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GENERALIZED HAUSDORFF-YOUNG INEQUALITIES
AND MIXED NORM SPACES

LYNN R. WILLIAMS

We generalize the Hausdorff-Young Theorem for a locally
compact connected group G by showing that if feLp(G), 1 <
p ^ 2, then the Fourier transform of / is in a mixed norm
space properly contained in Lpl (Γ), where Γ is the dual
group and 1/p 4- l/p'=l. In the last section we apply the
above theorem to obtain new results concerning sets of uni-
queness for functions in LP(G), and we give new sufficient
conditions which insure that the product of a continuous
function and a pseudomeasure is the zero distribution.

1* Introduction* The classical Hausdorff-Young Theorem states
that if / belongs to the Lebesgue space Lp (of the unit circle), 1 <
p ^ 2 and {fn} is its sequence of Fourier coefficients, then

(1.1) { Σ I/.I ') 1 " ' 2£ 11/11, where λ + 1 = 1 .
U=-~ J p pf

The companion dual result asserts that a sufficient condition for the
sequence {fn} to be the Fourier coefficients of a function in Lpr is

(1.2) { Σ I/. < oo .

In a recent paper [7] Kellogg applied a multiplier theorem of
Hedlund to obtain a significant improvement of these inequalities.
Precisely, he replaced (1.1) by

(1.3) { Σ ( Σ \f«\p')2lP'\ll2^Ap\\f\\p

and (1,2) by

(1.4) { Σ (Σ l/.l'M1/f< - ,
{k=—oo \ne Ik / J

where Ap is a constant depending only on p and the sets Ik are the
lacunary blocks defined by J, = {j e Z: 2k~ι ̂ j < 2k} if k > 0, Io = {0}
and Ik — — I_fc if k < 0. These inequalities rest ultimately upon an
extension of the Riesz-Thorin interpolation theorem and the following
result of Paley and Hardy and Littlewood [3]: A complex number
sequence {λJ has the property Σu=o λ%αw2

% e H2 whenever Σ^=o α%#% e
H1 if and only if
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(1.5) sup Σ \K\2 < °°

This suggests that the proper generalization of inequalities (1.3) and
(1.4) is to the setting in which the unit circle T is replaced by a
locally compact abelian (LGA) group G with ordered dual Γ-for the
notion of lacunary decomposition extends naturally to ordered groups.

In this paper we carry out this extension and give some applica-
tions of these generalized inequalities. Specifically, in §3 we streng-
then a theorem of Katznelson [6] and of Figa-Talamanca and Gaudry
[2] on sets of uniqueness in LV{G). We also give stronger sufficient
conditions than those found in Edwards [1] for the distribution fS
to be zero where S is a pseudomeasure and / is an element of C(T)
with absolutely convergent Fourier expansion.

I wish to acknowledge the work of J. H. Wells in extending
Kellogg's result to the real line and to express my appreciation for
his assistance in the preparation of this paper.

2* Main results* Let G be a compact connected abelian group
with dual Γ ordered by a set P of positive elements. For 1 g
p £ co define HP(G) to be the set of all feLp(G) such that f(j) = 0
for 7 0 P. (Here and subsequently / denotes the Fourier transform
of/.)

DEFINITION. A lacunary decomposition of P is a countable col-
lection £gr = {Di}T=i of subsets of P satisfying:
(1) Di Π D3 = φ if i Φ j , and
(2) for each i there exists an α< e P such that

Di = {a: (Xi < a <̂  2αJ .

Corresponding to such a decomposition & we define the mixed norm
space Ln^iP) to be the set of all fes°°(P) with support contained in
UΓ=i Di and \\f\\r,s,^< °° where

{Σ ( Σ

rap ( Σ J / W ) 1 ' ' , 1 ^ r < oo, s = - .

Also we define Lr>°°(P) to be the set of all fe/°°{P) such that
H/IU = supαeP (Σβeia \f(β)\Ύlr < °° where 1 rg r < oo and Ia = {/3G
P: a < β tί 2a). It is easy to verify that these spaces are Banach
spaces and the Banach conjugate of Lrf(P) is Lrjs' (P) if r, s < °o
where 1/r + 1/r' = 1/s + 1/s' = 1.

If r, s, u and v are real numbers in [1, co] then (Lrjs(P), LU^V{P)),
the multipliers from Lr

Lιs{P) into Lujv(P), is the set of all λe/°°(P)
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with the property that XfeLujv(P) whenever feLy(P). Each such
X determines a bounded linear operator from Lrjs (P) into Lfev (P)
whose norm will be called the multiplier norm of λ.

We record the following theorem from [7].

THEOREM 1. Let ίjp = 1/u — 1/r if r > u, p = oo if r ^ u and

let 1/q = 1/v - 1/s if s > v and q = oo if s ^ v. Then (Lrf (P),
Lujv(P)) = Lψ(P) and if XeLpjq(P), its multiplier norm is \\X\\p,r,&.

If A and B are subsets of LL(G), the multiplier space (A, B) is
the space of all measurable complex-valued functions λ on Γ such
that for every feA there exists geB with λ / = g. Hedlund [5, p.
54] shows that L2pl2-p>°°(P) c (H9(G), H\G)) for 1 ̂  p ^ 2. This follows
by showing that L2Sl2-p>°°(P) c (Hp(G)f H\G)) for any lacunary decom-
position 2f and that for feHp(G) and λeL*J/ 2-p '~(P), | |λ/ | | 2 ^ Kp

II/UP \\MUP/2-P,~;&' Here Kp is a constant independent of the decom-
position ϋ ^

THEOREM 2. If 2$ is a lacunary decomposition of P and
fe HP(G), 1 5g p <̂  2, then fe L%>2(P) and there exists a constant Ap

independent of 2$ and f so that | |/ | |p', 2;^ ^ Ap\\f\\p.

Proof. By Hedlund's result we have UPl2~p>~{P) c (H*(G), H2(G))
and

(2.1) l |λ/| | 2= \\Xf\U^^Kp\\f\\p\\X\\2Pl2^^

for feHp(G) and λ e L2£l2-p>°°(P), where Kp is a constant independent
of 3f. Then by Theorem 1

Hp(G) c (Lg' - ' -ίP), JΪ2(G)) = (L2J/2-^'-(P), L^OP)) - Lj/2(P) ,

and ll/llp',2,^ is the smallest number which satisfies (2.1) for all λ e
L23I2~P>~(P). The theorem now follows with Ap = ϋΓp.

The Riesz Projection Theorem allows us to extend this result to

THEOREM 3. For 1 < p ^ 2 ίfeere is α constant Ap such that if
is a lacunary decomposition of P and fe LP(G), then

{JΛs
where Dk = -XL* for k <0,D0 = φ.

We now state the main result-
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THEOREM 4. Let n be a positive integer and G a compact con-
nected abelian group with ordered dual Γ. If feLp(RnQ)G),
1 < P ^ 2, then

Σ (( -i Σrl/(ί,7)rώV'}1/2 £ Ap
\JJ@R J )

where Av is a constant, Jk = [2*"1, 2&] /or ft > 0, /0 — [ — 1, 1],
J* = -JL* for ft < 0.

Now by [8, p.40] any LCA connected group is of the form Rn

where G is compact and connected and n ^ 0. Hence the combina-
tion of Theorems 3 and 4 yields the desired extension of Kellogg's
result.

Proof of Theorem 4. We begin with a special version of Theorem
3. Consider the compact connected group Tn 0 G which has dual
Zn φ Γ. We introduce an order by defining the following set P of
positive elements:

((K - , W , 7 ) e P if either

(1) hj > 0 where 1 <̂  j <: n and ft,- = 0 for i <./; or
(2) kj ~ 0 for each j and 7 e P, the set of positive elements in Γ.
Let S3? be the lacunary decomposition determined by {<Xi}T=ι where
at = ((2ί~1, 0, , 0), 0) e Zn@Γ. By Theorem 3 there is a constant
Bp such that if fe Lp(Tn 0 (?) then

For meZ, let Jm be the lacunary block described in the introduction.
If TO > 1, Im 0 ^ " - 1 0 Γ c Dm^ U A. and if m < - 1,

By the standard Hausdorff-Young Theorem

Σ I/I"')""}1" 2£ H/IIP, W = - 1 , 0 , 1 .

Then by the triangular inequality

(2.2) { £ ( Σ \f\p')2lP'}ιί2^Cp\W\\v

for all fe Lp(Tn 0 (?), where Cp = 2J5P + 3.
Now let / be a continuous function on Rn 0 G which has compact

support and choose a positive number L such that f(t, x) = 0 for
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(t,x)eRn@G and | | ί | | β β > L . Choose positive integers m and / so
that m < / and 2m~<L < π. Let A(s, α?) = / M ^ * , • , s%2^-w, α?)
(2^-*) (2π) , (s, a?) e T* 0 G, where we identify T with JB/2ττ. Then
A e L p ( T n 0 (?) and for (ku ->-,kn,7)eZn0 Γ

Γ [—^i...β-**»>m"^ (7, -x)f(t,x) dxdt
~L J~LJG

From (2.2) we obtain

(2.3) Σ ( Σ , I £(fc 7) I"')2'"' ^ C% \\h 11* .

Since \\h\\P = (2/-m)"'!>'(2π:)'s/J>Ί|/||p we may rewrite (2.3) in the form

Σ ( Σ |/(fci2M-< , «*2—< 7) |p'(

so that, in particular,

(2.4) ί

where Ap =
Now for r = 0, •••, m — 1 it is evident that certain partial sums

of
m-', , ΛJ2—< 7) |''(2 ^ )

^-r-χ Σ Σ l/(&12-< , M - ^ 7) |*'(
k k £ Z eΓΣ

γeΓ

S 2m~r Λ ^

\ Σrl/(ί,7)|p'ίίί as • tends to infinity.
2m-r-l JRn-l

Similarly, for r = 0, — 1, •••, — m + 1, the limit superior of the sum
Σ x \f(h2m^ , fc.2-', 7) |p/ ( a - ^

is not less than ( * ( Σ l/(*, 7)|p/ dί. Also since 2/p' ^ 1,

'Σ / ( Σ , |/(A»2—< , Λ.2-/, 7) I'' (2-Ό V

^ f Σ / Σ , IM2-', , M—< 7) Is" (2—
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and the limit superior of the second sum dominates the integral

G l f -^ \

-1 j R n - 1 Γ ' )

Thus, by letting /tend to infinity in (2.4), we obtain

{ m /f ^ \ Ί
"SΓ1 I \ X"1 I •£(+ <~\Λ \p' / J f X2/P' I 1/2 <-" /I I I f 11
/ i \ \ / i I J \L>, / ̂  I C66 I f = Λ j , 11 J \\p ,

Λ = -w \JJk®R*-l Γ / J

and since m is arbitrary, our proof is complete for continuous func-
tions with compact support. The general result now follows since
such functions are dense in Lp(Rn ®G).

There is also a dual to this generalized Hausdorίf-Young Theorem
in case G is a compact group. Suppose {/f

fc}?=-oβ is a collection of
subsets of Γ for which a generalized Hausdorff-Young Theorem
holds (e.g., Theorem 3). For p and q in [1, <χ>) let Lp>q(Γ) be the
space of all measurable complexvalued functions λ on Γ satisfying

THEOREM 5. Ifl<p<L2 and λ e LP>\Γ) then there exists fe LP'(G)
with f — λ and \\f\\p> ̂  Bp | |λ | |P f 2, where Bp is a constant depending
only on p.

Proof. Since L\G) * LP(G) = LP(G) (* denotes convolution) we
have U{G) c (LP(G), LP(G)). By assumption a generalized Hausdorff-
Young Theorem holds in LP(G). Thus LP(G) c Lpl>\Γ) and the
previous inclusion implies that Lι{G) c (LP(G), Lpl>\Γ)). But (LP(G),
Lpf>\Γ)) = (Lp>2(Γ), Lp'{G)) by duality; hence L\G) c (LP>2(Γ), LP'{G))
or, equivalently, LP>2(Γ) c (£*((?), £P'(G)). However (L^G), Lp/(G)) is
known to be LP'(G) [1, p.255] so that LP>\Γ) c £p/(G). An application
of the closed graph theorem establishes existence of the constant Bp.

3* Applications* Let A denote the space of all functions /
continuous on T which have absolutely convergent trigonometric ex-
pansions and norm given by

II/IU= Σ \f{n)\.

With multiplication defined as the point wise product of functions,
A becomes a Banach algebra. Each element of the dual of A may
be identified with a pseudomeasure S, that is, a distribution on C°°(T)
whose sequence of Fourier coefficients S(ri) = S(e~~inθ) (n e Z) belong
to /°°. Given a pseudomeasure S and an / in A the distribution fS
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is defined by fS(u) = S(fu) for ueC°°(T). In [1] Edwards shows
that fS is the zero distribution when / and S satisfy the following
•conditions:

(a) Ses9

fl£q£ °o;
(b) / vanishes on supp (S) = E; and
(c) there exists a sequence of positive numbers εs tending to

zero such that f{x) = 0 (ef~llq) for all x such that dist (x, E) ^ e, .

THEOREM 6. Suppose S is a pseudomeasure and feA. If con-
ditions (b) and (c) above hold and either

(a,) S e sq>2 if 1 < q ^ 2

or

(a2) S e sq>°° if 2 < g < oo

then fS = 0.

Proof. If 1 < q ^ 2 it follows from Theorem 5 that S = g for

some geLq'(T). Therefore S(u) = Γ u(t)g{t) dt/2π,ueC°°(T), and

supp (S) = supp (fjr). But fS(u) = S(fu) = [' f(t)u(t)g(t) dtβπ, u e C~(T),

and supp (/) Π supp (g) = φ; hence fS = 0.
Now /* $ ^9>2 when q < 2, so we have a stronger result in this

case.
For the case q > 2, we need only apply our generalized Haus-

<3orff-Young theorem in 13.5.5 and the appropriate version of Holders
inequality in 13.5.9 of the argument in Edwards [1, pp.101-102] to
•obtain fS = 0 when Sesg>°° and / satisfies (b) and (c).

The condition S e /q^ when 2 < q < °o is a significant weakening
of condition (a) since it does not require that lim,^.^ \S(ri)\ = 0.

Our second application concerns sets of uniqueness for LP(G),
1 < P < 2. In a recent paper which generalized earlier work of
Katznelson [6, p.101-103], Figa-Talamanca and Gaudry proved the
existence of sets E c G of positive Haar measure such that if
feLι(G), supp (/) c E and feLp(G) for some p, 1 ^ p < 2, then
/ = 0. Here G is a nondiscrete LCA group with dual Γ.

For our generalization we shall only need to assume that there
is a decomposition {Γk}t=-co of Γ for which a generalized Hausdorff-
Young Theorem holds and that when / is measurable on Γ and
1 < p < 2 then

Σ ((

always implies
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Σ (\ 1/03 - J)\pdj)21* < oo for each βe Γ .

For example, these conditions hold relative to the decompositions in
the statement and proof of Theorem 4. Subject to this restriction
on the regularity of the lacunary decomposition {Γ^^ we have the
following result.

THEOREM 7. There is a subset E of G of positive Haar measure
such that if fe&{G), supp (/) c E and

I 1/2

for some p, 1 < p < 2, then / = 0.

Essentially the proof consists of establishing the following lemma.

LEMMA. If 1 < p < 2,1 > ε > 0, cmeZ M is a subset of G of
measure 1, then there exists a subset Eε,p of M of measure greater
than or equal 1 — e and a function Φ e Lι(G) Π L"(G) such that Φ — 1
on E£>p and ||Φ||p/ f2 < s

Proof of Theorem 7. Let en = 1/4% pn = 2 — εw and choose I f a
subset of G of Haar measure 1. Let E = Π?=1 ^vpn> where 2?βnfPn

and Φ% are as in the lemma.

Suppose / e L ^ G ) , supp f a E, and | |/ | |p,2 < °° for some p,
1 < p < 2. Since H/IU < oo and p/2 < 1 we have | | / | [ 2 f 2 < oo. Let
ye Γ. It follows from our assumption on the regularity of {Γk}
that ||Λllp.2 < °° and ||/ΓI|2,2 < <*> where fr(β) = f(y - β). Choose N
so that n> N implies pn > p. By the interpolation theorem [4, p.
1069] there is a constant Kγ such that | |/ r | | P n , 2 ^ i^r f ° r n> N. By
ParsevaΓs identity and Holder's inequality we have

1/(7)1-

= \\/(y -

Thus f{i) = 0 for 7 e Γ and hence / = 0.

Proo/ o/ ί/tβ Lemma. Since our proof closely parallels that in
[2] we omit similar details and computations.

Define a sequence {πJ^U of partitions of M so that ττ0 = {M}
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and πn is obtained from 7Γn-1 by dividing each set of πn_x into two
sets of equal measure. Define a sequence {rj~=o of Rademacher func-
tions on M with respect to these partitions, (i.e., r0 = χM> τn is

constant on each set of πn with the value ± 1 and I rn(x)dx = 0 for
JA

each A e πn^ly n > 0.) Forming all possible finite products of the rn

yields an orthogonal system W — {w J of Walsh functions whose
linear span contains all functions supported on M and constant on
the sets of πn for some n ^ 0.

Since 1 < p < 2 we can choose ί, 0 < t < 1, so that 1/p = 1 — ί/2.
Now let N denote a positive integer such that

(3.1) 32Apε-^Ntl2~112 < ε/2

where Ap is the constant in the generalized Hausdorff-Young Theorem
for G. We will show the existence of disjoint compact sets Ku , Kn

in Γ and orthogonal linear combinations of Walsh functions φu , φn

with supp (φj) c M, 1 ^ j ^ N, satisfying the following conditions:

(3.2) ( \φd(x) I dx ^ 2 and ί \φ3{x) \2dx ̂  2k + 1,1 ^ i ^ N ,

where 1/2* < β/JSΓ ̂  1/2*"1

(3.3) the measure of {xeM: φs(x) = 1} is greater than or equal
1 - e/N, 1 ^ i ^ N; and

(3.4) { Σ (( Σ ^CS) 9'dβ)tiPγ £ 4 \\φ
n\\p,,

and

Σ ( l^(^)l p ' d/S) ^ ε/2i\Γ, 1 ^ W ^ JV .

Denote the sums in (3.4) by | | Σ i U fa\\v'tκκ% and \\φn\\p>.κr\κn, respec-
tively.

Let φx = To and choose a compact set Kx so that

Assume we have n functions and compact sets satisfying the above
with (3.4) replaced by

(3.5)

and

By use of Bessel's inequality and Dini's Theorem we obtain the
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existence of a finite set F c W such that

Σ I (7, w%) I2 < (e/2N Σ I #> I)' (l/(2fc + 1))
^ \ i=i /

uniformly for 7 in the compact set Kx (J K2 (J U JBΓΛ, where
denotes the measure of K3. We have assumed \Kό\ Φ 0,1 ̂  i <̂  w,
for otherwise ^ is the desired function with E8tP — {x: Φ3{x) = 1}.
Suppose further that F is chosen so as to contain all Walsh functions
appearing in the expansions of φ19 , φn. Let m be a positive integer
so that the elements of F (and hence &, , φn) are constant on the
sets El9 •••, ̂ m of ττm. For each j , 1 ̂ j ^ 2m, consider the parti-
tion of Ej into 2fc subsets E[jy , Jξ/̂ y determined by ττw+A;. Define
0π+1 to be zero off M and on ikf, to be as follows

Then for 1 ̂  j ^ 2W, ί ^%+1(ίc)<ί^ = 0 and therefore

I φn+1(x)w(x)dx = 0

for each weF. Thus 0W+1 = *ΣJW3 $F UJWJ and ^ f t + 1 is easily seen to
satisfy (3.2) and (3.3). For ye UjU K31

Σ |%U i(^)7( - x)dx\ £
WJΦF J

^ ||j5.+i| |,( Σ I (Wy,7) I 2 )" ' ^
\Wj<£F /

lΐ 1 ̂ mQ^ n and | |0m o | |p/,2 < ε/2 we are done; otherwise

and therefore

Hence

by the triangular inequality. Also since | [ ^ + 1 | | n <e/2N, there
P',2; U Kj

5 = 1

exists a compact set ifn+1 disjoint from U J=i i^i such that
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Then
W + l

3 = 1
Σ

3=1

<Ξ \\$
n+1\\,,.t

e/2 ̂  ( » + l l lp ' ,2

where again we have assumed that ll^+illp',2;^^ ̂  e/2. The existence
of the functions now follows by induction.

Let Φ = (l/N) ΣUΦi and Eε>p = {xe M: Φ(x) = 1}. Clearly
I-EUI ^ 1 - e and

\\Φ\\P>^\\Φ\\ N +\\Φ\\ * £\\Φ\\ * +6/2.
j>',2; U Kj P',2;Γ\ U Kj p',2; U Kj

3 = 1 3 = 1 3=1

In order to complete the proof it suffices to show that

But

' 2p',2; u

11*11
ί

Γ/Π ( u Λ:
= 1

U
< s/2.

N ^

ΣΦΛv)
V' \2/p'

=±M&1
2/j)'

1 ^ Σ ^

Σ
m = l

Σ WΦΔW £ Σ
m = l

|ID*

iV
—Y .
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