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THE TRANSCENDENTAL RANK
OF A THEORY

ALISTAIR H. LACHLAN

Morley has associated with each countable complete theory
T an ordinal aτ < (2**°)+. It is shown that in fact aτ ^ coi
and that this bound is best possible.

We shall use the notation and terminology of Morley [1], where
aτ is defined to be the least ordinal a such that for all Ae N(T) and
all β > a, Sa(A) = Sβ(A). As in [1] T denotes a complete theory in
a countable language L, T has an infinite model, and there is a theory Σ
such that T=Σ*. If AeN(T) and peS(A), let r(p) = a if p is
transcendental in rank a and let r(p) be undefined otherwise. Also,
if AeN(T) and ψeF(A) define

ί - 1 if U+= 0
r(ψ, A) = ]

(sup{a I p e E/̂  &r(p) = α:} otherwise.

LEMMA. Le£ Ae N(T), ψe F(A), and r(ψ, A) = α. T/̂ ê  /or

/3 < α ίfeerβ e^ίsίs BeN(T), A g 5, απd g e S(B) swA ίfeαί r(g) = /?
e q.

Proof. Assume the hypothesis and for contradiction that no B and
q exist satisfying the conclusion. Then for every Be N(T), A S -B, we
have i J ^ I J ^ n 2V (̂B) = 0 . Thus for all such B, i^1(Uψ)ri(Sβ+1)(B)-
S?(B))=0- Suppose qreTr^ι{B) then for every CeN(T),B^
C, ίS^(g')nSθ+1(C) is a set of isolated points in Sβ+1(C). Thus, if
ψeg\ iβc'iQΊf^S^C) is a set of isolated points in Sβ(C) for all such
C, whence q'e Tr*(B). We conclude that i j ^ ί / ^ n Tr?+ι{B) = 0 for
all BeN(T),AQ B. By induction i2Jx(£/^) ΓΊ Trr(5) = 0 for all 7^/9.
This contradicts the hypothesis and completes the proof of the lemma.

From 2.3(b) and 2.4 of [1] it is possible to choose B in the con-
clusion of the lemma such that κ{B — A) = #0; we shall make use of
this fact below.

Before proceeding further we need some more definitions. A
language L1 is said to be a simple extension of a language Lo if it is
obtained by adjoining y$0 individual constants to Lo. For any language
U let F(U) denote the set of formulas of L' which have no free
variable other than v0. For each neω let Sn denote the set of all
sequences of O's and Γs of length <^n; the empty sequence 0 is
allowed. For se Sn and i <g 1, s*<V> denotes the member of Sn+i
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obtained by juxtaposing i to the right of s. A map ψ: Sn —• F(L) is
called admissible if either n = 0, or n > 0 and for each s e Sm, 0 ^ m < n
there exists φ e ^(L) such that α/r(s*<0» = α/r(s) &φ and ψ(
o/r(s) & —\<p. The main step in our proof is:

PROPOSITION. Let Ae N(T), ιc(A) ^ K<» a n d W G f t )

F(Ln) be an admissible map, where Ln is a simple extension of L(A),
such that for every a < ω1 there exists B%e N(T) with A C Bl and
L(Bl) = Ln such that for all se Sn r(ψn(s), Bl) ;> a. Then there exists
a language Ln+1, which is a simple extension of Ln and an admissible
map ψn+1: Sn+1 —> F(Ln+1) extending ψn such that for every a < ωι there
exists B%+ιe N(T) with A S B^+ι and L(B"+1) = Ln+1 such that for all
s e Sn+1, r(ψn+1(s), B:+ι) ^ a.

Proof. Form Ln+ι by adjoining a countable number of new
individual constants to Ln. Consider a fixed ordinal a < ωx. By 2n+1

applications of the lemma we can find Ca e N(T) with B%+2 S Ca and
L(Ca) = Ln+ί such that for each seSn — Sn^ there exist po(s), p^s) e
S(Ca) both containing ψn(s) such that r(po(s)) = a and rip^s)) = a + 1.
For each seSn — Sn^ choose φa(s)epQ(s) — p^s). Define ψa:Sn+1—+
F(Ln+ί) to be the extension of ψn such that for each se Sn — Sn-ί9

ψ°(s*<py) = ψn(s) &φa(s) and ^β(s*<0>) = φn(s) &-^φa(s). Letting ψn+1 -
ψa and Bl+ι = Ca the conclusion of the lemma holds for a. Perform
the construction of ψa for each a < ωl9 Since Ln+1 is countable the
set {ψa I α: < α̂ i} is countable. Hence there is a cofinal subset Γ of
ωι such that ^ r is independent of 7 for 7 6 Γ. Let ψn+1 be the
common value of ψr for 7 e Γ. For each α: < ωγ let 7 be the least
member of Γ such that a < 7 and define i?£+1 = C r. This completes
the proof of the proposition.

Let Sω denote the set of all finite sequences of 0's and l 's . A
sequence <X>i<ft) of members of Sω is called regular if s0 = 0 and for
all i < ω, si+1 is either s<*<0> or S;*<T>. Now let AeN(T) with
£(A) ^ V<o» and let p e S(A) with r(p) = ωx. Choose φ e F(A) such
that Uφ Π SωiA) = {p}. Let Lo be L(A) and define f0: So -> F(L0) by
ψo(0) — φ then ^o is admissible. Apply the proposition repeatedly to
form Ll9 L2, and ψu ψ2j . Let Lω = Un<ωLn and let ψ = limn < ω ψn

where ψ maps Sω into F(Lω). By the compactness theorem there
exists BeN(T) such that A Q B, κ(B) = #0, L{B) = Lω1 and such that
if (Siyi<ω is a regular sequence in Sω then {^(s^ | i < ω} S q for some
qeS(B). Let s e S ω then it is clear that the basic open set Uψ{s) of
£(£) has power 2N°. Also, since Λ:(S) = fc$0, for every a Sa+1(B) - Sa(B)
is countable. Thus Uψ{s) Π Sa(B) Φ 0 for all a < ω,. Since Sa(B) is
closed and decreasing with a, Uiris)f)Sωι(B) Φ 0 . It follows immedia-
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tely that tc( Uφ Π Sωί(B)) ^ y$0 where U'ψ denotes the basic open set of
S(B) determined by φ. From 2.3(b) of [1] ilB{Sω^{B)) = SωiA). Since
i*B(U£) = Uψ it follows that it^iv) = U;nSωiB). But this contradicts
r(p) — cύ1 because Uψ Π Sωι(B) having power ^ y$0 is not a set of isolated
points.

Since Tra{A) Φ 0 for some finite AeN(T) if for any AeN(T),
we have shown that Trωi(A) = 0 for every AeN(T). It follows
easily that Sβ(A) = Sωi(A) for every β > ω, and every AeN(T).
Thus <xΓ ̂  ωι and our main theorem is proved.

We shall now construct a theory T such that aτ = ω^1 In
Example III of § 2 of [1] Morley showed how to construct a theory
Tβ for any β < ωι such that αΓ = /3 + 1 and such that L(Tβ) =
{i?w I w < ω} where each Rn is a unary relation symbol. For β < coί

let A/? be a model of Γ .̂ Suppose without loss that the sets 1^1,
β < &>!, are pairwise disjoint and each disjoint from ω1# Now let A
be the relational system such that \A\ = ω1uys<ωi 1^1 and define rela-
tions i?4, RQ9 Rf, as follows: for all x, y e \ A \

RA(Xy y) <=> χeωι&,ye\Ax

and
Rί(y) -=- yxixe

If T is the theory of the system A then it is easy to see that aτ = ωγ.
In fact αΓ can have as its value any ordinal ^o)ι other than 0.

From the examples to be found above it is sufficient to treat the case
in which β is a limit ordinal <ω1. Let ζβnyn<ω be a strictly increasing
sequence with limit β. Let T* be the theory with the same language
as Tβ above such that if A is any model of Γ* and F, G are disjoint
finite subsets of ω then

Π{Rί\neF}nn{\A\ - Ri\neG}Φ 0 .

Choose axioms ψ0, ψu for T* which are all existential, this is easy
to do. For each n modify the theory Tβn to obtain a theory T'n whose
transcendental rank is βn + 1 and which has ψθ1 ψu , ψn_t amongst
its theorems. For each n < ω let An be a model of Tn. Suppose
that the sets \An\, n < ω, are pairwise disjoint and disjoint from ω.
Now let A be the relational system such that | A\ = ωU Û <ω I An\
with relations RΛ, R£, Rf, defined by

RA(%, y) * = * xeω&ye\Ax\
and

1 The referee informs me that similar examples have been found independently by
several people.



122 ALISTAIR H. LACHLAN

If T is the theory of the system A then it is easy to see that aτ = β.
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