hg = pH = pH, @ pH, .

Thus hB; e pH;, so that B;e L;N A(pH) = L; N J(E) = qL;. Conse-
quently B, + B,€q(L, + L,), which establishes the validity of ¢E N
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(L, + L,) = ¢(L, + L,). Hence L, + L, satisfies the hypothesis of (5)
and is therefore again a left annihilator. Under the lattice isomor-
phism of (6.5) this left annihilator must correspond to H, @ H, = H,
which means that L, @ L, = E. Since E possesses an identity element,
it follows that there exists an idempotent ¢ in E such that L, = Eo
and L, = E(1 — o). Now, using (g), we have H, = HA(H,) = HEo
and H, = HA(H,) = HE(1 — o). Hence ¢ is the identity on H, and
annihilates H,.

() Uniqueness. Suppose that « is a ring isomorphism between
E(H)) and E(H,), where H, is a reduced complete torsion-free R;-module
(=1, 2). We know from (7.6) that, if ¢, is any minimal idempotent
in E(H;), then the R;-module H; is isomorphic with the e¢,E(H,)e;-
module ¢,E(H;). Since « maps minimal idempotents onto minimal
idempotents, it follows that the R,-module H, is isomorphic with the
R,-module H,. This completes the proof.
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