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SIMPLE PERIODIC RINGS

WIiLLIAM MITCHELL

Let A be a power-associative ring, and suppose that for
each ac€ A there exists an integer n = n(a) > 1 such that
a®=a. Such a ring A is called a periodic ring. In this
paper the structure of all simple periodic rings of charac-
teristic not 2 or 3 is determined. This solves a problem posed
by Osborn [Varieties of Algebras, Advances in Mathematics, to
appear]. It follows from these results and from Osborn’s that
every flexible periodic ring with no elements of additive order
2 or 3 is a Jordan ring.

Let A denote a simple periodic ring. It is shown in [1] that
every element of a periodic ring has finite additive order, and it is
known that any simple ring has a well-defined characteristic. Thus
A must be an algebra over Z,, the integers modulo p, for some
prime p. We suppose that p %= 2 or 3 in order to use the results of
[1]. Definitions not given here may be found in [1].

Let the multiplication give in A be denoted by juxtaposition and
let the operation “o0” in A be defined by aob = 1/2(ab + ba) for a, be
A. The algebra formed by taking the elements of A under the same
operation of addition but under the new multiplication “o0” is denoted
by A*. It is shown in [1] that A* is a simple Jordan algebra and
that if A is not a field than A* is a periodic Jordan algebra of capacity
2. By a Jordan algebra J of capacity 2 we mean a simple Jordan
algebra in which there exist two orthogonal idempotents e, ¢, adding
to the unity quantity and having the property that the Peirce subspaces
Ji(e)) add J.(e,) are Jordan division algebras. Periodic Jordan algebras
of capacity 2 are characterized in [1] by

PROPOSITION. Let @ be a periodic field of characteristic not 2,
let ¢ be a nonsquare in @ and let @, denote the ring of 2 X 2 matrices
over @. Then the Jordan subalgebra of @ consisting of the set

@
7 {( B#)
B
is a simple periodic Jordan algebra of capacity 2 over ®. Conwversely,

every simple periodic Jordan ring of capacity 2 and characteristic
not 2 is isomorphic to J for some choice of ®.

a,B,“/e@}

In view of this proposition we may identify the elements of A4
with 2 X 2 matrices of the form
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over some periodic field @ where £ is a fixed nonsquare of @. Let
juxtaposition of two such matrices denote the product regarding them
as elements of A4, let “0” denote the product regarding them as in A™,

and let “.” denote the usual matrix product. Then by the above
proposition these products are connected by

(1) ab + ba = 2(aob) = a-b + b-a

for all a,bec A. If e = ((1) (1)), f= ((1) . (1)>,g = (g %), then the set
{e, f, 9} will be a vector-space basis for A* over @. Since elements
of @ do not act as scalars on the algebra A, we cannot make A an
algebra over @, but have to work with it as an algebra over Z,.
If {w,, w,, +--} is a basis of @ over Z,, then {w.e, we, +--, 0.f, ©,f,
<o, .9, Wy, +--} form a basis of A over Z,, and we must determine
how these different basis elements multiply together.

Since we know the multiplication in A*, we also know the pro-
duct of any two elements of 4 that commute. Most of our calcula-
tions will be to show that appropriate pairs of basis elements of A
commute. As any two nonzero elements of @ may be expressed as
powers of a single element of @, it will suffice to determine the
products Aele, NeNf, NeNg, M AN F, Mg and Ngh\g for arbitrary
AEOD.

The element e is the identity for A* and the power-associativity
of A implies that e is the identity for A. Hence ee = ¢, ef = f = fe,
and e¢g = g = ge. Using (1) we also have

ff=fof =f-f=fand g9 =gog =g-9 = pe.

Since A is power-associative, it satisfies the identity z*x = z2’
Defining the notation (zx, y, 2) = (xy)z — x(yz) and [z, y] = vy — vz,
this identity can be written either as (x, z, ) = 0 or [#% 2] = 0. The
latter form has the linearization

(2) Q®, v, 2 = [woy, 2] + [yoz, 2] + [z01, y] =0

which will be of fundamental importance in subsequent calculations.
We note at this point that (2) is symmetric in all variables.

We first compute the value of Mele. Substituting @ = A e, y =
Ae, z = NMe in (2) and using the fact that A"eor’e = N\"*°e for r, s positive
integers, we obtain

(3) [\e, Ne] + [Mt'e, Xile] + [NitiTle, Ne] = 0.

This equation is generalized in
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LEMMA 1. [Ne, Me] + [Ntle, Mile] + I[Nt "¢, ne] = 0 where 1, 7, 1
are positive integers.

Proof. The proof is by induction on I. The case I =1 is (8).
Now assume

(4) [\e, Ne] + [Nitle, Nile] + I[Nle, ne] = 0
holds. Substituting x = A", y = e, 2 = Ai*le in (2) gives the relation
(5) [AiTle, Nitle] + [NFite, N e] + [NHiTle, ne] = 0.
Adding (4) and (5) gives
[\e, Ne] + [NTEHe Nimt0e] 4 (I 4+ L[N Hi7e, Ne] = 0,

and hence the lemma holds by induction on I.

The substitution ¢ = p, j = (k — 1)p, I = p in (4) gives [\?e, A ¥ 17¢] +
0 + p[A*"'e, xe] = 0. Since A has characteristic p this last equation
becomes

(6) [\Pe, \EDre] = 0 .

Let n be a positive integer such that A*" = . Replacing )\ by »\*"*
in (6) shows that

(7) [ne, N¥7'e] = 0, k any positive integer .

Since 1, j, I are arbitrary positive integers in (4), (4) and (7) combine
to give [\e, Me] + [Nitle, Nile] + I[NitTTe, ne] = [Nie, Me] + [N tle, N =
0, and setting 7 = [ in this last equation gives

(8) [\e, Ne] = 0, 1, j positive integers .

The value of M fA\’f is computed next. The substitution = \e,
y=z2=f in (2) gives [\eof, f] +[fof, e] + [fore, /] =0 and the
middle commutator is [e, ne] = 0. Hence this last equation reduces to
2[neof, f1=[\f, f1 = 0, and replacing N by A\’ generalizes this to

(9) [Nif, f1 = 0,7 a positive integer .
The substitution 2 = M7'f, ¥y = \e, 2 = N} in (2) gives
NS ML+ IV, N+ [V, he] = 0

and (8) shows that the last commutator of this equation is 0. Hence
this equation reduces to [\f, Mf] + [N f, M'f] = 0, and setting’
12 = 1 and using (9) reduces this last expression to

(10) M, A f] = 0,5 a positive integer .
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The substitution z = \'e, y = Af, 2 = M f in (2) gives the equation
[NiTleonf, Ml + [NFONF, Nl + [NV fONT'e, A f] =0,

and evaluating the Jordan product in these commutators in terms of
Jordan product of 2 x 2 matrices converts this last equation to

Vi, M+ [NVte, Mle] + [N, Ml = 0
which by (8) and (10) reduces to the equation
11 [Aif, M f] =0, %, 7 positive integers .

We note that just as in (8), equation (11) implies
NSNS = TOSFNS + NPNF) = Z@VFNF) = MFNS

— Xi+ff .

The next case to calculate is the product Mgh’g. The substitution
x = \N"g,y = \e, 2 = Ng in (2) gives

Vg, Mgl + [NV, Mgl + [N (pe), ne] =0 .

But A*'y and A may be expressed as powers of a single element
of @. But then (7) shows that the last commutator in the above
equation vanishes and that equation thus reduces to [\'g, Mg] + [A*'g,
A7'g] = 0 and setting 7 = 1 in this last equation yields

(12) [Ag, Mg] + [A*'g, 9] = 0.

Since the substitution © = e,y =2z =g¢ in (2) gives 2[\g, g] + [,
xe] = 0, (3) shows that this reduces to [\g, g] = 0, or more generally

that [\'g, g] = 0 for 7 a positive integer. Hence (12) reduces to

(13) [ng, Mg] = 0, 5 a positive integer .

Finally, the substitution £ = A%, ¥ = Ag, 2 = Mg in (2) gives
[N, Mgl + [V (pe), Ml + [NV Tg, Mgl = 0

and the second commutator of this equation vanishes by (8) and the
third commutator vanishes by (13) so that the equation reduces to

(14) [Nig, Mgl = 0, 7, 7 positive integers .

To determine products of the form M\e\g make the substitution
x = Ng,y = N"'f,z=\f in (1) and thus obtain

[MgoN='f, Mf] + INTU NS, Mgl + [Mfodg, MTf1 = 0.
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Since N forn'g = Mgon'f = 0 for positive integers 7, s, t, v the above
equation reduces to

(15) [\e, Mgl = 0, 4, 7 positive integers .

To compute products of the form MNeaf substitute x = Mf, y =
L2 (Ng), 2 = NM'g in (1) to obtain

(16) [Ne, M f] = 0, ¢, 7 positive integers .

In remains to determine the products of the form M\ fA\g. In
order to do this the information obtained from (2) and the power-
associative identity (x’z)x = a*x* must be studied. We first prove a
preliminary lemma concerning power-associative algebras in general.

LEMMA 2. Let A be an algebra over a field of characteristic # 2
Sfor which AT is power-associative and let x*x = xx® hold in A. Then
A s power-associative.

Proof. The partial linearization 2[xoy, 2] + (2% y] = 0 of a*x =
2x* holds in A. Setting y = 2* gives 2[xox?, 2] = 0. Hence (x%0x)x =
x(x’ox). Since x’oxr = xox® = 2°* we have x*x = 22° so that 2’z = (xa®)x =
z(@a®) = x(x’x). But (@2)z = 1/4[@x)e + (xxd)e + z(@x) + x@zd)] =
(xPox)ox. However (z’ox)ox = (vox)o(rox) because A* is power-associa-
tive. Thus (’z)x = (xox)o(xox) = 2*x* = x(xx®). Hence #’¢* = (x’r)x =
2(x*x) holds in A and A is power-associative.

The products A f\g in A are now investigated in

LEMMA 3. If €@ then

17 N HNg) = fF(MHg) .

Thus all products of the form N.f\'g are determined im A once the
products fA*g are determined in A. Conversely if A is an algebra
such that A is a periodic Jordan algebra of capacity 2 and in which
(8), (11), (14), (15), (16) and (17) hold, then A s power-associative.

Proof. The substitution z = N f, ¥y = Mg in 2[zoy, 2] + [+°, y] =
0 yields \eM’g = Ng\Pe, which is just a special case of (15). The
substitution @ = Ng, y = Mf in 2[zoy, ] + [2°, y] = 0 yields a special
case of (16). Hence no information about A f\g is obtained from the
partial linearization of xx® = #’». To obtain information from (2) for
M fAig at least one of z, ¥, z must be of the form A\ f and at least one
of the remaining two variables must be of the form N\g. Since (2)
is symmetric in %, ¥, 2 we may assume x = \'f,y = Ag in any of
the substitutions into (2) which will be of interest. For these sub-
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stitutions we note at the beginning that \'foNg = 0 so that A f\ig =
—Ng\'f. We now consider the cases.

Case 1. © = \'f, y = Ng,z = \te in (2) gives
(18) [N*Eg, M FT 4+ [N Mgl = 0

Case 2. x = )\f,y = Ng,z=2\f in (2) gives a special case of (15).

Case 3. x = \N'f, y = Mg, z = Ay in (2) gives a special case of (16).
Hence (18) is the only new relation derived from (2). But (18) expanded
out is N*EgNIF 4 NFEFAIG = N fANTTEg + NMgAtEf, which by anticom-
mutativity of A"f and A°¢g becomes 20\t gA\if + A+EfAIg) = 0. Thus
ANFEFNIg = — Mg\ f = NifAT*g and setting 7 = 0 yields the relation
OEF) (Wg) = fF(N)*g), which is just (17).

Formula (17) shows that once products of the form f\ig are
defined all products of the form A"f\°g, r, s positive integers, are
determined. However the substitutions that we have just made
above into (2) do not give any information about the value of the pro-
ducts fA‘g themselves. We have extracted all the information that
can be extracted from (2) here. Put another way, equations (8), (11),
(14), (15), (16), and (17) imply that (2) holds, using the linearity of (2)
and the fact that any two nonzero elements of @ are powers of a
common element. By lemma 2, if (2) holds and if A" is power-associa-
tive, then A is power-asssociative. This establishes the last statement
of Lemma 3.

Stating the relations that we have derived in equations (8), (11),
(14), (15), (16) and (17) for our original basis {w.e, w.e, --+, 0, f, ©,f,

oe, @,g, g, +++}, We obtain

[wie, wje] = [w,e, w,f] = [wie, W;9] = [0,f, ©,f]

19
( ) = [wig, wjg] =0,
(20) (0:)@;9) = fw0;9) = — (0;9)(@:f) .

Using (1) we obtain from (19) that
Wew;f = ';—(w«z@wa’f + w;fwe) = —;—(coie-a)jf + W;f-w;e)
= 20w e-f + fr0) = 0w,f .

Doing the same thing for each other pair of basis elements that
commute by (19), we obtain

WeW;e = W08, Wew;f = W;0;f, ©:;e®;9 = W;0;g,

(21)
= w;fo;f = w,0;e, VgW;g = W,W;le ,
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for all positive integers 7 and j. The products of the form f(w;g)
¢an be chosen completely arbitrarily and the other products involving
f and ¢ determined by (20), since we have seen that (2) is satisfied
as long as (19) and (20) are satisfied. Clearly A* is power-associative
if (21) and ®;fow;g = 0 hold, and the latter is implied by (20). We
'sum up our result as

THEOREM 1. Let @ be a subfield of the algebraic closure of Z, the
integers modulo p for p # 2 or 3 and let {w,, @, -++} be a basis of @
over Z,. Let e, f,g be three symbols and let A be the vector space
over Z, with basis consisting of the set of symbols {w.e, w.e, «--, . f,
Wyf, oo, WG, Wsg, vo+}e If By, Boy oo+ and ¥, Vs, +o- and 0, 05, +++ are
any three sequence of elements of @, them make A into an algebra
by defining f(w;9) = Bie + 7.f + 0.9 and by letting (20) arnd (21) hold.
Then A s a stmple pertodic ring. Conversely, every stmple periodic
ring of characteristic not 2 or 3 either arises in this manner or is a

field.

Suppose now that our simple periodic ring A is flexible, that is,
(x,y,2) =0 for all z, ye A. Then we can establish

THEOREM 2. Let A be a simple periodic ring of characteristic #=
2 or 3 and let A satisfy the flexible law. Then A is a Jordan ring.

Proof. We may clearly assume that A is not a field. Let A be
as constructed in Theorem 1. For w,, w,c @ the substitution w,f for
2 and w,g for y in the flexible law yields

(22) (0 f@9)(w.f) = — (0. f) (W, fw.g) .
The substitution =y = w.g, 2 = @,f in the full linearization (z, ¥,
2) + (2, y, x) = 0 of the flexible law gives

0= (602#6)(6016) - (wzg)(a’zwd]f )
+ (0,0, fg)(@.9) — (@.f)(witee) ,

or
(23) (0,0, 9)(0.9) = — (0,0,fg)(0,0:f9) .

Let w,fw,g = Be + vf + 69 with B,v,6€®. Equation (22) implies
that (Be + vf + dg)(@.f) = — (®,.f)(Be + 7f + dg) and using the fact
that ¢,f and ¢,9, 4, € @ anticommute in A, this last equation reduces
to 2w,8f + 2w xe = 0. Since ¢ and f are linearly independent over
22 we conclude that .8 = @,y = 0, sothat 8 = v = 0. Thus w,fw.g =
dog for some oe€f2. Equation (23) shows that dgw.g = — w.,gdg so
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that 2w,0te = 0. Thus 6 = 0. Hence w,f®.g = 0 for every 0 # w,, w, € Q.
Since (19) holds in A we conclude that products of pairs of basis
elements of A commute. Hence the multiplication in A is the same
as in A+, so A is Jordan. This completes the proof of the theorem.

Theorem 2 may be used to establish the result that a periodic
flexible ring with no elements of additive order 2 or 3 must be a
Jordan algebra (see [1]).
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