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ON ELEMENTARY IDEALS OF POLYHEDRA
IN THE 3-SPHERE

SHIN'ICHI KINOSHITA

Let K be a polygonal simple closed curve (a knot) in a
3-sphere Sz. For each nonnegative integer d the dth ele-
mentary ideal Ed of K in the integral group-ring over an
infinite cyclic group is defined by R. H. Fox. The ideal Ed

of K is a topological invariant of the position of K in Sz.
This method has been applied to various more general settings,
for instance, links in S\ Sn~2 in Sn in > 2) and etc. In this
paper the dth elementary ideals Edil) are associated to each
in — 2)-dimensional integral cycle I on a polyhedron L in an
%-sphei e Snin > 2) that does not separate Sn. The collection
of Edil) for all possible I on L forms a toplogical invariant
of the position of L in Sn.

In §2 we prove theorems of the dth elementary ideal
Edil) associated with an in — 2)-dimensional integral ! on a
polyhedron L in Sn that does not separate Snin > 2). In §3
we will consider to the case of polyhedra in Sz. After studying
an example of a #-curve in Sz in §4, we reconsider knots and
links from this point of view in §5. In §6 we will give a
remark on a Torres' formula for a link in Sz ([7]) from this
point of view.

Our discussion will be based on Fox's free differential
calculus ([1], [2], [3]), though other methods, especially the
covering space technique, would also be helpful. We need
some minor adjustment of free differential calculus that will
be given in §1.

The method of the paper is essentially different from that of
[4], though a close relation between them will be observed.

1* From free differential calculus* Let G be a group with a
presentation (xly , xm; τly , rn)(n ^ oo). Let H be a multiplicative
abelian group and ψ a homomorphism of G into H. Let φ be the
canonical homomorphism of the free group F(xl9 •••,#») onto G. These
homomorphism φ and ψ are naturally extended to ring homomorphisms
of the integral group-ring JF onto JG and of JG into JH, respectively.
Using Fox's free differential calculus ([1], [2], [3]), we have an n x
m matrix A(G, ψ) = {ri3), where

eJH.

Generally, let (riS) be an n x m matrix (n ^ oo) over a commutative
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ring R with unity. Then for each nonnegative integer d the dth
elementary ideal Ed of the matrix (rίy) is the ideal of R generated
by all minors of order m — d9 if m — d > 0 and n — (m — d) ^ O
If m - d > 0, but n - (m - d) < 0, let 2?d = (0). If m - d ^ 0, let
Ed = (1).

It was proved in [3] that the dth elementary ideal Ed of the
matrix A(G, a) is an invariant of the group G, where a is the
abelianizer of G. Since there is a unique homomorphism σ of the
abelianization of G into H with ψ = σa9 the cίth elementary ideal
Ed(G9 Ψ) of the matrix A(G, ψ) is an invariant of G with respect to ψ.

Now let us consider the following diagram:

where Gi and G2 are groups, i ϊ a multiplicative abelian group, and
ψ is a homomorphism of <?! onto G2 and σ of G2 into iί. Then we
have the following theorem.

THEOREM 1. Ed(Gl9 σψ) c Ed(G29 σ).

Proof. Let (xl9 , xm: τu , rn)(n ^ ©o) be a presentation of Gx.
Then xfy , xt are generators of (?2, since f is a homomorphism of
Gi onto G2, and rf, , rt are some of the relators of G2. From this
it follows that one of A(Gl9 σψ) is a submatrix of one of A(G29 σ),
where the both matrices have the same number of columns. The
theorem is now clear.

A trivializer of a group G is a homomorphism of G onto the
trivial group that consists of only one element. Any trivializer will
be denoted by the same notation o in this paper. Further, the group-
ring Jo{G) will be identified with J.

For the convenience of the readers we refer to the following two
theorems from free differential calculus ([2]).

THEOREM A (Fox). Let G be a group and o a trivializer of G.
Then a matrix A(G9 o) is elementarily equivalent (see [1], [3]) to the
following matrix:

'I 0

where τu

.0 ' V 0_

, τn are torsion numbers and μ the Betti number of the
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abelianization of G. (We assume that the abelianization of G is finitely
generated.)

THEOREM B (FOX). Let H be a multiplicative free abelian group
of rank μ (μ^l) with generators tlf , tμ and let i be the identity
of H. Then we have

fE,{H, i) = (0) ,
J rp / TT \ __ /#. -t J. -j \μ—d A-f 1 << /7 ^ //
" •̂ •*d\~̂ ŷ ) — \yχ > * * * 9 β ) 9 J "̂"̂  a * \ f-£ j

βd(H, i) - (1), ifd^μ.

2. On polyhedra in S\ Let L be a polyhedron in an ^-sphere
S* (n ^ 3) that does not separate Sn, and let GL be the fundamental
group of Sn — L. Let I be an (n — 2)-dimensional cycle with integral
coefficients on L. There is a homomorphism ψ of the group GL into
the multiplicative infinite cyclic group H generated by t such that
for each g e GL,

where link (g, I) is the linking number between g and I in Sn. Since
the dth elementary ideal Ed(GL, ψ) is an invariant of the group GL

with respect ψ, it is a topological invariant of Sn — L with respect
to I on L, and from this it follows that Ed(GL, ψ) is a topological
invariant of the position of I on L in Sn. We will denote it by Ed(ΐ).
If two (n — 2)-cycles I and V are homologous on L, then the corres-
ponding dth elementary ideals Ed(l) and Ed{V) are the same. The
collection of Ed(l) for all possible (n — 2)-cycles I on L forms a
topological invariant of the position of L in Sn.

THEOREM 2. Let L be a polyhedron in an n-sphere Sn (n ^ 3)
that does not separate Sn. Let pn_2(L) be the (n — ̂ -dimensional Betti
number of L and τu r2, , τr are (n — ̂ -dimensional torsion numbers
with Ti\τi+1 (i = 1, 2, , r — 1). Then for each (n — ^-dimensional
cycle I on L the dth elementary ideal Ed(l) of I on L in Sn satisfies
the following conditions:

ί(Ed(l))° = (0), if d < 2V-2(L) ,

(Ed(l))° = τ{u2 rw, where m = r - (d - pn-2{L)) ,

Proof. By the Alexander duality theorem we have

/ Ow 7" \ / 7* \
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and

T^S* - L) ~ Tn^(L) ,

where T^K) is the ΐ-dimensional torsion group of a complex K. Since
the abelianizations of π(Sn — L) is the 1-dimensional homology group
of Sn — L, the theorem is clear by Theorem A.

Especially if l0 is the (n — 2)-cycle on L such that the coefficients
of l0 on every (n — 2)-simplexes of L are 0, then for every g e GL we
have link (g, Q = 0. Hence the homomorphism ψ of GL into H with
respect to l0 is a trivializer. Therefore, we have the following theorem.

THEOREM 3. Let L be a polyhedron in Sn(n ^ 3) that does not
separate Sn and l0 the (n — 2)-cycle on L with coefficients 0 on every
(n — 2)-simplexes on L. Then we have

Ed(Q = (Ed(D)° >

where I is an (n — 2)-cycle on L.

Now let μ be the number of components of L (i.e. μ ~ po{L)) and
Li(i = 1, 2, •••, μ) the ΐth component of L. Then an (n — 2)-cycle I
on L can be expressed as Σϊ=i h> where k(i = 1, 2, , μ) is an (n —
2)-cycle on L defined by

k\Lj - 0 (i Φj) .

Let JHQ be a multiplicative free abelian group of rank μ, i.e. Ho =

Πf=1 Hί9 where iί* = (^: )(ΐ = 1, 2, , μ). Define a homomorphism α/r0
of GL into ίίo by

Then, as before, we have the dth elementary ideal Ed{GL, ψ0) in JH0,
that is a topological invariant of the position of I on L in S\ Ed(GL, ψ0)
will be denoted by Ed[l].

Let σ be a homomorphism of Ho onto i ϊ = (ί: ) defined by ti =
t. Since g* = ίlink^>Z), we have (7π/r0 — ^ . Since σ is an homomorphism
of Ho onto iϊ, we have the following theorem.

THEOREM 4. We have

UEd[l]Y = E&) and

\(Ed[l]T = {EM°
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Now assume that pn-2(L) ^ 1. We have a sequence of homomorphism

φo

where a is the abelianizer of GL, HL ~ Hf (a free abelian group of
rank pn^2(L)) x (the torsion subgroup of HL) and a! is the projection
of HL onto H\ ψ0 — σoa, and σ0 = σ'ar. Then, by Theorems 1 and B,
we have

Ed{GL,a'a)aEd{H',i)

ί(0), if d = 0, and

1(1 — s l f -.-, 1 - sP n_ 2 ( L ))'*-* ( i )- i, if 1 g d < pn^2(L) ,

in J i ϊ ' , where we assume t h a t H' is generated by s1? ••, sPn_2(L).
In [2] it is proved t h a t

(1 - sf, , 1 - s;n_2(L)) c (1 - tί9 , 1 - tμ) .

Hence we have the following theorem.

THEOREM 5. Assume that pn-2(L) ^ 1. Then we have

IEO[1] = (0), and

\Ed[l] c (1 - tu , 1 - tμ)*«-*L)-d, ifl^d< pn^{L) .

THEOREM β. Assume that pn-2(L) ^ 1. Then ive have

E0(l) = (0), and

' Ed(D c (1 - έ)^-^(L)-rf, i/ 1 ^ d < pw_2(L) .

REMARK. The first formula in Theorem 2 follows from Theorem 6.

3* On polyhedra in S3.

THEOREM 71. Let Ms be a Z-dimensional manifold and L a
polyhedron in M3 that does not separate M3. Then π{Mz — L) has a
presentation with deficiency p^M3 — L) — p2(M3 — L).

Proof. Let K be a connected 2-dimensional polyhedron. Then
π(K) has a presentation with α\ — (aQ — 1) generators and a2 relators,
where a^i = 0, 1, 2) is the number of ί-dimensional simplexes. Since
M3 — L has a connected 2-dimensional polyhedron as its deformation
retract, say K, there is a presentation of π(M3 — L) with deficiency

1 This theorem is due to the referee.
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α t - (α0 - 1) - α, = 1 - po(K) + Pι(K) -

= Pl(M> -L)- p2(M3 - L) .

COROLLARY. Let L be a polyhedron in S3 that does not
separate S3. Then π(S3 — L) has a presentation with deficiency 1 —
po(L) + Pι(L).

Proof. By the Alexander duality theorem we have

Pl(S* -L)~ p2(S3 -L) = Pl(L) - (po(L) - 1)

= 1 - po(L) + Pl(L) .

THEOREM 8. Let L be a polyhedron in S3 that does not separate
S*. Then for each 1-cycle I on L we have

E&) = (0), ifd<l- po(L) + Pι(L) .

REMARK. A greater number than 1 — pQ(L) + p^L) can be ob-
tained, if one (or more) component of L is contractible in itself.

The following Theorem 9 and Theorem 10 are corollaries of Theorem
2 and Theorems 5 and 6, respectively.

THEOREM 9. Let L be a polyhedron in S-sphere S* that does not
separate S3. Then for each 1-cycle I on L we have

l(Ed(l))° = (0), if d< P l (L), and

\

THEOREM 10. Let L be a polyhedron in 3-sphere S 3 that does not

separate S3. Assume that px{L) > 0 and let μ — po(L). Then we have

\E0[l] = 0, and

\Ed[l] a ( l - t ί 9 . . . , t - tμ)*<L)~d, i f l S d < Pl(L) .

Especially ive have

E0(l) = 0, and

Ed(l) c (1 - t)W-*> ί f l ^ d < Pι(L) .

4* EXAMPLES. Let Lx be a #-curve, which is trivially imbedded
in S3. Then the fundamental group GLl of S3 — LL is a free group
of rank 2. From this it follows that for each 1-cycle I on Lx we have

\E&) = (0), if d < 2 ,

\ E S ) = (1)> i f d ^ 2 .
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Now let L2 be a #-curve in S3, which is shown in Fig. 1.

Z2

FIGURE 1

Then a presentation of the fundamental group GLz of S3 — L2 is as
follows:

i, Vi, y2: iVi^1 = 1)

Now let i be a 1-cycle on L2 and suppose that link (xl9 I) = cx and
link (yl9 ΐ) = link (y2, I) = c2. Then we have

A{GL2, ψ) + 1, 2, 0) .

Hence, we have

= (0), if d < 2 ,

d(ϊ) = (1), if d > 2 .

This means that the position of Lt and that of L2 in S3 are topologically
inequivalent. Note that any one of three simple closed curves on L2

is a trivial knot in S3. (The example L2 was also discussed in [4],
but there was a mistake in calculation, that was pointed out by R H
Fox to the author of the paper. Of course the underlying theory in
that paper is also different to that of this paper as noted in the
introduction.) We may also note that generally E2(l) of I on L2 in
S3 is not a principal ideal, that generally E2{ΐ) does not satisfy the
symmetricity property, that appears for knots and links in S3. There
are several of this kind of example in [6], too.

In another paper the author of the paper will prove that for any
integral polynomial f(t) with f(t) — ± 1 there exists a #-curve L in
S3 and a 1-cycle I on L such that E2(ΐ) = (/(«)).

5* On knots and links* Let K be an oriented polyhedral (n —
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2)-sphere in Sn (n :> 3) and k an (n — 2)-cycle on K such that k = ck\
where kr is the fundamental cycle of K. Consider the fundamental
group Gκ of Sn — K and its abelianization

We choose the generator V in such a way that for each g e Gκ

On the other hand, we have

Now define a homomorphism σ of H^ into H by (t')σ = tc. Then we
have ψ = σa. From this it follows that

Ed(k)(t) = Ed(kW)

for each d ^ 0. Further, since HR is infinite cyclic, we have E0(k) =
(0) and (Ed(k))° - (1) for d ^ 1. If n = 3, we have

where z/^(ί) is the Alexander polynomial of the oriented simple closed
curve K in S3.

Let L be an oriented polyhedral (n — 2)-link with μ components
in Sn (n ^ 3), i.e. an ordered collection of μ number of mutually
disjoint oriented polyhedral (n — 2)-spheres in Sn. We assume that
μ ^ 2. Let L; be the ith component of L for each i(i = 1, •••, //).
Let Z be an (w — 2)-cycle on i> and let l[ be as follows:

l'i\Li = the fundamental cycle on Liy and

i; I Lj = 0, if i ^ i .

Hence, we have ί = Σί^i CΆ- Let ^ = c^ and V = YJt=ι I'i Consider
the fundamental group GL of Sn — L and its abelianization

a: GL-+HL,

which is a free abelian group of rank μ. We choose the generator
t\(% = 1, ., μ) in such a way that for each ge GL

On the other hand, we have

y lJU-i w — l l ί = i V̂ */

Define a homomorphism σ of HL into fί0 by (^ )σ = t? for each i (i — 1,
• ••, //). Then we have α/r0 = σa. From this it follows that
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Further we have E0(l) = 0, (E$))° = (0) for d < μ, and (Ed(l))° = (1)
for d ^ μ. lΐ n = 3, we have

where ΛL(tί9 •••, ί̂ ) is the Alexander polynomial of the link L in S 3

and, hence

where c = g.c.d. (c1? , c^).

REMARK. Further, it is proved by Shinohara and Sumners [5]
that if n ^ 4, E$) = (0) for d < μ.

6. On a Torres' formula for a link* The following considera-
tion may be interesting: Suppose that L is an oriented link with
multiplicity μ{> 1) in fif3 and Li the ith component of L. (i = 1, 2,
••-, μ). Let i be a 1-cycle on L and express I as Σ?=i £» a s before.
Denote E & 1 Z€ by I*. Now let L* = L - Lμ and let £* be the 1-cycle
on D such that V = l\L\ Hence we have I* = i*|L* Let Ho be a
multiplicative free abelian group of rank μ, i.e. HQ — Πί^ofiij where
fli - (U: ){i = 1, 2, , ^ ) . Let i?f - Πf=ί J3i

Now let ^ 0 be the homomorphism of GL into Ho such that for
each geGL

φ* the homomorphism of GL into Ho such that for each g e GL

and Ί/ΓJ the homomorphism of G\ into Hi such that for each g e G*L

Let c< be the coefficient of I on L<(i = 1, •••, /i). Then we have the
following theorem.

THEOREM 11. TFβ A

β ϊ f i = link (Li9 L,){i, j = 1, 2,

Proof. Let
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EM, Ψo] = (ίί1 - l, , ψ - i)ΔL(t£, , t ή .

Then we have

On the other hand, we have

A Torres' formula of the Alexander polynomial of links ([7]) is as
follows:

If μ = 2, then

ΔL(tl9 1) - Λ

If μ > 2, then

ΔL(tu , *^-i, 1) - (*ίι«

Hence if μ > 2, the statement of the theorem follows immediately.
If μ = 2 and cx ^ 0, we have

The statement of the theorem is trivial, if c1 = 0 and μ = 2. Thus
the proof of the theorem is complete.

REMARK. Theorem 11 can be proved directly and the Torres'
theorem can be obtained as a corollary to this theorem.
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