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MULTIPLIERS OF TYPE (p,p) AND MULTIPLIERS
OF THE GROUP Z^-ALGEBRAS

KELLY MCKENNON

Let G be a locally compact group with left Haar measure
λ and suppose 1 ^ p < oo. The purpose of this paper is to
exhibit an isometric isomorphism ω of the Banach algebra
Mp of all right multipliers on Lp = LP(G, X) into the normed
algebra mp of all right multipliers on the group Lp-algebra
Lρ. When G is either commutative or compact, ω is surjective.

A function fsLp is said to be p-temperate if

(1) h*f(x) = ί f{t)h(fιx)d\{t) exists for λ-almost all
JG

xeG whenever h is in Lp

( 2 ) h*f is in Lp for all heLp

( 3 ) sup{| |Λ*/| |p:ΛeLp, | | A | | P ^ 1 } < - .

It was shown in [6], Theorem 1, that feLp is p-temperate if

( 4 ) supίHAί/llpiΛeOo, \\h\\p ^ 1} < oo

where Coo denotes the set of all continuous complex-valued functions
on G with compact support. The set of all p-temperate functions
will be written as Lp. Each function fe Coo is in L*p and so L*p com-
prises a dense subspace of Lp. For / e Lp, the number given by either
(3) or (4) will be written as \\f\\l. The function || \\p so defined is
a norm under which L\ is a normed algebra. This normed algebra
will be referred to as the group Lp-algebra.

By a right multiplier on Lp will be meant a bounded linear
operator T on Lp such that

( 5) T(f*g) = f* T(g) for all / and g in Lρ .

The set of all such T, which constitutes a normed algebra under the
usual operator norm, will be written as mp. Write S5p for the Banach
algebra of all bounded linear operators on Lp. An operator Te$8p
is said to be a right multiplier of type (p} p) (see [3]) if

(6) T(J) = xT(f) for a l l / G L ,

where xh(y) = h(xy) for each function h on G. The set of all such T
will be written as Mp. It is a complete sub-algebra of 95P.

The group Z^-algebra was utilized in [6] to study a related
algebra Ap, of which the Banach algebra of left multipliers was found
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to be isomorphic to Mp. The situation is reversed here. For feL*pt

an operator Wf in 9SP is defined by

(7) Wf(g) = g*f for all geLp

and, consequently,

( 8 ) 111̂ ,11

The closure in 3% of the linear span of the set {Wf*g:feLp, ge CL}
will be written as Ap. It is a Banach algebra with a minimal left
approximate identity ([6], Theorem 3). Concrete interpretations of
both Ap and Lp, in the cases where G is either commutative or com-
pact, may be found in [6]. It will be mentioned here only that L\
is the group algebra Lλ and that L\ is the group Hubert algebra
(see [1] and [2] for example).

PROPOSITION 1. Let T be in Mp and f and g be in Lp. Then
( i ) T(f*g)=f*T(g) if feW,
(ii) T(g) is in Lp if g is in Lp;
(iii) T(f*g) = f*T(g) if g is in Up.

Proof. Part (i) was proved in the corollary to Theorem 4 in [6].
Let g be in Up. By (i),

By (4), this implies that T(g) is in L\.
Let again g be in Lp and choose a sequence {/»} in CL which con-

verges to / in Lp. Then

lim \\fn*g —f*g\\P = 0 and, in view of (ii) ,

lim ||/.*2Xfir) - f*T(g) \\, = 0. Thus, by ( i ) ,

f*T(g) = \imfn*T{g) = lim T{fn*g) = T{f*g) .
n n

LEMMA 1. For each nonzero feLPf there exists geC^ for which
g*f Φ 0.

Proof. See [4] 20.15.

LEMMA 2. For each Temp and VeAp,

Proof. Write D for the set {Wf:feLP9 WfeAp}. Then D is
a dense subspace of Ap and, by (8), || TΓ/|| = | |/ | | ί, for all WfeD.
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Hence, if p'\ D -* S8p is defined by p\Wf) = Wτ{f) for all Wf e Dy then
pf is continuous. Let p \ Ap —• S8P be the unique continuous extension
of p to Ap. The immediate object is to show that p(V) and ToV
coincide on Lp

Let heLρ be such that ||Λ||P ^ 1 and let {/„} be a sequence in
Up such the Wf% is in D for each neN and lim* \\Wfn - V\\ = 0.
Since Ap is a subset of Jlf,, the operator F is in Mp and so, by Pro-
position l.iii,

VoWh(9) = V(g*h) = g*V(h) = Wvw(g)

for all geLp; hence, V<>Wh= Wvm. That WWfβ) = WfnoWh is
easy to check. Thus, for each neN, (8) yields \\Wfn(h) - V(h) \\ρ =

\\WfnoWh- VoWh\\. Hence,

- F(|o||TΓJ| - 0

Consequently,

(9) Urn |[ T(Wfn(h)) - T(V(h)) ||J = 0 .

For each weiV and gzUp, WnfJg) = ff*Γ(/,) = T(g*fn) =
hence, /t)(W/J = p'(Wu) = WT{f%) = T°Wfn. Consequently

Γ° Wfn - p(V) || = lim || ̂ (TΓ,.) - p(V) || = 0 .

Thus

lim || T°Wfn(h) - [p(V)](h) | |, = 0 and so

lim || g*(Γo Wfn{h)) - g*[p(V)](h) | |, = 0

for each geC*. But, by (9),

lim ||0*(7W/%(fc)) - ίr (T(7(A))) ||, - 0

for all g e CL- It follows that g*[p(V)](h) = βr*(Γ(F(λ))) for all ̂  e
By Lemma 1, this yields that

= T(V(h)) .

Now

ToV(h) \\P - || [p(V)](h) II, = l i m

= lim || A*Γ(/.) II, ̂  || Λ||, E 5
n n

^ (since || h\\p ^ 1 and because of (8))

| |Γ | | .ΉEHΛIIί = | |Γ | | -fiSHTΓ/JI = | |Γ | |



300 KELLY McKENNON

PROPOSITION 2. For each Temp, VeAp, and feLp9

Proof. Let ε be any positive number. Since Ap is a Banach
algebra with a minimal left approximate identity, Cohen's factoriza-
tion theorem ([5] 32 26) implies that there exist P and S in Ap such
that| |P|| = l, | | S - V\\ <ε, and V = PS. Thus,
ε | |/| |p and, by Lemma 2,

\\T(V(f))\\P= \\ToP(S(f))\\p

It follows that || T(V(f)) \\p ^ \\ T\\ . \\V(f) \\9.

LEMMA 3 The set {V(f):fe L*p, Ve Ap} is a dense subspace of Lp.

Proof. Let ε be a positive number and g be in Lp. Choose
fe Coo such that || g — f\\p <ε/2. If {Va} is a minimal left approximate
identity for Apf it follows from [6], Lemma 3, that limα \\Va(f) —f\\P = 0.
Thus, for some index a, || VJJ) - f\\v < e/2 and so \\VJJ) - g 11, < e.

LEMMA 4. Let V be in SSP and D a dense subset of Lp such that
V(h*f) = h*V(f) for all heC00 and feD. Then V is in Mp.

Proof. Let x be in G. By [4] 20.15, there is a net {/«} in Coo such
that limα \\xh - fa*h \\p = 0 for all h e Lp. It follows that limα || V(xh) -
V(fa*h) ||, = 0 and limα ||xV(h) - fa*V(h) \\p = 0. Hence, for heD

II 7(.Λ) - ,V(h) | |, - l im | |F(Λ*Λ) - Λ * y ( Λ ) II, - l imO
a a

by the hypothesis for V. Since D is dense in Lp, V is in Mp.

THEOREM 1. Define ω\Mp-+mp by letting coτ(f) = T(f) for each
TeMP and f e Lρ. Then ω is an isometric isomorphism of Mp into
mp. Furthermore, if T is any operator in mP9 then there exists some
SeMp such that, for all VeAp and fcLp, ωs(V(f)) = T(V(f)).

Proof. That ω is well-defined follows from Proposition 1. That
ω is an isomorphism is evident when it is noted that Lρ is a dense
subset of Lp.

Let T be an arbitrary element of mp. It follows from Proposi-
tion 2 and Lemma 3 that there exists a unique operator S in $δp such
that S(V(f)) = T(V(f)) for all Ve Ap and feUp. For heC00, VeAp,
and / e L*Pf Proposition 1 implies
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S(h*V(f)) = S(V(h*f)) = T(V(h*f))

By Lemmas 3 and 4, this implies that S is in Mp. Consequently,
ωs(V(h)) = S(F(/0) - Γ(F(fc)) for all heLp and 7eA p .

To complete this proof, it will now suffice to show that a) is an
isometry. Let T be in Mp. Let / be in L*p and ε a positive number.
C h o o s e g e L p f o r w h i c h || g \\p ̂  1 a n d || ωτ{f) \\p<\\ g*ωτ(f) \\P + ε.
By Proposition l.iii, T(g*f) = g*T(f); this means that T<>Wf(g) =
g*ωτ(f). Hence,

Hi < || To Wf(Q) II + e 5* II Γ|| ||TΓ,II + e .

By (8), this implies \\ωτ(f) \\*p £ \\ T\\ . | | / | | i . Hence

| | ω Γ | | < £ | | Γ | | .

On the other hand, Proposition 2 and Lemma 3 imply

|| Γ| | - sup{|| T(V{h)) II,: VeA9,heLp, \\V(h) \\p £ 1}

= sup{\\ωτ(V(h))\\p:VeAP9heLP9\\V(h)\\P^l}^\\ωτ\\.

This proves that | | Γ | | = | | ω Γ | | .

THEOREM 2. Let ω be as in Theorem 1 and G be either com-
mutative or compact. Then ω is surjective.

Proof. Let T be any operator in mp. By Theorem 1, there is an
operator S in Mp for which T(V(f)) = ωs(V(f)) for all VeAp and
feLi.

If G is compact, then Lp — Lp. It follows from the Hewitt-Curtis-
Figa Talamanca factorization theorem ([5] 32.22) that each heLρ is
of the form V(f) for some VeAp and feLp. Hence, Γ = α) .̂

Suppose now that G is commutative (not necessarily compact).
Assume that there existed heLp such that cos{h) ̂  T(h). Then Lemma
1 implies that g*(o)s — Z7)^) ^ 0 for some geCw Let {Λw} be a
sequence in Coo for which limn \\hn — h\\p — 0. Then

(ω β - T)(g*h) | |P =

h*(ωs - Γ)(flr) | | , - lim || hn*(ω8 - Γ)(flf) | | p

l i m || (ω8 ~ T)(hn*g) \\P = l i m || (ωs - T)(Wkn(g)) \\P = 0
n n

a contradiction. Thus, cos = Γ.
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