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FIXED POINT THEOREMS FOR NONEXPANSIVE
MAPPINGS

KOK-KEONG TAN

The notions of nonexpansive, contractive, iteratively con-
tractive and strictly contractive mappings have been gener-
alized to a Hausdorff topological space whose topology is
generated by a family of pseudometries. A fixed point theorem
for strictly contractive mappings is obtained which generalizes
the Banach's contractive mapping principle. Several examples
and an implicit function theorem are given as well as some
applications in solving functional equations in topological
vector spaces.

For iteratively contractive mappings, some results obtained
by D. D. Ang and E. D. Daykin, S. C. Chu and J. B. Diaz, by
M. Edelstein, by K. W. Ng and by E. Rakotch respectively
are generalized.

1* Definitions and Notations* Throughout this paper X is a

Hausdorff topological space whose topology is generated by a family
{dλ}χer of pseudometrics on X. It is well known that in order for Xto
be such a space, it is necessary and sufficient that X be a Hausdorff
uniform space, or equivalently a Hausdorff completely regular space. It
is clear that for any x, y e X, if x Φ y, then there is an λ e Γ such that
dχ(x, y) > 0. We shall denote by $ + the set of all nonnegative integers,
91 the set of all natural numbers, 3ΐ the set of real numbers and K
the set of all complex numbers.

NOTATION 1.1. If /, g:X—>X, we shall denote by fg the com-
position fog of / and g. If ne$+, we shall denote fn+ί = /*(/),
where f° = I, the identity mapping of X.

NOTATION 1.2. If A c X is nonempty, for each λ e Γ, we denote
dλ(A) — &wp{dλ(x, y): x, ye A}, which is called the diameter of A
w.r.t. dλ.

DEFINITION 1.3. If f:X->X, then
( i ) / i s nonexpansive w.r.t. {dλ}λeΓ if and only if for each λ e Γ ,

dλ(f(x), f(y)) ^ dλ(x, y), for all x,yeX.

(ii) / i s contractive w.r . t . {dx}λeΓ if and only if / is nonexpansive

w . r . t . {dχ}λBΓ and for any x,yeX, if xφy, t h e n there is a XeΓ

such that dx(f(x), f(y)) < dλ(x, y).
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(iii) / is iteratively contractive w.r.t. {dx}XeΓ if and only if / is
nonexpansive w.τ.t.{dχ}λeΓ and for any x,yeX, \ίxΦy, there is a
XeΓ and there is an ne3l such that dλ(fn(x), fn(y)) < dλ(x, y).

(iv) / is strictly contractive w.r.t. {dλ}λeΓ if and only if for each
XeΓ, there is a Cx e 3ΐ with 0 ^ Cx < 1 such that dx(f(x)), f{y)) ^
Cλdλ(x, y), for all x, yeX.

(v) / is an isometry w.r.t. {dx}XeΓ, if and only if for each XeΓ,
di(f(x), f(y)) = dλ(x, y), for all x,yeX.

By choosing an appropriate basis for the uniformity generated by
the family {dλ}XeΓ of pseudometrics, Definition 1.3 (i) of nonexpan-
siveness reduces to the notion of contraction defined by T. A. Brown
and W. W. Comfort in [3], while Definition 1.3 (ii) of contractiveness
reduces to the notion of /3-contractiveness defined by W. J. Kammerer
and R. H. Kasriel in [9]. Also Definition 1.3 (ii) is a condition used
by D. D. Ang and D. E. Daykin in Theorem 1 of [1].

It is clear that if / : X —• X is nonexpansive (respectively contrac-
tive, iteratively contractive or strictly contractive) w.r.t. {dx}Xen then
for each ne%l, fn is nonexpansive (respectively contractive, iteratively
contractive, or strictly contractive) w.r.t. {dx}λeΓ. It is also clear that
every strictly contractive mapping w.r.t. {dx}XeΓ is contractive w.r.t.
{dχ}χeΓ9 every contractive mapping w.r.t. {dλ}λeΓ is iteratively contractive
w.r.t. {dx}XeΓ and every nonexpansive mapping w.r.t. {dx}XeΓ is
continuous.

If / : X—> X is nonexpansive (respectively contractive, iteratively
contractive or strictly contractive) w.r.t. {dx}XeΓ and if Xis metrizable,
it is not known whether there exists a metric d on X inducing the
same topology on X such that / is nonexpansive (respectively contrac-
tive, iteratively contractive or strictly contractive) w.r.t. {d}.

NOTATION 1.4. If / : X—>X, Xf = {xe X: there is a n ^ G l such
that x is a cluster point of (fn(xo))n=o}

In case {dx}XeΓ contains a single metric, the above notation Xf

was first introduced by M. Edelstein in [7].

DEFINITION 1.5. Let (a?n)~=o be a sequence in X. Then (αjn)~=0 is
Cauchy if and only if for each XeΓ, dλ(xn, xm) —* 0 as n, m —> oo.

DEFINITION 1.6. X is sequentially complete if and only if every
Cauchy sequence in X converges to some element in X.

It is known that X is sequentially compact implies X is countably
compact and X is countably compact implies X is sequentially complete.

2* Strictly contractive mappings* In this section the well known
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Banach's contraction mapping principle is generalized.

PROPOSITION 2.1. Let f:X—+X be iteratively contractive w.r.t.
{dχ}zer Then a fixed point of f, whenever it exists, is unique. More-
over, xe X is a fixed point off if and only if x is a periodic point off.

Proof. Suppose there were ζ,ηeX such that f(ζ) = ζ Φ rj = f(r/).
Since / is iteratively contractive w.r.t. {dλ}λeΓ and ζ Φ η, there is an
λ e Γ and there is an ne$l such that dλ{fn(ζ), fn{rj)) < dλ(ζ, η), which
contradicts the fact that fn(ζ) = ζ and fn{η) = η.

Next suppose xeX is a periodic point of /, then x = fN(x), for
some Ne 9Ϊ, then x is a fixed point of fN. Since /ΛΓ is also iteratively
contractive w.r.t. {dx}χeΓ, x must be the unique fixed point of fN.
Since f(fN(x)) = fN(f(x)) = /(α), we must have ίc = f(x). Hence a? is
a fixed point of / .

If card (Γ) = 1, Theorem 1 of K. W. Ng in [11] shows that the
above proposition still holds even if the nonexpansiveness is dropped
in defining an iteratively contractive mapping. However in a Haus-
dorff locally convex space, we have the following generalization:

PROPOSITION 2.2. Let E be a Hausdroff locally convex space (T2-
l.c.s.), KdE, and ^ be a base for closed absolutely convex neigh-
borhoods of 0. For each Ue^S let Pυ be the gauge of U. Suppose
f: K—*K is such that for any x,yeK and Ue %S, if Pπ{x — y) > 0,
then there is an ne$l such that Pu(fn(x) — fn(y)) < Pu{% — y) Then
for any x e K, x is a fixed point of f if and only if x is a periodic
point of f.

Proof. Suppose xe K is a periodic point of / and f(x) Φ x. Let
N= inf {ne%l:fn(x) = x), then N > 1. If fn(x) = fn+1(x) for some
n e {0, 1, . ., N - 1}, then x = fN{x) = fN~n(fn{x)) = fN~n(fn+1(x)) =
fN+1(x) = f(x), which is a contradiction. Hence fn(x) Φ fn+\x) for any
n e {0, 1, 2, . . , N - 1}. Thus 0 g {fn(x) - fn+\x): n = 0, 1, , N - 1}.
Since {fn(x) — fn+1(x): n = 0, 1, , N — 1} is closed, there exists a
Ue <%s such that UTΊ {fn(x) - fn+1(x): n = 0, l , N - 1} = 0 . It
follows that Pπ(fn(x) - fn+1(x)) > 1 > 0 for each n e {0, 1, . , N - 1}.
Since Pσ(x - f{x)) >0, there is an m e SSI such that Pu{fm{x) - fmJ"\x)) <
Pu(% - f(x)). Let N, = inf {n e 31: Pπ{x - f{x)) > Pu(fn(x) - fn+1(x))}.
If JVΊ ^ N, say N, = pN + q, where 0 £ q < N ^ Nt so that
P ^ τ - /(a?)) > P^ί/^ίa?) - fN^{x)) = Pu(fq(x) - fq+1(%))> which con-
tradicts the minimality of JVΊ. Hence we must have Λ^ < N. Suppose
Nίy N2, , Ni G %l have been defined such that for each j = 1, , i,
N, < N and Pπ(fN^(x) - fNJ^+1(x)) < Pπf

N^(x) - fNj+1(x)) for each
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i = 1, . . . , i — 1. Then since Pu(fNi(x) - fNi+1(x)) > 0, there is
an neSSl such that Pu(fN*(x) - fNi+ι(x))>Pu(fn(fNi(x)) - P(fNί+1(x))).
Let Ni+1 = inf {n e Sfl: Pu(fNi(x) - fNi+1(x)) > W ( » ) - /n+1(a))}. If
JNΓ<+1 ̂  N, say JV4+1 = pN + q, where 0 ^ g < JV, p ^ 1, then Pu(fN^(x) -

fN*ι(χ)) > ••• > Pu(fNi{χ) - fNi+1(χ)) > Pu(fNi+1(%) - fNi+ί+1(χ)) =

Pu(fg(x) — fq+1(x))> which conradicts the minimality of JVΊ Hence we
must have iVί+1 < N. Therefore by induction there is an infinite
sequence (Ni)T=ί of positive integers such that (i) Ni < N, for all
i = 1, 2, , and (ii) Pu(fN^x) - fNi+1(x)) > Pu{fNiHx) - fNi^+1(x))
for all ί = 1, 2, . By (i), there exist i, j eSSl such that i Φ j while
Ni = iVj , which contradicts (ii). Thus we must have f(x) = a?.

The proof of the following theorem is the same as the classical
Banach fixed point theorem, and is therefore omitted.

THEOREM 2.3. Let X be sequentially complete. Iff:X-*Xis
strictly contractive w.r.t. {d?}λeΓ, then f has a unique fixed point ζ e X
such that ζ = lim^oo/*^), for all xeX.

PROPOSITION 2.4. Let Y be any topological space and f: Y-» Y
(not necessarily continuous). // there exists an Ne%l and there is a
ζe Ysuch that for each ye Y, ζ = lim^i fN)n(y), then ζ = l im^/^y) ,
for each ye Y.

Proof. Let V be any neighborhood of ζ. IfyeY, then for each
k e {1, , N - 1}, ζ = \imn^{fNY{fk{y)), so that for each k e {1, ,
N - 1}, there is an nk e 9ΐ such that for all n ^ nk, (fN)n(fk(v)) e V.
Take ^ 0 = max {n19 , ^v-J Then for all n ^ n0, n ^ nk for all
& = 1, . . . , N - 1, so that (fN)%(fh(y)) e V for all n ^ ^ 0 and for all
k = 1, , N - 1. Hence / % ) e Ffor all n^n0N. Thus ζ = l i m ^ / % )
for each ye Y.

Theorem 1.3 on pp. 8 of Bonsall in [2] is a special case of the
following.

COROLLARY 2.5. Let X be sequentially complete, f:X-+X (not
necessarily continuous). // there is an Ne%l such that fN is strictly
contractive w.r.t. {dλ}λζΓ, then f has a unique fixed point ζeX and
ζ = limw_>oo/

n(ίi;), for all xeX.

Proof. By Theorem 2.3, fN has a unique fixed point ζe X such
that ζ = limw^oo(/ΛΓ)n(aj), for all xeX. By proposition 2.4, ζ = limίI^oβ/

n(α;)
for all α? e X Since f{ζ) = f(fN(ζ)) = fN(f(ζ)), we must have f{ζ) = ζ.

COROLLARY 2.6. Let X be sequentially complete, f:X—>X (not
necessarily continuous). If there are R, S: X-+ X such that RS = 2,
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identity mapping on X and if there exists an Neffi such that SfNR
is strictly contractive w.r.t. {dλ}λeΓ, then f has a unique fixed point
ζeX and ζ = R(lim^4Sf*R)(x)), for all xeX.

Proof. Since (SfR)N = SfNR is strictly contractive w.r.t. {dλ}ieΓ,
SfR has a unique fixed point rj e X and η = l i m ^ (SfR)n(x) =
linv_ (SfnR)(x), for all xeX, by Corollary 2.5. But then it is
easy to show that ζ = Rη is a unique fixed point of /, and ζ =
R(limn^ (SfnR)(x)), for all xeX.

The above corollary generalizes a result of S. C. Chu and J. B.
Diaz in [4].

COROLLARY 2.7. Let X be sequentially complete and F be a family
of commuting mappings on X. Suppose there exists an fe F and
there are R, S: X—>X such that (i) RS = I and (ii) for some Ne$l,
SfNR is strictly contractive w.r.t. {dλ}λeΓ. Then F has a unique com-
mon fixed point.

Proof. By Corrollary 2.6, / has a unique fixed point, say ζe X.
If geF, then f(g(ζ)) = g(f(ζ)) = g(ζ), so that g(ζ) is also a fixed point
of / implies g(ζ) = ζ. Thus ζ is the unique common fixed point of F.

3* Some examples and applications* First we shall give an
example of a mapping which is contractive but not strictly contractive
while some iterates of it is strictly contractive.

EXAMPLE 3.1. Let S be a nonempty topological space and C(S)
be the set of all complex-(or real)-valued continuous functions on S.
Let ^ = {C: C is a nonempty compact subset of S}. For each Ce ^ ,
we define qc(f) = supa.€ί7|/(a?) |, for a l l / e C(S). Then qc is a seminorm
on C(S) for each Ce<Sf. Let F = {qc: Ce <£f}. If feC(S) is non
zero then f(x) Φ 0 for some xe X, so that q{x](f) > 0. By a theorem
of Robertson in [13], C(S) is a Hausdorff locally convex space under
the topology generated by F. For each Ce ̂ , if we define dc(f, g) =
<Zc(/ — y)> f° r aU /> gεC(S), then dσ is a pseudometric on C(S) and
{̂ <?}cê  generates the same topology as F. First we note that C(S)
is complete. Define K = {feC(S): II/IU = supx e S |/0*0l ^ i}, then it
is clear that K is nonempty closed and convex, so that K is also
complete and hence sequentially complete.

( i ) For each λ e K such that | λ | = 1 and each g e C(S) with
|| βrIf ^ i, we define Tλ,g:K->K by Tλ,g(f) = V 2 + g, for all f e K.
Since for each fe K, || Γ, f t f(/)IU = I I V 2 + </|U ^ | λ | H ^ I U + ||flf|U =

II/HL + | | 0 l L ^ έ + i = ί, 2Y, indeed maps ^ into K. Jffl9f2eK,

, then dc(Th9(fd, Tλ,g(fύ) = Qc(Tλ,9(fi) - ^
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f\(x)\ =
so that Thg is nonexpansive w.r.t. {dc}Ce^. If fl9f2eK and fγφf2,
then there is an xeS such that f^x) Φ f2{x). Since |./i(a?)| ^ J and
\f2(x)I ^ i , we must have \fx{x) + /2(α)| < 1. Thus for C = {x}, Ce <gf
and dc(Tλ,9(D, Tλtβ(fύ) = l/ϊ(») - /ϊ(»)l - l/i(s) -/ . (*) 11/i(*) + /.(&) l <
l/i(#) — ΛfaOl = dW/i, Λ) Hence Tλ,g is contractive w.r.t. {ddce^.
However for any μ e 9ΐ with 0 ̂  μ < 1, choose any α e 9ΐ such that
μ — J < α < \ and define fcx = \ and &2 Ξ α, then / ,̂ &2 e if, so that
for any Ce ^, we see that μdc{hγ, h2) = ^(^ — α) < (i)2 — α2 = d^Tχ^ih^,
Tλ>g(h2)). Therefore Tλ,g is not strictly contractive w.r.t. {dc}Ce^.
However if ||flr|[«,<i it can be easily shown that for each
dc(TUfi), Tlg(fύ)^μdc(fl9fύ forall/^ΛeίΓ, whereit£ =
and so Tt,g is strictly contractive w.r.t. {dc}Ce&. By Corollary 2.5,
Tλ,g has a unique fixed point ζ e K and ζ = lim^^ Tχf9(f), for all feK.

(ii) Suppose T:K-^K is nonexpansive w.r.t. {dσ}σeίr For each
λe(£ with |λ | ^ 1 and each geC(S) with \\g\U^i and each π e ϊ l
with n ^ 3, we define Thn,g: K-+K by ΓifHfir(/) = λ(T/Γ + flr, for all
fe K. Then for any Ceϊf, dc(TXtM(fd, Tλ,%,g(fύ) ^ n/2^dc{fl9 / 2 ), for
all fl9f2eK. Since 0 < nl2n~ι < 1, Tλ,n,g is strictly contractive w.r.t.
{dc}Ce/. Hence by Theorem 2.3., Tλtn>g has a unique fixed point ζ e if
such that ζ = l im m _ TZn,α{f), for all / e if.

(iii) Suppose T:K—>K is nonexpansive w.r.t. {dc}Ce^. For each
λ e 31 with 0 < λ < 1, each # e C(S) with | |^[U ^ i and each ne%l with
w ^ 2, we define Vχ,nJf) = λ(Γ/)% + (1 - X)g, for all / e if. Then
for each Ce^9 dc(Vλ'nJfd, Vλ,n 9(fz)) ^ n\l2^dG(fu Λ), for all/,, f2 e k.
Since 0 < nX/2n~1 < 1, Vχ,n,g is strictly contractive w.r.t. {dc}Ceίr and
so by Theorem 2.3, Vλ,n,g has a unique fixed point ζ e i f and ζ =
lim^eo F ^ , , ( / ) , for all / e if.

The following result is obtained by Kirk in [10] in Banach spaces.
The similar proof is omitted.

THEOREM 3.2. Let E be α T2-l.c.s. whose topology is generated
by a family & of semi-norms on E, and Ka E be nonempty convex.
For each pe &*, define dp(x, y) = p(x — y) for all x, ye E. Suppose
T: K—*K is nonexpansive w.r.t. {dp}pe^. For α0, al9 , an ^ 0, n ^ 1,
aι > 0 and Σ?=o«i = 1, define S'.K-^K by S(x) = ΣiίoCtiT^x), for all
x e if. Then for any xeK, S(x) = x if and only if T(x) = x.

Corresponding to Theorem 2.3, we have the following implicit
function theorem which is analogous to a result of E. Dubinsky in [5].

THEOREM 3.3. Suppose X is bounded, i.e. dλ(X) < co for each
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λ e Γ and X is sequentially complete. Let S be any topological space
and f: X x S —* X be continuous. Suppose for each Xe Γ, there is a
constant Cλ with 0 <̂  Cλ < 1 such that dλ(f(x, s), f(y, s)) ^ Cλdλ{x, y),
for all x, ye X and all se S. Then there is a unique continuous
mapping T: S-+X such that f(T(s), s) = T(s), for all seS.

Proof. For each se S, define gs: X—>X by gs(x) = f(x, s), for all
xeX. Then gs is a strictly contractive mapping w.r.t. {dλ}λeΓ. By
Theorem 2.3., there is a unique T(s)eX such that gs(T(s)) = T(s).
Hence there is a unique mapping T: S-+X such that f(T(s), s) = T(s),
for all se S. It remains to show that T is continuous.

Fix any xoeX. For each ne^l, we define Tn:S—>X as follows:
2\(s) =/(a?0, 8) and Tn+1(s) = f(Tn(s), s) for all seS and all we^ . It
is clear that ϊ\ is continuous and it can be shown by induction that
each Tn is continuous for n = 2, 3,

Next we want to show that ΓΛ converges uniformly to Γ, i.e.
for any ε > 0 and λ e Γ , there exists an JV(λ, ε) e 9ΐ such that
^(Γ»(s), T(s)) < ε/3, for all w > iV and all seS. Indeed, since X is
bounded dλ{X) < oo, we may choose N(X, e) e 31 such that Cχdx(X) < ε/3.
Thus for n > N, and all seS, we see that

), 8))

T(8))

r(s))

Suppose sμ —• s in S. For any ε > 0 and Xe Γ there is an
N(X, ε) G SR such that dλ(Tn(s), T(s)) < ε/3, for all n > N and all seS.
Since 2Vκ is continuous, there is a μ0 with ^ ( T W ^ ) , ΪV+^s)) < ε/3,
for all μ > μQ. Hence for all μ > μ0,

dx(T(sμ), T{8)) ^ dλ(T(8μ), TN+1(sμ)), + dλ(TN+1(8μ), TN+ι(s))

+ dx(TN+1(s), T(s)) <± + ± + ± = s,
ό O O

so that T(sμ) —• T(s). Hence T is continuous.
Theorem 3.4. and Corollary 3.5 below can be obtained as a corol-
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lary and considered as an application of Theorem II of D. D. Ang and
D. E. Daykin in [1].

THEOREM 3.4. Let (E, Ef) be a dual pair, A be a linear operator
on E, and A! be the adjoint of A such that A'{Er) c E'. Suppose A!
has a family G of eigenvectors e in E' each of which belongs to an
eigenvalue Xe of modulus less than 1 and G is total over E. Suppose
for every sequence (#Λ)~=o in E such that for each eeG, {xn — xm, e) —> 0
as n, m —> co, there is an xe E such that for each eeG, (xn — x, e) —* 0
as n —• oo. Then for an arbitrarity fixed y0 e E, the equation x =
A(x) + y0 has a unique solution ζVo and moreover

... +y0- ζyQ, e)~+0

as n—+ co for every eeG and every x e E.

Proof. For each eeG, define de(x, y) = | (x — y, e) |, for all x, ye E,

then de is a pseudometric on E. Let E have the topology generated
by {de}eBG. Since G is total over E, for any x, ye E with x Φ y, then
x — y φ 0, so that there is an e e G with (x — yye)Φ 0, and so de(x, y)>0.
Hence E is Hausdorff. For an arbitrarily fixed yQ e E, define F(x) —
A(x) + y0, for all x e E. For each eeG,

de(F(x), F{y)) = I (A(x) - A(y), e) | - | (x - y, A'e) |

= \(x-y, \ee) I = I λβ I de(x, y) .

Since |λβ | < 1 for each eeG,F is strictly contractive w.r.t. {de}eeG.
Next by hypothesis, E is sequentially complete. Hence by Theorem
2.3. F has a unique fixed point ZyoeE and ζVQ — limn^ooF

n(x), for all
x e E. Thus ζyQ is the unique solution of x = A(x) + y0 and

(A (aj) + An~\y0) + + y0 - ζ,0, e) = (F"(x) - ζyQ, e) -»0 as n -+ <x> ,

for all eeG and each xeE.

COROLLARY 3.5. Let (E, Ef) be a dual pair such that E is σ(E, Ef),
the weak topology on E determined by Ef, sequentially complete. Let
A be a linear operator on E and A! be the adjoint of A on Ef with
A!(E') c Ef. Suppose A! has a family G of eigenvectors e in Er each of
which belongs to an eigenvalue λe of modulus less than 1. If G spans
Ef, the equation x — A(x) + yQ has a unique solution ζVo such that for
each xeE, An(x) + An~\y0) + + A(y0) +yo-> ζyo in σ(E, Er).

Proof. First we note that G spans Ef implies G is total over E.
For each eeG define de as in Theorem 3.4. Suppose (α?n)n=o is a
sequence in E such that for each eeG, de(xn, xm)—*0 as n, m —> co.
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For any feEr, since G spans £", there are eί9 •••, eneG and there
are scalars al9 , an such that / = Σ?=i α*eί Thus

n

- %m, f) = Σ α^α?* - »m,
i

0 as fc, m

Hence (#J~=o is a Cauchy sequence in E and so there is an x e E with
(xn — x, f) —*0 as w —> co for each fe E'. Hence the hypothesis of
Theorem 3.4. is satisfied and so there is a unique solution ζyo of
x = A(x) + y0 and

(An(#) + An~~ι{y^} + + A(y0) + yQ — ζVQ, e) —> 0 as n-^ oo

for each e e G . But then (A%(£) + A%-%0) + + A(2/o) + y0- ζyo, / ) — 0
as w —* co, for each fe Er, so that A%(£) + An~\y^ + + A(y0) +
yo->ζyo in σ(E, Er).

THEOREM 3.6. Let (E, E') be a dual pair, Abe a linear operator
on E and A' be the adjoint of A' on Er such that A!{E') c E'. Sup-
pose A! has a family G of eigenvectors e in E' each of which belongs
to an eigenvalue \eΦ\ with | λ j ^ 1. Suppose either (i) E is σ(E, Er)
sequentially complete and G spans Er or (ii) G is total over E, and
for every sequence (xn)n=o in E such that for each eeG, (xn — xm, e) —> 0
as n, m —» co 9 there is an xeE such that for each eeG, (xn — x, e) —•* 0
as n —* oo. Then for any positive integer n>l and alf , an > 0 such
that Σ?=i ai = 1> and anV arbitrarily fixed y0 e E, there is a unique
solution of the equation x — Σ?=i cL%Ai{x) + y0.

Proof. From the proof of Corollary 3.5, condition (i) implies
condition (ii). Thus we may assume that (ii) holds. For each eeG,
define de as in Theorem 3.4. Let E have the topology generated by
{ij< e c, then E is Hausdorff and sequentially complete. Define F(x) —
ΣΐU cLiA^x) + y0 for all x e E. It remains to show that F is strictly
contractive w.r.t. {de}eeG. Indeed, for each eeG,

de(F(x), F(y)) = | ( Σ aiA*(x) - Σ a^y), e

V ai(x - y, (Aye)

V, a,i(x - y, Xie)

Σ cLiK I (χ — y>e) I

αΛΐ dβ(x, y) .

Since |Σ?=i ai^\ < 1 ί ° r a ^ e G G, F is strictly contractive w.r.t. {de}eeG

Σ
ί = l



838 KOK-KEONG TAN

and hence by Theorem 2.3, the equation x = Σ?=i <LiA\x) + y0 has a
unique solution.

With slight changes in the hypothesis in Theorem 3.6, the above
proof works for the following:

THEOREM 3.7. Let (E, E') be a dual pair, A be a linear operator
on E, and A! be a adjoint of A on Er such that A'{Ef) c E'. Suppose
A' has a family G of eigenvectors e in Ef each of which belongs to an
eigenvalue λe with |λ e | f£ 1. Suppose either (i) E is σ(E, E') sequenti-
ally complete and G spans E', or (ii) G is total over E and for every
sequence (xn)n=0 in E such that for each eeG, (xn — xm, e) —> 0 as
n, m —> co, there is an x e E such that for each eeG, (xn — x, e) —> 0
as n—>°o. Then for any positive integer n, al9 , an ^ 0 with
Σ?=i α; < 1, and arbitrarily fixed y0 e E, there is a unique solution of
the equation x = ΣίΛ=i c^A^x) + yo

As an application of the above Theorem 3.6 and Theorem 3.7, we
have the following:—

EXAMPLE 3.8. Let A be a diagonalizable n x n matrix over (£,
and A' be its adjoint. Suppose for each eigenvalue λ of A', |λ | ^ 1,
then for each positive integer n,au , an ^ 0 with 2?=i α< < 1 and
any arbitrarily fixed vector y0 (an ^-triple), the equation

n

x = Σ M^ίαO + 2/0
i = i

has a unique solution.

EXAMPLE 3.9. Let A be a diagonalizable n x n matrix over K,
and A' be its adjoint. Suppose for each eigenvalue λ of 4 ' , λ ^ 1
and |λ | ^ 1, then for each positive integer n > 1, al9 , an > 0 with
Σ?=i ^i ^ 1 and any arbitrarily fixed vector τ/0, the equation x =
ΣΓ=i αiA^α;) + 2/0 has a unique solution.

Although the classical Banach contraction mapping principle can
be used to prove the following, it is a special case of the above two
examples.

EXAMPLE 3.10. Let E be a finite dimensional complex Hubert
space, A be a normal operator on E. (a) If | |A | | ^ 1 and l£σ(A),
the spectrum of A, then for any positive integer n > 1, al9 , an > 0,
with Σ?=i ai = 1 a n ( i a n y arbitrarily fixed y0 e E, the equation x =
Σ?=iα»-A<(^) + 2/o has a unique solution, (b) If | |A| | ^ 1 then for any
positive integer n, alf , an ^ 0 with Σ?=i ct» < 1 and any arbitrarily
fixed y0 G E} the equation α? = Σ?=i ^^(α?) + τ/0 has a unique solution.
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4* Iteratively contractive mappings :

PROPOSITION 4.1. Suppose f: X-+X is nonexpansive w.r.t {dx}XeΓ.
If there are ζ, x0 e X such that ζ is a fixed point of f and ζ is a
cluster point of the sequence (fn(xo))n=o9 then lim^oo fn(xQ) exists and
ζ = l im^o. /"(Bo).

Proof. For any ε > 0 and λ e Γ , there is an Ne 9? with dλ(fN(x0),
ζ) < ε; but then for all n ^ N, dx(fn(x0), ζ) ̂  dλ(fN(x0), ζ) < e. Hence

ζ = lim^co/n(a?0).

The following proposition is a corollary of Proposition 1 of M.
Edelstein in [8]:—

PROPOSITION 4.2. Let f: X—>Xbe nonexpansive w.r.t. {dx}XeΓ and
x e X. Then x e Xf if and only if x is a cluster point of (fn(x))n=o-

The following proposition is a corollary of Theorem 1 of M.
Edelstein in [8]:—

PROPOSITION 4.3. Let f: X—>X be nonexpansive w.r.t. {dx}λeΓ. If
xeXf, then f is an isometry on (fn(x))7=o w.r.t. {dx}XeΓ, i.e. for each
XeΓ dλ(fm+k(x), fn+k(x)) - dλ(f»(x), P(x)), for all τn,n,ke3+.

THEOREM 4.4. Let f: X—+X be iteratively contractive w.r.t. {dx}λeΓ.
Then Card (Xf) ^ 1. In case Card (Xf) — 1, Xf contains only the
unique fixed point of f.

Proof. Suppose Xf Φ 0 and x e Xf. If f(x) Φ X, then / is iter-
atively contractive w.r.t. {dx}XeΓ implies there is a XoeΓ and there
is an we% such that dk(fn(x), fn+1{x)) < dXo(x,f(x)). By Proposition
4.3, / is an isometry on (f(x))n=o w.r.t. {dλ}XeΓ, and so in particular,
* 0 (/ w + 1 (α), P(x)) = dh{p(x), p-\x)) . . . - d2o(f(x), x), which is a con-
tradiction. Hence f(x) — x. Since any fixed point of / is unique,
X* = {x}.

COROLLARY 4.5. Let f:X—+X be iteratively contractive w.r.t.
{dχ}λer' Suppose there is an xoeX such that (fn(xo))n=o has a cluster
point ζ G X, then ζ is the unique fixed point of f and l im^^ fn(x0) = ζ

Proof. Since ζ is a cluster point of (fn(xo))n=o, ζ e Xf. By Theorem
4.4 ζ is the unique fixed point of/. By Proposition 4.1, ζ = l i n v ^ / ^ o ) .

The above corollary generalizes Theorem 1 of D. D. Ang and D. E.
Daykin [1].
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COROLLARY 4.6. Let f: X-+X be such that for some Ne % fN is
iteratively contractive w.r.t. {dλ}λeΓ. If for some xoeX, the sequence
((fN)n(χo))n=o has a cluster point ζ e X, then ζ is the unique fixed point
of f and ζ = lim^c fNn(x0).

Proof. By Corollary 4.5, ζ is the unique fixed point of fN and
ζ = l i m n _ / * (&0). Since /(ζ) = f(fN(ζ)) = fN(f(Q), we must have

/(C) = ζ.

COROLLARY 4.7. Let f:X—>X be iteratively contractive w.r.t.
r If there are ζ, xoe X and there is a sequence (%)Γ=o in Sft with

^ nt < n2 < ••• such that ζ = lim^^ fni(x0), then linv^, fn(x0) exists

Theorem 1 of M. Edelstein in [6] is a special case of the above
corollary.

COROLLARY 4.8. // X is sequentially compact or countably com-
pact and f\X-+X is such that for some Ne%l, fN is iteratively con-
tractive w.r.t. {dλ}λeΓ, then f has a unique fixed point ξeX such that
ζ = lim^oo fn{x), for all xeX.

COROLLARY 4.9. Let F be a family of commuting mappings on
X. Suppose there exists fβF, there are R, S: X—* X with RS = I
and there is an NG %l such that SfNR is iteratively contractive w.r.t.
{dχ}χeΓ If there is an xQeX such that the iterates of x0 under SfNR
has a cluster point in X, then F has a unique common fixed point.

Proof. By Corollary 4.6, ζ = l i m ^ SfNnR(x0) is the unique fixed
point of SfR. Hence Rζ is the unique fixed point of / . For any g e F,
g(ζ) = g(f(ζ)) — f(g(ζ)), and so g(ζ) = ζ. Hence ζ is the unique common
fixed point for F.

THEOREM 4.10. Let f:X—>X be iteratively contractive w.r.t.
{djt}χer Suppose there is an xoeX such that if

MXQ = LJ {x e X: dλ{x, f{x)) < dx(x0, f(xQ))} ,LJ {

then every sequence in MXQ has a cluster point in X. Then f has a
unique fixed point ζe X and ζ = l i m , ^ fn(x0) .

Proof. Since / is nonexpansive w.r.t. {dz}2eΓ, we see that f(MXQ) c
Mx. If f(x0) — x0, then x0 is the unique fixed point of / and xQ =
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^ e o f n ( x 0 ) . S u p p o s e f(x0) Φ x 0 , t h e n t h e r e i s a λ G Γ a n d t h e r e i s
an n0 e 31 such t h a t dx(f**(x0), fn«+ί(x0)) < dλ{x0, f(x0)). Thus fn«(x0) e MXQ

so that fn(x0) e Λf̂ , for all w ^ n0. By hypothesis, there is an ζe X
such that ζ is a cluster point of (fn(Xo))n^no- By Corollary 4.5 ζ is
the unique fixed point of / and ζ = lim^*, fn(x0).

COROLLARY 4.11. Let f:X—*X be ίteratίvely contractive w.r.t

{dχ}χer Suppose there exists an xoeX and there is a subset M of X

such that (i) M is countably compact and (ii) for any XeΓ and

x e X ~ M, dx(x, x0) - dx(f(x), f(x0)) ^ 2dx(xϋ9 f(x0)). Then l i n w f*(x0)

exists and is the unique fixed point of f.

Proof. Define MXQ = \JλeΓ{x e X: dλ{x, f(x)) < dλ(x0, f(x0))}.

If xeX~ M, then for any λe Γ,

2dλ(x09f(x0)) ^ dλ(x, x0) - dλ(f(x), f((x0))

^ dλ(x,f(x)) + dλ(f(x),f(x0)) + dλ(f(x0), x0) - dλ(f(x),f(x0))

= dλ(x,f(x)) + dx(f(x0), x0) ,

so that dλ(x0, f(x0)) ^ dλ(x,f(x)) for all XeΓ, and hence xeX~ MXo. Thus
I - I c l - I , o and so MXoaM. Since the hypothesis of Theorem
4.10 is satisfied, lim^^ fn(x0) exists and is the unique fixed point of/.

The above Corollary generalizes Theorem 1 of E. Rakotch in [12].
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