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COMPLEMENTATION IN THE LATTICE
OF REGULAR TOPOLOGIES

M. JEANETTE HUEBENER

The present paper is concerned with the lattice of regular
topologies on a set, and establishes the following results: a
complete, complemented sublattice of the lattice of regular
topologies on a set is exhibited and shown to be anti-isomorphic
to the lattice of equivalence relations on the set; the lattice
of regular topologies on a set is shown to be nonmodular if
the cardinality of the set is at least four; the problem of
complementation for regular topologies is reduced to consider-
ing T, regular topologies without isolated points; conditions
are found which are equivalent to a regular topology having
a principal regular complement; then follow some conditions
under which the problem can be reduced to considering con-
nected spaces; the final section consists of constructions of
complements for certain classes of regular topologies, which
classes may or may not be exhaustive.

Principal regular topologies and relations. Let (&5 VY, A) be
the lattice of all topologies on a set E. (< VY, A) is complete, anti-
atomic, complemented, and, if | F'|, the cardinality of E, is at least
three, it is not modular, [10, pp. 384-5, 389-397]. Next, let (<, V, A"
be the lattice of all regular topologies on E. (<2, VY, A" is complete
but not a sublattice of (&4 V, A). The greatest lower bound in #
of a collection of topologies in .&Z is only the least upper bound of
all the regular topologies which are weaker than the collection’s
greatest lower bound in . [8, pp. T54-755].

The anti-atoms of .& are the ultraspaces on E; these are topol-
ogies of the form S, ) = P,(x) U % where % is an ultrafilter on
E different from 7/ (x) = {A C E: x € A} and where P,(x) = {ACE:x ¢ A}.
Frohlich [5, p. 81, Satz 3] showed that every topology 7 on FE is the
infimum of the ultraspaces on E which are finer than <.

The special sublattice of (<4 VY, A), which is anti-isomorphic to
the lattice of preorders on E, is called the lattice of principal topo-
logies. From this sublattice Steiner [10, p. 883, Theorem 2.6; pp.
389-397] and van Rooij [16, p. 807] take their complements. Now
an ultraspace is said to be principal if its topology is of the form
S(w, ' (y)) where x == y. A topology 7 is principal if 7 =1, or if ¢
is the infimum of the principal ultratopologies finer than 7. These
topologies are also characterized [10, pp. 381-2, Theorem 2.3] by the
fact that they have a base of open sets which is minimal at each
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point, i.e. for any x € E every open set containing ® must contain the
open set

B,={yceE:S(@, Z(y) =} .

(Throughout the paper B, in a principal topology ¢ will denote the
o-open set minimal at the point x.) Using this characterization it is
easily seen [10, p. 882, Theorem 2.5] that the principal topologies
form a sublattice of (2 V, A). The mapping establishing the anti-
isomorphism between this lattice and the lattice of preorders is given
by

(@) = G. = {(z, 9): S, Z(y) = 7}
and
7HG) =7 = NS, Z(p): (v, y) € G} .

In the lattice of regular topologies there is a sublattice of the lattice
of principal topologies which has a familiar structure:

THEOREM 1.1. A principal topology © on E is regular iff its
representation satisfies the condition S(x, Z (y)) =t implies S(y,
ZZ(x)) = T for any x, y € E.

Proof. Suppose 7 is principal and regular and that S(z, Z (y)) =
7. Then ye B, and B,C B,. Now ~B, is a closed set not containing
y; accordingly there exists Uetr such that UD ~B,and UN B, = @
which implies that U= ~B,e7. If xe ~B,et, then B,Cc B,C ~B,
which is a contradiction. Hence z€ B, and S(y, Z (z)) = .

Conversely, in terms of the base of minimal open sets, the con-
dition, &(z, Z (y)) = r implies &(y, % (x)) = 7 for any «, y € E, become
yeB, iff teB,. Hence B,= B, or B,N B, = ¢ for every z,yc k.
In which case, if U= {B,;yeU}er and x€ ~U then B.NU = @
and it follows that ~U = | {B,;xe ~U}er. Every open set being
closed implies 7 is regular.

COROLLARY 1.2. A principal topology © is regular iff G. is an
equivalence relation.

That the lattice of equivalence relations is complemented is proven
mot a mot as in Steiner [10, p. 389, Theorem 5.1].

COROLLARY 1.3. The lattice of principal regular topologies on E
ts a complete sublattice of (Z, Y, A") and (4 V, A)-
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Finally, for | E'| < 3 the lattice (<2, VY, A") is a modular sublattice
of (¥ V, A). If | E| = 4, then the lattice (&2, VY, A7) is not modular:
Let a, b, ¢, d be distinet points of E. Define each of the following
principal regular topologies by its base of minimal open sets

Taw {@, b}, {c}, {d} and {z} for @ + a, b, ¢, d
Tanea 1@, 0}, {¢, d} and {x} for x # a, b, ¢, d
Teaen 1@, d}, {c, b} and {x} for x = a, b, ¢, d
Taear 10, 0,¢,d} and {x} for x = a, b, ¢, d .

Then we have the following diagram of least upper bounds and
greatest lower bounds in (<2, V, A".

1
T(ab) \

T(ab)(ed)

T(ad)(cb)

z-(abcol)
FIGURE 1

Greatest lower Bounds in .Z# and continuous functions. In a
paper in 1968 [14, p. 1087, Theorem 1], J. Pelham Thomas charac-
terized the strongest regular topology on a set weaker than a given
topology on that set: If ¢ is a topology on E, then there is a unique
regular topology ¢* weaker than 7, such that, if Y is any regular
space, then the continuous maps (E, 7) — Y are the continuous maps
(E, z*) — Y. Furthermore 7* is the least upper bound of the regular
topologies weaker than z. In this vein we have the following lemmas.

LEmMA 2.1. A function f:(E,0) — (Y, 0) is continuous where
(Y, o) is a regular space if f(E) Cel, (f(x)) for every xc E.

LemmA 2.2. If, for every regular T, space (Y, o), every continuous
function f:(E,v) — (Y, p) is constant, them, for every regular space
(Y, o), every continuous function f: (E,v) — (Y, o) satisfies the condi-
tion f(E) ccl, (f(x)) for every xze K.

Using the Thomas result we conclude that
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COROLLARY 2.3. In order for ¢ A"t =0 it is mecessary and
sufficient that every continuwous function on (E, o A7) to a regular
T, space be constant.

It is now possible to reduce the problem to T, regular topologies.
Let = be a regular topology on E and E* the set of point closures
{cl. @): z€ E}. Then E* is a set of equivalence classes of E and
@: E— E* given by @(x) = cl. (x) is the canonical map. If z* is the
quotient topology relative to @ and 7, that is, the finest topology on
E* such that @ is continuous relative to (¥, 7), then z* is a regular
T, topology, lattice-isomorphic to = [15, p. 92, Theorem 14.2]; further,
@: (E, 7) — (E*, t*) is open and closed [9, p. 155, Theorem 9.3.6], and
(E*, t*) is called the T, quotient of (E, 7).

THEOREM 2.4. If the T, quotient (E*,t*) of a regular space
(E, 7) has a (principal) complement in the lattice of regular topologies
on E*, then (E,t) has a (principal) complement in the lattice of
regular topologies on E.

Proof. Let f be a choice function on the subsets of E, c* the
regular complement for 7* and S = {y€ E: y # f(cl. (y))}. Define o to
be the topology on E with the following base

{(p7'B*) — S: B*eo*} U {{y}:yeS}.

The topology ¢ is, in fact, regular. Suppose F is closed in (E, g)
and z¢ F. Then ~F = (p'B* — S) U A for some A S and some
B*eo*., If xeS, then {#}co and FCE — {z}co. If ¢S, then
®x € B* € o* and there exist disjoint sets U*, V* €o* separating ®(x)
and ~B*. In which case, ™*U* — S and ¢'V* U S are c-open sets
separating x and F. Note that ¢ is principal if o* is.

Next, if Aco A7, then pAect* and A = @~'B* for some B* € o*.
Hence @:(E,o0 A7) — (E*, 0* AN7*) is open. If :(E,0 N7)— Y is
any continuous function to a regular T, space Y, then +(cl,,.(%)) = v(x)
for any x € E. Hence @™ (E*, 0* A 7*)—Y is a welldefined continuous
function. Since ¢* A"t* = 0 then ™ must be constant, which
implies that « is constant and hence ¢ A"7 = 0.

Finally 0 V7 = 1. For z¢ S we have U*ez* and V*eo* such
that {@x} = U* N V* which implies that

{} = (7 U N(p7'V* - S)er vo.
Principal complementation and connectivity. In order for a

regular topology v and a principal regular topology ¢ to have a least
upper bound of 1, it is necessary and sufficient that the minimal open



COMPLEMENTATION IN THE LATTICE OF REGULAR TOPOLOGIES 143

sets of ¢ be discrete in 7. That they have a greatest lower bound
of 0 is characterized in terms of continuous functions. Now a func-
tion is continuous on (E, o A 7) iff it is continuous on both (E, o)
and (F, 7). Relative to continuity on principal regular spaces, we
have the following:

LEMMA 3.1. Let 0 be a principal regular topology on E. A
Sfunction f: (E, 0) — (Y, p), where p is a T, topology, is continuous iff
f s constant on each minimal c-open set.

THEOREM 3.2. If (E,7) is a regular T, space with a disjoint
open cover {E.}. of E and if, for each a, the topology t, = t| K, has
a principal complement o, in the lattice of regular topologies on
E, then © has a principal complement in the lattice of regular topo-
logies on K.

Proof. For each « let B* be some one minimal open set in o0,.
The set U. B* and, for all «, all minimal open sets B, in ¢,, different
from B®, define a minimal open base for a principal regular topology
¢ on E such that ¢| FE, = 7,.

Let f be any function on E to a regular T, space which is con-
tinuous relative to the topology ¢ A z. Then for any a, f, = f|E,
is continuous relative to the topology (¢ A 7)| E,. But (c A7) | E, =<
0. N\ T, 8O f, is constant on E,. Since f was continuous relative to
o then f must be constant on U, B*. Hence f is constant on all
of K.

Lastly ¢ \v = = 1: if ¢ is any point of F = J, B, theno, V 7, =
1 implies that there are sets Ueo and Vet such that {x} = (UnN
E)N(VNE)=Un(VNE)eo V.

The complementation problem for locally connected regular spaces
is then reduced to the complementation problem for connected spaces.
Further, the proof of the previous theorem suggests several lines
of development.

THEOREM 3.3. Let (E, 7) be a regular T, space whose set & of
components satisfy the following conditions:

(i) & 1is countable.

(ii) For each Ce & the restriction t|C has a principal regular
complement.

(iii) Either & has finitely many singletons or infinitely many
nonsingletons.
Then © has a principal regular complement.

Proof. Without loss of generality, by (i) the collection of com-
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ponents forms a sequence {E,}, such that, by (iii) each singleton is
followed by a nonsingleton. For each %, let 7, = 7| E, and o, its
principal regular complement.

Now for any nonsingleton FE, there must be at least two distinct
minimal open sets in o,; otherwise z, = 1. But 1 is not connected
unless | E,| = 1.

For each n, choose A* and B® minimal open sets in ¢, such that
B+ A" if |E,| > 1. Then the sets

(i) B"U A" for all » such that |E,|=#1and [E,.,|#1

(ii) B"U E,., U A" for all » such that |E,,,|=1

(iii) B U E, U A**! for all # such that |E,| =1

(iv) B, for all minimal o, open sets with B, # A", B, n =1, ---.
define a base of minimal open sets for a principal regular topology o
on F such that o, = 0| E, for each n.

Let f be any function on E to a regular T, space which is con-
tinuous relative to the topology ¢ A z. Then f, = f| E, is continuous
relative to the topology o, A 7, for each n. Hence f, is constant on
E, and since f is constant on each set in o then f is constant on
all of E.

For each x not in some B" or A" there are sets Ue7 and B,€o,
such that {x} = (UNE,) NB,= UNDB,co \V 7. For any x€ B" there
is a neighborhood Uezt of x such that Un B" = {z} and, since com-
ponents are closed and z¢ E,.,, E,,,, such that UN E,., = @ and
UNE,.,= . Hence

{2} =UnB"UA"YerVvoif |E,|,|E...|#1;
=UN(B"U E,., UA" if [Eu| =13
=UnNnBUE,UA" It [B,|=|E,|=1.

Similarly for any x€ A*. Thus ¢ V7 = 1.

THEOREM 3.4. Let (E, t) be a regular space and D a dense subset.
If ©|D has a complement o* in the lattice of regular topologies on
D, then t© has a complement in the lattice of regular topologies on E.

Proof. Define ¢ to be the topology on E with the base o* U {{y}:
y ¢ D}. Then o is regular, 0| D = o*; o is principal iff ¢* is principal.
Noweclearly (e A7) [ D<Z<c|DAT|Dso(c A"c)|DZc|DAN7|D=0.
In which case, for any nonemply Ueo A"t we have UD D since
UND= @ is impossible. Hence ¢ A"t = 0. Obviously ¢ V7 =1.

It is now clear that the complementation problem can be reduced
to considering spaces without isolated points, because in the following
result (W, | W) has no isolated points.
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COROLLARY 3.5. Let (K, ) be a regular T, space, I the set of
isolated points, W = int. (E — I) the interior of E — I. If (W,t/W)
has a principal regular complement then there s a principal regular
complement for 7.

Classes with complements. In this section our task is to con-
struet principal regular complements for various classes of regular T,
topologies. The first result provides the basic construction used in
the following theorem to handle the class of supra-DN spaces. The
definition of this class is a generalization of the DN spaces of B. A.
Anderson [1, p. 989] and was suggested by Harold Bell as a means
of extending methods developed for the DN spaces. The question
remains open whether this class exhausts the regular T, spaces.
Subsequent results show an approach to a different class of spaces
and to arbitrary products of such spaces.

THEOREM 4.1. Let (E, 7) be a regular T, space, &> | K|, and
{S,: 0 =< n <7< &} a wellordered family of disjoint discrete nonempty
subsets of E whose union is dense in E. Suppose that for such n > 0,
any open set containing cl. U,<. S,) meets S,. Then T has a principal
regular complement o. Moreover there is some point x € E such that
cloa- (x) = E.

Proof. Define ¢ to be the principal regular topology with the
base of minimal open sets {S,:n = 0} U {{z}: 2 ¢ U.2,S.}. Then for
any x € F we have {x}eo Vv 7.

On the other hand, for each S, let x, be any point in cl. (S,).
Suppose there is an ordinal n such that

cjla/\"r (xn) #*= clo/\"'r (xo) .

Let m be the least such ordinal. Then there are disjoint sets U*,
V*ea A"t such that el ,-. (x,) © U* and cl . (%,) < V*. Also, for
every v < m, ¢l (%) = clar: (%,). But then cl,\-. (x,) is a 7-closed
set containing all the sets ¢l -, (x,) D S, for v < m. By the regularity,
every Ueco A"t such that o, € U must contain cl, - (%) Decl. (U;en S;)-
So U* meets S, Ceclar (#,) € V* which is a contradiction. Hence
clyar: () = E and ¢ A7 = 0.

DEFINITION. A space (E, 7) is said to be supra-DN if, for any
open set U such that cl. (U) — U # @ there is a discrete set Sc U
such that cl. (S) — U # @.

Note that any first countable space is supra-DN.

THEOREM 4.2. If (E, 7) s a regular T, supra-DN space without
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1solated points then T has a principal regular complement.

Proof. Let x, be any point of F and U, = F — {#,}e7. Then
there is a discrete set S, U, such that {x} = cl.(S,) — U,. For the
induction, consider any ordinal n between 1 and &, where & > |E|;
suppose that for each 8 < n the set S;Cc E — ecl. (U, S;) is defined,
nonclosed, discrete, and either cl. (U,<:S;,) €7 or any open set con-
taining el (U,<s S;) meets S;. Now for any subset A c E, either the
boundary of E — cl. (4) is nonempty or cl. (4) is open. Hence if
cl. (U,<. S;) is not open then the boundary of U, = E — cl. (U.<. S)) €T
contains some point x, and U, contains a discrete set S, such that
z,ecl. (S,) — U,. So any open set containing cl. (U,<.S,) contains
the boundary of U, and hence, as a neighborhood of z,, meets S,.
If, on the other hand, cl. (U,<. S, €7, let z, be any point of V, =
E—cl.U;.S)and U,=V, —{x,}er. Then there is a discrete
set S, c U, such that {z,} = cl. (S,) — U,.

Consequently cl. (U<, S,) = E and S, = {z,:cl. (U,<. S;) €7} is
discrete. Lastly, if cl. (U.<;<. S;) €7 then any 7-open set containing
cl. (Uosr<n S)) 28, and hence containing x,, meets S,. Otherwise
cl. (Uisr<. Sy) € T and any U et such that UDecl. (Uosr<a S;) must meet
S.. The conclusion then follows by the previous theorem.

DEFINITION. A space (F,7) is said to be Bolzano-Weierstrass
compact if every infinite subset of E has a limit point in E.

DEFINITION. A space (K, 7) is said to be locally-B.W.-compact if
each point in the space has a fundamental system of neighborhoods
each of which is Bolzano-Weierstrass compact.

THEOREM 4.3. If (E,7) is a separable, regular T, locally-B.W .-
compact space without isolated points, thew T has a principal regular
complement.

Proof. Let @ = {q, q., --+} be a countable dense subset of E.
Let V, be a B.W. compact neighborhood of x, = ¢q,. Since 7|Q is T,
without isolated points, there is a countably infinite discrete S,
int. (V) N @ with x,€S,. For every zeS, the T, regularity of ¥
and the discreteness of the countable set S, imply that there is an
open set V, such that xe V,cecl. V,c V,cl. V.Nnel. S, = {«}, and if
x,yeS; and x # y, then cl, V,Nel. V, = @. Hence, for each x€ S,
an infinite discrete set S, may be chosen so that xS, V,N Q.

The points of S, may be denoted by x,, for n=1,2, ..., with
%, = %,. The corresponding discrete sets may be denoted by S,,. For
each n, let y,€cl. (S,) — S,.cecl. V,

1n®
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Foreachk>1let Q,=Q —cl. (U,c: U= Son)€7|Q. £ Q.+ @,
let 2, be the least element in the order on Q,.

V. a B.W.-compact neighborhood of %, in ~ecl. (U,<r U= Spn)

S, a countably infinite discrete set in V, N Q, with z,€ S,

%, = 1,2, --. the points of S, in the induced order

S.. the corresponding countably infinite discrete sets chosen from
the intersection of @ and a neighborhood, of x,,, whose closure is in
V, with z,, = z, € S,, and satisfying cl. S,, N cl. S;, = @ for n # p, and

Yin €l (Sin) — Siae
Clearly cl. (U7~ U= Sps) Dl (Q) = E.

Define a principal regular complement ¢ for ¢ with a base of
minimal open sets consisting of

U1 = Su ’

U, = Six U {%:6-0} U Sk for k> 1,

Uy = Spi U {y:o(k—l)} for p, k> 1,

{y} for all y ¢ (U: U U Uy Uso)-

The minimal open sets are discrete in (K, ) because S,, was chosen
in a closed neighborhood outside ecl. (U< Un=: Sp») Which contains
cl. (Six), and because ¥,y €cl. (S,u_y) and cl. (S,u—y) Ncl. (S.) = @.

Lastly, if Uet Ao, U=+ @, then UN (Uy,:xSw) + @. Let @ be
the least ordinal for which there is a B such that UNn S;; # @ and
B the least such 8. Suppose @ = 1. Then B = 1 and yz5_y € U C
Ueco. But yzs., is a 7-limit point of S;z.,, so Uet meets Szz_y
which contradicts the minimality of 5. Hence & = 1. Similarly 8 =1
and S, = U,c U for every Uet Ao and ¢ A"t = 0.

Note that local compactness and countable compactness imply
local-B.W.-compactness.

THEOREM 4.4. For each 1€0 let (E;, ;) be a regular T, space for
which there exists a principal regular topology o; on E,; such that

(a) o; v, =1

(b) There is a subset W, E; such that Uea;, A t; and U+ @
tmply that UD W,.

(¢) If Uert,; satisfies UD W, then there are o;-isolated points
wn U.

(d) The set of o,-nonisolated points is dense in (E;, T;).
If E = 1T1lico E: and © = [[;c0T; then (E,7) has a principal regular
complement.

Proof. Well order 8; let (x;);€ E. If x; is isolated in o; for every
1€0, then let B(z;); = {(x;):}. Otherwise, there is a least element
€0 such that x; is not or-isolated; let B(x;); = B; X (;);.. where B;
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is the minimal o;-open set containing x;. The collection {B(x;):: (x;); €
E} forms a base of minimal open sets for a principal regular topology
o on E.

Using hypothesis (a) for the first nonisolated coordinate, it is
easily seen that ¢ v 7 = 1.

Next let 4!, A*c o A T be nonempty. Now A', A*e 7 implies that
there are indices 1%, %, ---, i, €6 such that A' and A® contain rectan-
gular neighborhoods. Hence there are points (x;);€ A' and (y,); € A®
such that z; = y; for ¢ # 4, .-, i, and, by (d), x;, ¥; are o;-nonisolated
for ¢ =4, ++-, %, only. Let j = min{3, ---, 4.} and A} = {ze€ E;: {z} X
(%;)iz; € A'} € T;, the inverse image of A' under the (x;);:;-section; since
x; is o;-isolated for 7 < 7 then for any oj;-nonisolated point xe A%,
B, X (%;)ix; © A'. In which case, B, C A% and hence A} eo;. Similarly
A ={z € E;: {} X (¥)izs € A%} € 0;AT;. Thus by (b), W;CAiNA%e€0;A\T;
and by (c), there is an isolated point 2} = ¥} in A N A% which means
that

(@:)ins X 25 € A" and (ys)ines X Y5€ A”.

Continuing this process and replacing ;, -« -, ;, and ¥;, -+, ¥;, locates
a point common to A' and A% The absence of disjoint sets in ¢ A ¢
implies that  A"¢ =0

In particular, the principal regular complement constructed in
Theorem 4.3 satisfies conditions (a), (b) and (d) required of the factor
spaces in Theorem 4.4; condition (c) can be accomodated without losing
others.
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