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ON THE DENSITY OF (%, ) INTEGERS

Y. K. FENG AND M. V. SUBBARAO

Let k& and r be integers such that 0 <r < k, We call a
positive integer n, a(k, r)-integer if it is of the form n= a%Xb,
where @ and b are natural numbers and b is 7r-free.
Clearly, a(co, r)-integer is a r-free integer. Let Q. denote
the set of (k, r)-integers and let 6(Q:,.), D(Q:,») respectively
denote the asymptotic and Schnirelmann densities of the set
Qi.r. In this paper, we prove that Q.. > D(Qk.») =
L)1 — o) — 1/k(1 — (1/k))*!, and deduce the known
results for r-free integers,

1. Introduction and Notation. In some recent papers, ([4, 5])
we introduced a generalized class of r-free integers, which we called
the (k, r)-integers. For given integers k,r with 0 <» <k, a(k, r)-
integer is one whose k-free part is also r-free. In the limiting case
when k = «, we get the r-free integers. It is clear that a(k, r)-
integer is an integer of the form a*b», where a and b are natural
numbers and b is r-free. Let Q,..,, Q, denote the set of all (%, r)-
integers and the set of all r-free integers respectively. Also let
@...(x) denote the number of (k, r)-integers not exceeding x, with
corresponding meaning for Q,(x). We write 6(Q,,,) for the asymptotic
density of the (k, r)-integers, that is,

5(Q..,) = lim Q@)
P

(provided this limit exists), and D(Q,,,) for their Schnirelmann density
given by

D(@.,) = inf L)
P n

We define 6(Q,) and D(Q,) analogously. Let ~+(n) be the characteristic
function of @,, and M=) be defined by

dimlh(d) = +r(m) .

It is easily proved (see [3]) that the function +(n) and \(n) are
multiplicative and for any prime p
la=0(modk),
AMp®) =4{—1a = r(modk),
0 otherwise.
Further,
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(l.j_) im:@’}ee(s)>i
= B L(rs)

b

wh erejisthe Riemann Zeta function. In a previous paper [5],
we  showd that

_ al(k)
Q.. () = ) + E(x) ,

1
whesre o term E(x) is 0(27), for » > 1, uniformly in k. (We
actwaally g an improved estimate for the error term, but this is
not  reqird here)
Tt fillows that

5(Qu) = %% :

In €hispewewill show that
5(ri) > D(k,r) .

The  comyndng result for Q, was first proved by Rogers [2], and
for @, frllr>1hy Stark [6]. We also obtain a lower bound for
D(Q 4., m which we obtain as a special case a result of Duncan
[1] onalwebumd for D(Q,). The actual value of D(Q,,) is un-
kno~=vn augt for the case Q,; Rogers [3] proved that

D@) =32

2, Theotem,

W0 = Ll — B9 - {1 - 1)

"The puf vill be given in two parts, corresponding to the two
resul ts:

2.1) L R e

(2.2) 0(Qx ) > D(Qy,) -

E2rofof 01). The case r > 1.
T t s clar that

Q.(n) >n— z[g]

» rarwm ging o al the primes.
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Since

Q. = 50/ 2]).

it follows that

a.m =5 (2]~ [a;:k])

>i<%_; n — (m* —1).

Hence we have

ri(n)>z<ak s 1 )___nkll'_l

» atp” n
_ 1/k
= Ly — =) + L—n®
Let
foy === L e
X X
then
’ _ 1 _ _1_ _ 1/k—2
flx) = = ( Z 1>x
so that
’ ; 1\ wm— 1 _ 1\
f(m)>01f(1 k)w >x2,1e (1 k)x >1.
Thus
1
>O0whenz > —— |
(-4
, k
(@) 1
< 0when z < —_—
1
- 3)
k

when 2 = (1 — (1/k))~* we get the minimum value of f, which is equal to

/(o-37)- -3
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Hence
Qy,.(n) Ny L 1V
Lelt) > iy — 3197 k(l k) ,
and

D@ = L)L - S ™) — -,-}(1 . %)

For the case r =1,
Qr.i(n) = [n¥]
5@ = im %] — o since k= 2.
n

D@.,) = infl®1 _ ¢
)
So the result still holds in this case.

REMARK 2.3. The above proof is easily seen to hold even when
k = co. The corresponding result, namely,

D(Q,,) > 1 - ;p—rr

is due to R. L. Duncan [1].
To prove the result in (2.2), we first obtain the following lemma.

LEMMA 2.4. For any ¢ > 0, we have

(i) Em) > n**=, for infinitely many integers n ,
(ii) En) < —n"=<, for infinitely many integers n .

Proof. Let

= (von — 50~ = o) -

Since

)Y, ST _ L)
= (v - Zor )> Firs) £r)

we have

B = 3y — 8 Jo~

= >, (E(n) — E(n — 1))n
=2 Em)m™ — (n+1)7%).
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Also, let

§ 2 Em)n™" = Ry(s) ,
2LEm)n~ 7 = Ry(s) ,
St = R(s)

S, (uo= — Byn~r-t = Bfs)
S (= + Emyn—= = R(s) .

Now suppose that for all n > n,, E(n) < n“?"~. Then the series
Ry(s) converges for a > (1/2r) — € (@ = Re(s)), and all but a finite
number of coefficients of R,(s) are nonnegative. Hence the abscissa
of convergence of R;(s) must be less than or equal to (1/2r) — ¢. Let
a be its abscissa of convergence, that is a < (1/2r) — e. Note that
(see [2], P. 661)

n™ — (n+ 17— sen™7 [ < [s]|s + 1w

This implies R,(s) also converges for ¢ > «. But this is false because
R,(s) has singularities on o = (1/2r). Thus we must have

E(,n) > ,n(l/zr) —c

for infinitely many integers u.

Next suppose that for all n > n, E(n) > — n"*"~, then we
consider the series R(s), proceed as in (i) and arrive at the same
contradiction.

Proof of the result (2.2). By the above lemma, there are in-
finitely many integers » for which E(n) < 0. For such =,

Qi) _ (k) | Em) _ LK)
) m T

which proves the theorem.
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